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BBEJAEHUE

Hacrosiiee nocobue mocBsIEHO BOIPOCAM TEOPUH YCTOMUHMBOCTH MaTEeMaTHU-
YECKUX Mojieliel ynpasisieMbix cucteM. [locobue coctout u3z 9 maparpados.

[Taparpad 1 «O0630p MOHATHIA YCTONYMBOCTHY TOCBSIIECH aHAIN3Y U B3aUMO-
CBS3U 0a30BBIX CBOMCTB YCTOMUMBOCTU TPACKTOPUM TUHAMUYECKHX CHUCTEM. 3]1€Ch
PacCMOTPEHBI CBOMCTBA YCTOMYMBOCTH CJIEAYIOIINX TUIIOB: YCTOMYMBOCTh B CMBICIIE
A.M. JlsnyHoBa, opOuTanbHas YCTOWYMBOCTh U ycToWunMBOCTH B cMbicie H.E. XKy-
KOBCKOI'0, a TAaK)K€ IIPUBEJIECH KPAaTKUW MCTOPUYECKUN IKCKypcC. PaccMOTpeHbl HEko-
TOpBIE TOHATHS MATEMATUYECKOW Teopuu ynpasiieHus. [IpencraBieHbl HEKOTOpBIE
HaIIPABJICHUS UCCIIEIOBAHNN, CBA3aHHBIE C YCTOMYMBOCTBIO CUCTEM YIIPABIICHUS.

B § 2 «Merox ¢yukuuit JlsmyHOBa» MpeacTaBieH METOJ MCCIEIOBAHUS yC-
TOMYMBOCTH HA OCHOBE BCIIOMOTaTENIbHBIX (PYHKIMN. PaccMOTpeHbl TeopeMbl 00 yc-
TOMYMBOCTH U 00 aCUMOTOTHYECKOW YCTOMYMBOCTH, a TAK’KE TEOPEMBI O HEYCTONYU-
BOCTH. [IprBEAEHBI KpaTKHE JOKA3ATEIbCTBA TEOPEM U PACCMOTPEHBI TPUMEPHI.

B § 3 «YcroituuBocTh B cMbicie JIdmyHoBa Mo nepBOMY MPUOTMKEHUIO» pac-
CMOTPEHO MOHATHUE JIMHEAPU30BAHHBIX YPABHECHUM WJIM YPAaBHEHUU NEPBOrO IIPHU-
ommkenusa. ChopMyIUpOBaHbl YCIOBUSI YCTOMYMBOCTH MO MEPBOMY MPHUOIUKEHUIO,
MIPUBEJECHBI KPATKUE JOKA3ATEIBCTBA U PACCMOTPEHBI PSIJI IPUMEPOB.

B § 4 «Meroas! uccnenoBanus yCTOMYMBOCTH B CMBICE JKYKOBCKOI0» JTaHbI
HEOOXOIMMBIC M JOCTATOYHBIC YCIOBUS YCTOMIMBOCTH 1O JKykoBckomy. [IpuBeneHo
0000111eHre TIOHATHSI YPABHEHHSI B BapUalUsIX OTHOCUTEIILHO HEBO3MYIIEHHOU Tpa-
extopun. Kpome TOro, pacCMOTpeH MNPUHIMUI CBEACHUS 3a7adyud 00 YCTOMYMBOCTH
o XKykoBckoMy K 3amade 00 ycroWuuBocTH no JlsmyHoBy. M3yueHbl ycinoBus yc-
TOMYMBOCTH TPACKTOPUM HEIMHEWHON CcucTeMbl AU(PQPEepeHIANIbHBIX YpPaBHEHHM
BTOPOI'O MOPSIAKA.

B § 5 «Kputepuun ycTOHYMBOCTH YNPABISIEMBIX CUCTEM» PACCMOTPEHBI BOIPO-
Cbl YCTOMYMBOCTH 110 JIAMMyHOBY HENPEPBIBHBIX CUCTEM ympasiieHUs. JlaHO moHsTHE
nepegaTouHo GpyHkuuu. ChopMyaupoBaHbl anreOpandeckue U 4aCTOTHBIE KPHUTE-
puu ycroiuuBocTu. [IpuBeaeHo onpeaenenrue 0061acT yCTOMUUBOCTA B IPOCTPAHCT-
B€ MapaMeTpoB. PaccMOTpEH psill MPUMEPOB.

B § 6 «JIuneiinple HecTalMOHAPHBIE CUCTEMBD) COPMYITHUPOBAHBI YCIOBUS YC-
TOWYHUBOCTH 110 JISIITyHOBY JIMHENHBIX HECTAMOHAPHBIX cUCTeM. [IpuBeaeHsI T0Ka3a-

TEIbCTBA U PACCMOTPEHBI psl npumMepoB. [IpuBeneH npumep napameTpudeckoro pe-
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30HaHCa B JIMHEHWHBIX HECTAI[MOHApHBIX cuctemax. Paccmorpensl anreOpsl Jlu u
rpynnsl JIu. [Ipeanoxensl JOCTaTOUHbBIE YCIOBUS ACUMITOTHYECKON YCTOMYUBOCTH C
npUMEHEHUEM KBaipaTudHOU PyHKIMH JIamyHoBa.

B § 7 «AOGconroTHasi yCTOWYHMBOCTh CHUCTEM YTIPABJICHHS MPOBEJCH aHAIH3
a0COIOTHON YCTOMYUBOCTH YNPABISIEMBIX CUCTEM C OJJHUM U C HECKOJIBKHUMH HEJH-
HEHHBIMU dJIEMEHTaMU B oOpaTHOM cBsi3u. [IpenoskeHbl HEOOXOUMBIE U JOCTATOY-
HbIE YCJIOBHS cylecTBoBaHus QyHkiuit Jlypre—IlocTHrKOBA.

B § 8 «lIpumepsl ncciieToBaHUST YCTOMYUBOCTHY PACCMOTPEHBI TPUMEPHI UC-
CJIEIOBaHUs YCTOMYMBOCTU MaTEMaTUYECKUX MOJENEH NTMHAaMH4YecKuX cucrteM. Oxa-
PaKTEpU30BaHbl HEKOTOPBIE MPHUIIOKEHUA B OOJACTAX CHCTEMHOI'O aHaIW3a, YIpaB-
JICHUS U CTAOMIIM3AIMU TUHAMUYECKUX CUCTEM.

B § 9 «3amauun u ynpaxxHeHUsD» COAEPIKATCS 3a/1a4d U YIPAKHEHUS, CBI3aAHHBIE
¢ Temamu naparpadgos.

[Tocne Tekcta nmaparpaoB B MOCOOUU MPUBEIEH CIUCOK JUTEPATYphL. B Tek-
CTE MOCOOMS COZIEPKATCS CCHIIIKA HA UCIIOJIb30BAHHBIE UICTOYHUKH.

[Taparpadsr 1-3 noarorosienst O.H. Macunoii u O.B. [pyxuHuHoi coBMe-
ctHO, § 4 — O.B. Jlpyxununout, § 5 — O.H. Macunoit, § 6 u § 7 — JI.b. Panmonoprom,
§ 8 § 9 — aBTOpPaMM COBMECTHO.

[Tocobue nmpenHazHaueHO ISl OOYYArOIIUXCS B BBICIIUX YUYEOHBIX 3aBEIACHUSIX
CTYICHTOB (PU3MKO-MATEeMaTHYECKUX M TEXHUUYECKUX HAMpaBJIICHUN IMOJTOTOBKHU, a
TaKXKe JIJII CaMOCTOSATEILHON pabOThl CTYIEHTOB-3a0YHUKOB PA3JIMYHBIX CIEIHATh-
HocTel. [locoOue MoXKeT ObITh HUCIOIB30BAHO ACMIMPAHTAMHU COOTBETCTBYIOIIMX Ha-

IpaBJICHUN 00yUYeHUSI.



§ 1. O030p NOHATHH YCTONYMBOCTH

1.1. KpaTtkuii ucropuuyeckuii skckype. Haunnas ¢ dyngameHTanbHBIX TPYIOB
A.Ilyanxkape [75], A.M.JIsnynoBa [54] u H.E. )KykoBckoro [36], kaueCTBEHHOE U3Y-
YeHHe perieHui 1udQepeHuanbHbIX CUCTEM BUAA

%:f(x), f:D—>R", DcR', (1.1)

a100 CUCTEM, CBOASIIMUXCS K cucTeMaM Buza (1), MpOBOAMINCE MHOTUMHU HCCIIEO-
Baresimu B [9, 15, 17, 18, 33, 34, 39. 47, 55, 56, 59, 86, 97] u B mpyrux pabotax.
HezaBucumyio nepemennyio t B (1) MOXKHO MHTEpIPETHPOBATH KaK BpeMs, a Iepe-
MEHHBIE X1, Xp, ..., Xn — KAK KOOPJIMHATHI JIBIXKYIICHCS TOYKU B N-MEPHOM IIPOCTpaH-
ctBe R". IIpeamonoxum, uto Tpasas 4acTh ypaBHeHH (1) HempephIBHA B pacCMaTpH-
BaeMoii o6nactu D cR" 1 ynoBIeTBOpsieT B Hell HEKOTOPBIM YCIOBHAM, obecredn-
BAaIOIIUM €IMHCTBEHHOCTDb PEIICHHUSI.

N3BecTHO, uTOo AuddepeHnmanbHas cucreMa (1) mpu TOMOJHUTETBHBIX YCIIO-
BUSX  TOPOKAAeT JUHAMHYECKYI0 CHCTeMy B  cMbiciie  bupkroda [9].
Jlunamuueckoui cucmemoui B cMmbicine bupkroda HaszpiBaeTcsl oJHONapaMeTpuuecKas
rpynma @(t, p), rae teR = (—oo, +o0), npeobpaszoBanmii mpoctpaHcTea R’ Ha cebs,
ynosieTBopstomas ycaopusam: 1) ¢(t, p) = p (HagansHOe yciosue); 2) o(t, p) Henpe-
pBIBHA IO COBOKYMHOCTH mepeMeHHBIX (t, p); 3) ¢(ty, o(tz, p)) = @(ty + o, p) (cBo¥icT-
Bo rpymmsl). Ecin @ €C', r> 1, To quHaMMyecKas cHCTeMa Ha3BIBACTCS 21dOKOIL.
Otobpakenue ¢@(t, p) mpu GUKCUPOBAHHOM P Ha3BIBACTCS Osudicenuem, a pu (QuK-
CUPOBaHHOM t — neperocom BIONIb TPACKTOPHUH; TIPH (PUKCUPOBAHHOM ) MHOXKECTBO
touek {@(t, p): teR} Oymem Ha3wIBaTh mpaekmopueri STOrO IBIKCHHUS U 0003HAYATh
gepes C(p). Ananornyno muoxectsa {@(t, p) : t € R} u {o(t, p) : t € R} HassBatoT-

Csl TOJIOKUTEIHLHON M OTPUIIATEIILHON MOJYTPACKTOPHUSIMU U 0003HAYAIOTCA 4epes

C*(p) u C "(p). Muoxectsa H(p)=C(p), H*(p)=C*(p) u H (p)=C(p) nasbi-

BalOTCSI COOTBETCTBEHHO 000JIOYKOH, MOJIOKUTEIBHON MOTYy000JI0UKOM, OTPHULIATE b=

HOM MOTy000JI09KOM NBYKeHUS U] PepeHITNATBHON CUCTEMBI.
OCHOBOTIONIO)KHUKAM T€OMETPUUECKON (KaueCTBEHHOW) Teopun audhepeHIu-
aIbHBIX CHCTEM M TEOpUHM ycToWumBOCTH nBrkeHus A.Ilyankape [66], H.E. XKy-

koBckomy [32], A.M. JIsniynoBy [49], U. benaukcony [94], Idx. bupkrody [9] npu-



HaJuIeKaT (PyHIaMEHTaIbHBIE PE3yJIbTAaThl M METOMBI WCCIICIOBAHMUS, TTOJOKHUBIIIHIEC
HaYyaJio JAJIbHEUIIIMM UCCIEA0BaHMIM Kak B Poccun, Tak U 3a pyOexoMm.

CoBpeMeHHbIE METO/bl KaueCTBEHHOW Teopuu AU EepeHIMaTbHBIX CUCTEM
0a3upyIOTCS Ha JOCTIKCHHSIX TEOPUU YCTOWYWMBOCTH JIBIDKCHHS, TCOPHH HEJTMHEH-
HoM nuHamuku, KAM-teopun. @yHnamMeHTaNbHbIA BKJIAaJ B Pa3BUTHE HA3BaHHBIX
teopuit BHecnu A.H.Kommoropos, H.H. boronto6os, H.I'. UetaeB, B.B. Pymsnies,
H.H. Kpacosckuii, E.A.bap6amun, H.JI. Moucees, H.II. Epyrun, B.B.Ctenanos,
B.B. Hembiukuii, W.I'.IlerpoBckuii, A.A.AnnponoB, HO.A. MUTpONOJIbCKHIA,
B.1.3y60B, A.A. lllectakos, I'.A. Jleonos, E.A. I'pebennkos, FO.A. Ps6oB, B.B. Kos-
noB, B.M.MarpocoB, B.U. Apnonbn, M.I'. Kpeitn, U. bennukcon, Jx.bupkrod,
IT. ITennese, O.Ileppon, T.JIeBu-Uuputa, ®@. Xaptman, T. MocuazaBa u apyrue yde-
Hble. CylIecCTBEHHOE pa3BUTHE KauecTBEHHbIE MeTo bl JIssmyHoBa, [lyankape u Xy-
KOBCKOTO TIOJIyYMJIM B paboTax Ha3BaHHBIX YUYEHBIX, a Takxke B padorax ['.H. y-
oommua, M.II. AmunoBa, FO.JI. CokonoBa, I'.®. Xunemu, B.I'. lemuna, A.C.Ta-
maynnuHa, B.M. AnekceeBa, A.Il. MapkeeBa, FO.C.bormanoa, b.II. JlemunoBuua,
10.B. Mansimiesa, T. Ypa, H. bxatua, K. 3ynamana, K. [la3u, 1. Caapu, K. Mapma-
na, JIx. baymrapre, B. Cebexest u ApyTrux y4eHbIX.

Tpunuareie U COPOKOBBIE TOJBI JBAIIATOTO CTOJIETUS OBLIM O3HAMEHOBAHBI
IJIONOTBOPHOM  JIEATENIBHOCTBIO JIBYX KPYNHBIX HAy4YHBIX IIKOJI: MOCKOBCKOM
HayyHoil mkosel AU (B.B. Crenanos, H.JI. Moucees, I'.H. [lyoomun, H.®. Peiin
u apyrue) u Kazanckoit nayunout mkossl (H.I'. Ueraes, K.IL. [lepcuackuit, N.I'. Man-
kuH, ['.B. KamenkoB, M.III. AMUHOB U Apyrue). YUeHble ’TUX HAYYHBIX IIKOJI BHEC-
JIA CYWIECTBEHHBIA BKJIAJ B Pa3BUTHE TEOPUU YCTOMUYMBOCTH JIAMyHOBa M Teopuu
ycronunBoctr JKykoBckoro. B wactHoctn, M.III. AMHHOB mpOJOJKHAII HCCIIET0BA-
Hue H.E. )KykoBCKOTO 0 IpOYHOCTH TPAEKTOPHUM JBHKEHUS MEXAHUYECKUX CUCTEM C
KOHEUHBIM YHCIIOM cTereHei cBoOoapl, a B.B. Crenanos, H.J[. MouceeB u I'.H. Jly-
OOIIMH U IPyTHE MOTYYHIH BaXXHBIE PE3YJIBTATHI 110 TEOPUH YCTOWYUBOCTH B IIE€TIOM,
MOTIEPEYHON 1 MPOJOTBHON YCTOWYNBOCTH, OPOUTATLHON YCTOMYUBOCTH, TIO METOTY
KOHTAKTHBIX XapaKTEPUCTHUK, M0 OTPAaHUYCHHBIM MpoOIeMaM JBYX U Tpex Tenl. Bo3s-
HUKIIME B 0oJiee MO3AHUN NEePHO HAYyYHbIE IIKOJIbI 10 KAaUeCTBEHHOW TEOpUHU, TEO-
pUU YCTOWYUBOCTH U TECOPUU HENMWHEWHBIX KojiebaHuit B Mockse (mkona B.B. Cre-
nanoBa-B.B. Hembiikoro B MI'Y), Kuese, ExatepunOypre, Muncke, Cankr-Ilerep-
oypre, Camapkanne, Huwxaem HoBroponme BHecHM MambHEHIINI KPYMHBIA BKJIAlI B

Pa3BUTHC Ha3BAaHHLIX TeOpI/Iﬁ .



N3yyenune ¢GazoBOro mopTpera TPACKTOPUN B OKPECTHOCTH OCOOOW TOUYKH Ha
iockoctu Brepseie mposeneHo H.E. XKykosckum u A. [lyankape, a 3aTem ux uccrie-
noBaHus nponosnkunu U. bennukcon u  apyrue ydensle. MccnenoBanue ¢a3oBoro
MOPTPETa TPACKTOPHI B OKPECTHOCTH OCO0O0M TOUYKM MHOTOMEPHBIX cucTteM audde-
pEeHLMAIbHBIX YpaBHEHUH, HaunHas ¢ padotr A.Ilyankape, A.M. JlsanyHoBa, 7K. Ana-
mapa, B pabortax W.I'.TlerpoBckoro[62], B.B.Hemsinikoro u B.B. Crenanopa[59],
A.A.IllecrakoBa[85, 86] u apyrux uccieaoBareicii.

N3yyeHue OKpecTHOCTH OCOO0OM TOYKM NMPU MHOTOMEPHBIX CHUCTEM C TOYKH
3peHUs] YCTOMYMBOCTH B CMbIciie JIsimyHOBa CyIIECTBEHHO MNPOJBUHYTO YYEHBIMHU
Kazanckoit nayuno#t mkosel (H.I'. Uetaes, K.I1. [lepcunckuii, N.I'. Mankus, I'.B. Ka-
MeHKOB), Huxeropoickoii HaydHoit mkossl (A.A. AuaponoB u A.A. Butt), Mockos-
ckoii HayuHoit mkonel ['AMII (B.B.Crenanos, H.J. Mowucees, I'.H.JlyGormH,
H.®. Peitn), nayunoit mkonsl B.B. Crenanosa u B.B. Hemeitikoro (Bb.I1. JlemunoBuy,
A.®. Oununmnos, KO.B. Mansimes, P.O. Bunorpan, J[.M. ['pooman, A.A. lllectakoB),
Cankr-llerepOyprckux Hayusnbix mmkos (A.A.Mapkos, B.W.3y6oB, B.A.Ilnucc,
A.®. Aaapees, F0.H. babuukos).

JIx. bupkrod [9] monoxun ocHoBaHUE OOIIEH TEOPUU TUHAMHYECKUX CUCTEM,
BBIJICIIMB B HUX LEHTPAJIbHBIE U PEKYPPEHTHbIE ABMKEHUS. OH MPOJOJIKUAII KayecT-
BeHHbIE uccaenoBanusa A. [lyankape u Hapany ¢ H.E. XKykosckum, A.M. JIssnyHOBBIM
SIBUJICSI OCHOBOIIOJIO)KHUKOM Ka4€CTBEHHOW TEOPUU JUHAMUUYECKUX CUCTEM.

[IpuBenem ornpenesieHue yCTOMYMBOCTH JABUKEHUS B cMmbIcie Jlarpanxka. /[Bu-

xenue o(t, p) Ha3bIBaeTCs noodcumensHo (OMmpuyamenrbHo) YCMouYUSbiM 6 CMbLCIE

Jlazpanca, ecin nomyobonouka H'(p) (momyo6omouxka H “(p)) sBIsETCS KOMIAKT-
HBIM MHOECTBOM. [[Br>KeHHE, OJHOBPEMEHHO MOJOXUTEIBHO U OTPUIIATENIBHO YC-
ToltunBoe 1o Jlarpanxy, Ha3eIBaeTCsI ycmouuusvim 6 cmvicie Jlaepanuosica. B paborax
JIx. bupkroda u ero mocienoBaresieii pacCMOTPEHBI OJTHOCTOPOHHE U JIBYCTOPOHHE
YCTOWYMBBIE B CMBICIIE JIarpaHka ABUKECHUS.

Baxknble pe3ynbTarhl B 00JIACTH KaueCTBEHHOW TeopuH IuddepeHInanbHbIX
cucteM noaydeHbl B.B.Hembinkum . OH BBen noHsATHE cedna 8 OecKOHeuHOCmu
ypaBHeHus (1) ¥ yCTaHOBUII, YTO JJI TOTO YTOOBI TUHAMUYECKAs] CHCTEMa B CMBICTIC
bupkroda Morna ObITh TOMOJOTHYECKH OTOOpa)KEHAa HAa CEMEWCTBO IMapasuIeIbHbBIX
PSIMBIX, HEOOXOAUMO M JIOCTaTOYHO, YTOOBI OHA Obljla HEYCTOMYMBON B TOM CMBICIIE,

4YTO HHU OAHA IIOJOXHTCIIbHAsA WU HW OAHA OTPHULATCIIbHAA Hony06onoq1<a JABHXXCHUA



HE COJICP)KUTCS B HEKOTOPOM KOMITAKTHOM MHOKECTBE, ¥ uT0OBI truddepeHImaibHas
CHCTEMa HE UMelia ceiia B 06CKOHEYHOCTH.

JIJis M3ydeHus MOYTH MIEPUOIMIHOCTH YCTOWYMBOTO B CMBICHIE JlarpaHxka JIBU-
xerus Q(t, p) A.A. MapKoBBIM TPEIIOKEHO S-ce0ticmao: U KaX10ro € > 0 MOKHO
HalTHh Takoe O > 0, yTo u3 HepaBeHcTBa P[O(P, t1), (P, t1)] < & caexyeT HepaBEeHCTBO
plo(t.+1,p), o(p, t+1)] <e VteR, u S'-ceoiicmso: mocnenHee HEPaBEHCTBO BHI-
noJHsieTCs A1 Beex t >0, 1 ABM)KEHHE OTPUIIATEIhHO YCTOWYMBO B cMbIcie Jlarpan-
ka. JIIs TOYTH MEPUONMYHOCTH HEOOXOAMMO M JOCTATOYHO BBINOTHEHHS S -
CBOWMCTBa (WJIM aHAIOTMYHOTO S -cBOMCTBA) [59]. CBsA3b MEXIy IMOYTH NEPHOIHNIHO-

CTBIO M L -yCTOMYMBOCTBIO OTHOCHTENBEHO MHOXECTBAa B cocToMT B ciemyromem:
TOYKA [ HA3bIBACTCS IOJIOKUTEIBHO Ly -yCTOWYMBOM OTHOCHTENIBHO MHOXecTBa B
(cuMBOI L}, ), €ciu Juis BCAKOro yucia € > 0 MOKHO HalTH Takoe yucio o >0, 4To s

Kaxaod Touku (c B Takoit, yto p(p, ) < O, BeIMONHIETCS HepaBeHCTBO Plo(t, p),

+ )
o(t,q)] <e VteR'. Ecnmu B uHBapHaHTHO, TO MHOXECTBO TOYEK, yCTOMUMBBIX L,
TaK)K€ MHBApMAaHTHO, B DTOM CIlydae, €CIM TOo4YKa P sABisgeTcs L -ycToH4mBOH, TO

neikenue ¢(t, p) HaspiBaetcs Ly -ycToitunBeiM. Eciii B KOMIIAKTHOM MHBApUAHTHOM

+

MHOXeCTBE B Bce nBmkenus L -yCTONUYMBEL, TO MHOXECTBO B ycTOiuMBO B CMBICIIE

JIsnyHosa. B [59] ycTaHoBieHO, 4TO eciu Bce TpackTopun U depeHITnaIbHON Crc-
TeMmbl B R" ycToitunBbl B cMbicie JIAyHOBA, TO BOSMOKHO OJHO M3 JIBYX: JIMOO CHC-
TeMa roMeoMop(pHa ceMeNCTBY MapajljielIbHbIX NPSIMbIX, TM00 BCEe €€ ABMKCHUS SIB-
JSAIOTCA MOYTH nepuoandeckumu. Kpome toro, B [59] mpeacrapiieHa Tonojoruyec-

Kas XapaKTCPpUCTHUKaA 000JIOYKH TTOYTH MNCPUOANICCKOI'O ABUKCHUSI.

1.2. YcroitunBocTs no JIsnynoBy. A.M. JIsmyHoB [49] mocTaBmt u pa3peniun
oowyro 3a0ayy 06 ycmouuueocmu o0sudicenus. Kak nzBectHo, A.M. JIsmyHoB nipen-
JIOKWJI JIBa METOJIa PEIIeHUs 3a7a4 00 ycToiunBocTd. K mepBoMy MeTOy OTHOCSTCS
BCE T€ CITOCOOBI PEIICHUSI, KOTOPBIC MMPUBOAT K HETIOCPEACTBEHHOMY HCCIICIOBAHUIO
BO3MYIIICHHOTO JIBM)KCHHUS M B OCHOBAHHH KOTOPBIX JIGKUT Pa3bICKaHHWE OOIIMX WM

YaCTHBIX pelieHnid auddepeHIIMaIbHOTO YpaBHEHUS BO3MYIICHHOTO JBHKCHHS
dx/dt = f (t,x), XxeR". Dtu pemennss mpuxoanuTCs, BOOOIE TOBOPS, UCKATh B BHIC

OECKOHEYHBIX PAIOB 110 OCJIBIM ITOJIOKHUTCIIBHBIM CTCIICHAM IIPOHU3BOJIbHBIX ITOCTOSAH-

HBIX WJIM K€ PSAJOB JAPYroro TUMa. 3J€Ch OCHOBHBIM METOJOM, BOCXOMSIINM K
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AM. JIanyHoBy u A.IlyaHkape, siBIsieTCs CIEAYIOMMI MeToa cpaBHEHUs. Poct HOp-
Mol |X(t)| perenns X(t) mpu t — +oo ompeneaseTcs MO IMIKajae POCTOB, 3aJaHHOMN ce-
MeHCTBOM (PyHKITUI ", u 3a uHgeKC MPUHUMAETCSL YUCIIO A, HA3bIBAEMOE XapakTe-
PUCTHUYECKHUM ITOKa3aresieM pelineHus. Bmecro mccaemyemoit cuctemsr dx/dt = ft, X)
paccmarpuBaetcs cuctema dy/dt = F(t, y) (Ha3siBacMasi CHCTEMOM IEPBOro MpUOIIH-
KEHUS), 1JI1 KOTOPOU U3BECTHO ACUMIITOTHYECKOE MIPU t —> 00 TOBEJICHUE PEIICHUS U
UCCIielyeMasi CUCTeMa pacCMaTpUBacTCs Kak BO3MYyIeHHas jgoOaBieHueM K F(t, y)
BekTop-pyHknuu ht, X) ::= g(t, X) — F(t, X). [Ipx HEKOTOPBIX CBOMCTBaX CUCTEMBI IIEp-
BOTO MPHOJMKEHUS M JocTaTOYHON Manoctu h(t, X) wacto ymaercs MONyYHUTh WH-
(opMaLKIO O MOBEJECHUHU PEIICHU BO3MYIIEHHON CUCTEMBI U O COOTHOILIECHUIX Me-
KAy TTOKa3aTeJsIMU pelIEHU 00€UX CUCTEM.

Btopoii (npsimoit) MeTo1 — METOJI BCIIOMOTATENIbHBIX (DYHKIIUH — OCHOBBIBA-
€Tcs Ha PACCMOTPCHHM HEKOTOPBIX HempepbIBHBIX (GyHKmui V(t, X) mepeMeHHbBIX
X = (X1, ..., Xn) ¥ BpeMeHH t, oOpararoniuxcsi B HyJb npu X = 0 U YJIOBICTBOPSIFOIINX
oIpesieNieHHbIM ycaoBUsM. BTopoiit metoa okazancst 3pQpeKTUBHBIM METO/I0OM HccIe-
JIOBaHUSI HE TOJIbKO YCTOMYMBOCTH, HO U METOJIOM HCCIIEJOBAHUS I'€OMETPUUECKOM
KApTUHBI U aCUMITOTHYECKUX CBOMCTB TPAEKTOPHUH, €CIM HMCMOJb30BATh TaK Ha3bl-
Baemble 0000mIeHHbIe (yHKIMU JlsamyHoBa. OCHOBBI BTOPOTrO METOJA 3aJIOKEHHI B
nosiydeHHbIX A.M. JIiyHOBBIM dYeTBIpEX TeopemMax: TEeOpeMbl 00 YCTOWYMBOCTH,
TEOPEeMbI 00 ACUMIITOTUYECKON YCTOMUUBOCTH, MIEPBON TE€OPEMBI O HEYCTOWYUBOCTH,
BTOPOU TEOPEMBI O HEYCTOMYHUBOCTH.

C nomoursto Broporo merona A.M. JIanmyHoB pemni 3ai1aqy 00 yCTOHYUBOCTH
0 MEPBOMY IPUOJIMKEHUIO, HE3aBUCUMO OT YJIEHOB BBICILIETO MOPAJKA B PYHKIUAX
gs(t, X1, ..., Xn); cam A.M. JIsnyHOB B peLICHUH TOM 337a4d BUE] CBOE IJIABHOE JIOC-
THXKEHUE. B psife KpUTHYECKUX CiIydaeB, KOT/a MepBOe MPHUOIMKEHUE HE pelllaeT
Borpoca o0 yctoiunBocTH, A.M.JIsmyHOB ucciegoBan 3agadyy 00 yCTOMYMBOCTH
JBHKCHUSL.

PaccMoTpuM HEaBTOHOMHOE BEKTOpHOE AU(depeHInanbHOE YpaBHEHUE

= e, (1.2)

u ero yactHoe pernenne X =@(t), (t, <t<o), xeR". [Ipeamnonaraercs, 4T0 BEKTOp-

(ynxms f(t, x) u Bce ofi/ OX; onpenenens! u HenpepbIBHSL X — ()| < p, 1, <t <o,
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Onpenenenne 1.1. Pemenne X =@(t) ypaBHeHus (2) ¢ HadaJIbHBIM YCIOBHEM
X(to) = Xo Ha3pIBaeTCS ycmouyusvim (WA yCmoudugvlm no JIanynogy), ecinu ajis Jio-

ooro € > 0 Haiigercsa Takoe 8 > 0, YTO I KaXI0ro Takoro X,, 4ro ‘)?0 — Xo‘ <9, pe-
menne X(t) ¢ HaganbHBIM ycnoBueM X(t,) =X, mpu t, <t <oocymecTByeT u
X(t) —o(t)| <& (t, <t <oo).
DTO 03HAYaeT, YTO KaXKJI0€ PEIICHUE ¢ Ha4aJIbHBIM YCIOBHEM U3 O-OKPECTHOCTH

TOYKH Xo IIpH t) <t <00 CylIecTBYeT U HE BBIXOAMT U3 £-TPYOKH, OCb KOTOPOH — pe-

menne X =@(t) (puc. 1.1).

(=)
st
hiat |

£

Puc. 1.1. 'eomeTpuueckas uHTEpripeTanus MOHATHS YCTOWYMBOCTH B cMbiciie A.M. JlsmyHoBa

Onpenenenne 1.2. Pemenne X =(t) ypaBHenus (2) Ha3pIBaCTCS acumnmomu-

yecku ycmouuusvl (WA aCUMRMOMUYECKU YCMouuusbim no Jlanynosy), eciau 1) oHoO

yctoituuBo o JlsmyHoBy, 2) Bce pemrenus X(t) ¢ HayanpHbIMEU ycioBusamu X(t,) w3
HEKOTOPOH Op-OKPECTHOCTH TOYKH Xo HEOTPAHWUYEHO COJMKAIOTCS C pPElICHUEM
X=q(t) mpu t > oo, To ectb X(t)—@(t) >0 (t > +0).

TpebGoBanus 1) u 2) nHezaBucumbl. U3 1) He crnenyer 2), Tak Kak U3 HEPABEHCTBA
‘)?(t) — (p(t)‘ <& He caenyert, uto X(t) —@(t) >0, a u3 2) He cneayer 1).

HccrenoBanne yCTOHUMBOCTH Jt000r0 pereHus X = @(t) BEKTOPHOro ypaBHEHHS
(2) MOXXHO TIPUBECTH K MCCIICIOBAHHMIO YCTOMYMBOCTH HYJIEBOTO PEIICHHUS IPYroro BeK-
TOpHOTO ypaBHeHus1. J[yist aToro B (2) ucnons3yercss 3amena X =@(t) + Yy u nanee ocy-
HiecTBisieTcs nepexon kK ypasuenuto ¢'(t) + y'(t) = f (t,p(t) + y). Tak kak X =o(t) —
peterre cucteMsl (2), o @' (t) = f (t,o(t)), 1 umeem

y'=fto)+y)-f o). (1.3)

Pemenne X =@(t) ypaBHenus (2) mpu Takod 3ameHe mnepexoiuT B pemienue Yy =0
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ypaBHeHHS (3). YCTOWIMBOCTH (MM HEYCTOWYMBOCTD) PEIICHHS TIPH 3TOM COXPAHSICTCS,
TaK Kak pasHocTh X(t) — @(t) mepexomut B paBHyto eif pazHocth Y(t) —0.

Y CTOHYMBOCTH HYJICBOTO PEIlieHUs ypaBHEHUS (3) 03HAYaeT, 4To U3 ‘y(to)‘ <O cre-
IyeT ‘y(to)‘ <gmnpu t;<t<oo.

HccnenoBars yCTOWYMBOCTD, MONB3YSCH JIUIIb OMPENEICHUSIMA, MOYKHO TOJIBKO TO-
IJ1a, KOT/la yJIaeTCsl HAalTH B TOM WJIM MHOM BUjie 0OlIiee pellieHre TaHHON CUCTeMbI WIIN
KOT/Ia yJIaeTCsl BBISICHUTH TaKME CBOWMCTBA PEIICHUH, KaK ONpaHMYEHHOCTh, BO3PACTaHUE
1 yObIBaHUE.

A.M. JIAyHOBBIM PacCCMOTPEHBI CIAEAYIOUIUE MSATh OCHOBHBIX MOHSTHI YCTOM-
YUBOCTH JABWKEHUS: 1) MOHATHE YCTOMYMBOCTHU, 2) MOHATHE ACUMMTOTUYECKOM yC-
TOMYMBOCTH, 3) MOHSATHUE YCIOBHOW YCTOWYMBOCTH, 4) MOHSATHE HEYCTOWYMBOCTH,
5) nousTre abCOMOTHON HeycTounBocTH. [IpuBeaeM ornpeeneHne MOHIATHS YCTOM-
YUBOCTHU B cMbiIciie JIsamyHoBa B opmynupoBke H.I'. Ueraena.

Onpenenenue 1.3. Eciiu mipu BCskOM 3amaHHOM 4uncie A, Kak ObI OHO MaJio
HU OBLJIO, MOXKET OBITh BBIOpAaHO unciio A > 0 Tak, 4TOOBI IPU BCIKUX BO3MYIICHUSX

X10, -y Xn 0, YAOBICTBOPSIOIIMX HEPABEHCTBY X, + --+ + X’ <A, U IIpU BCAKOM t, mmpe-

BOCXOAAILIIEM to, BBIIIOJIHACTCA HEPABCHCTBO Xl2+ +X§< A, TO HeBO3MYUlEeHHOEe

08udIceHUe YCmoudueo 6 cmvicie JIanyHosa, B TPOTUBHOM CIydae — HeyCmOUuuuso
8 cmuicie Jlanynosa.
[lepeiinem tereps K MOIUDUKAIIUSAM TOHITHSI YCTOMYUBOCTH B cMbIciie JIsmy-
HOBA, UCTIOJB3YEMBIX B PA3JIMYHBIX 00JIACTSAX €CTECTBO3HAHUS U TEXHUKHU.
Onpenenenue 1.4. Ilycte tye R' — IPOU3BOJIBHO, HO (hukcupoBaHo. Pemienue
X = X(t), X(0) = Xo ypaBHeHus (1) Ha3bIBACTCS 08YCHOPOHHE YCMOUYUBHIM 8 CMbICILE
Jlanynosa omuocumenvno muodxcecmea B, ecim C(Xo) =B u mist xaxmoro €>0 cy-

mectByeT O = d(€) >0 Takoe, 4TO ‘X(t)—y(t)‘<8, teR, ecim y(t)eB VteR wu
Ix(t,) - y(t,)| < 3.

Onpenenenne 1.5. Permenne X =X(t), X(0) =X, ypaBHenust (1) Ha3bIBacTCS
CMpo2o 08YCMOPOHHE YCIMOUYUBLIM 8 CMbLCle JIANYHO8A OMHOCUMENbHO MHONCECTI-

sa B, eciu C(Xo) B u mnsa xaxmoro €>0 cymectByer o = 0(g) >0 Takoe, 4TO

‘X(t)—y(t)‘<8, teR, ecau y(t)eB VieR u HepaBeHCTBO ‘X(to)—y(to)‘<8 uMeeT

MECTO sl Hekomopoeo 3Hadenus theR.
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Onpenenenue 1.6. Pemenne X(t, p) Ha3pIBaeTCA 08ycmoponHe noumu ycmoti-
yugviM 8 cmvicie Jlanyrnosa, €ciiv OHO OMpeeNieHo MpHu BeexX teR u ecnu i kaxo-
ro € >0 CyImIECTBYIOT U3MEPHMOE TOJOXKHUTEIbHONH Mepbl MHOXecTBO A C B(p, €) u

guciao T >0, takoe, uyTto 111 €A u mia Bcex teR mMoxHO HaWTh t; Tak, 4TOOBI
d(x(t, Q). X(ty, p))<g, t—t) <T.

B onpenenenusx 1.4 u 1.5 unciao 6 3aBUCUT HE TOJIBKO OT YUCIIA €, HO U TAKXKE
oT BeIOOpa m3yuyaemoro pemieHusi. 3 onpenenenunii 1.4 u 1.5 cnenyer, 4yTo cTporo
JIBYCTOPOHHE YCTOWYHMBOE PELICHHUE SBJSETCS ABYCTOPOHHE YCTOMYMBBIM B CMBICTIE
JIsmynoBa. Ho oOpatHsiit (hakt He umeer mecto. Ilpu A =B(p, 8) u T =0 B onpene-
neHuu 1.6 umeeT MecTo IBYCTOPOHHSISI yCTOWYMBOCTD B cMbIciie JIdmyHoBa.

PaccMOTPHM CKaSIPHOE YpaBHEHHE X = COS’X u myctb B = {—n/2 < x < n/2}.
YpaBHeHue uMeeT pelienus X = n/2, X = —n/2, x = arctg (t — ), rae { — npoussons-
HOE€ YuCJI0. MHOXeCcTBO B KOMMakTHO M MHBAPHAHTHO. JIerko MpoBepuTh, 4TO 11000
pemenne X = X(t) = arctg (t — ) ycroiiunso B cmbicne JIamyHoBa OTHOCHTENBHO B.
Ho ypaBHeHHe HE UMEET CTPOro YCTOWUYMBBIX B CMBICIIE JISAIIyHOBA pEIEHNH OTHOCH-
tenbHO B B cuny Hammums cBoiictBa X(t) — m/2(—m/2) mpu t — +oo(—0). Jlas Toro
4yT0o0bI pemierne X(t) ObUIO CTPOTo YCTOWYHBBIM OTHOCHTEIBHO B, HEoOX0mmumo, 9To-

OBl BBIMOJHJIOCH HepaBeHCTBO lim inf ‘y(t) — X(t)‘ >0 mpu t — +oo I KXKIOTO pe-

mrenus X(t) = y(t) B B mist Beex t.

HccnenoBanusi yCTOWYMBOCTH B CMbICiE JIAImyHOBa MPUMEHUTENHLHO K HebOec-
HO-MEXaHWYECKUM CHUCTEMaM MpPEeJICTaBICHbl B MHOTOUUCIICHHBIX pab0Tax OTEYeCT-
BEHHBIX M 3apyOC)KHBIX YUEHBIX, Harpumep, B [51, 53, 58, 91, 95].

bonpmioli Bkiag B Teoputo yctoluumBocTH A.M.JIsmyHoBa ObUT BHECEH
B.B. PymsHneBbsiM u ero yueHukamu (cm. ombmmorpaduro B [13]. B.B.PymsHues
SIBUJICSI OCHOBOIIOJIOXKHUKOM Ba)KHOT'O CAMOCTOSITEJIBHOTO HAIPaBJIEHUS B TEOPUU
YCTOMYHUBOCTHU JABWKEHUS — TEOPUU YCTOMUYMBOCTH JBHXKEHUSI 110 OTHOIICHUIO K Yac-
TH MEPEMEHHBIX. XOTs MOCTAHOBKA 3aJa4M O YaCTUYHOW YCTOWYMBOCTH W NMpPUHAL-
nexut A.M. JIsnyHOBY, caM OH He 3aHUMaJICS 3ToM 3amadeid. [lycTh 3amana cucrema

muddepeHnnanbHbIX ypaBHEHUHN BUIA
x=f(txy), y=9txy), (1.4)
rme f: R"xDxR" > R", g: R"xDxR"—>R" u D — o6nacts B R", coziepkariasi

Ha4daJio.
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Onpenenenne 1.7. [Tpexmonoxum, uto f(t, 0, 0) = g(t, 0, 0) = 0 s Beex teR”
¥ GyHKIMA f 1 § TAKOBBL, YTO 4epe3 Kaxkayro Touky MHOoxkectBa R™ x D x R" mpoxo-
T eIMHCTBEHHOE pelIeHne cucTeMsl. I1lyets z = (X, y)eR", Tme N u M — memsle
noJiokuTenbHbIe unciaa. O6o3naunm gepe3 Z(t, to, Zo) = (X(t, to, Zo), Y(t, to, Zo)) peme-
HUe cucTembl (4), HauMHAIOIIEeCs B TOUKE Zg B HaYaIbHBIA MOMEHT ty. Pemenue z=0
cucteMbl (4) Ha3bIBACTCS HNOJONCUMENbHO YCMOUYUBHIM OMHOCUMENbHO X1, ..., Xm,
WIH, KOopode, X-ycmotiuusvim, eciu s aoobsix €>0 u thp >0 cymecTByer 4ucio
d = d(g, to) >0 Takoe, uto u3 |Zy| < & ciemyer, uto X(t, to, Xo) < & Vi to.

[IpoBenennsie B.B. PyMsiHIIeBBIM HcclieioBaHUS TTOKa3alu O0IBIIIOE METOI0-
JIOTUYECKOE CXOJICTBO B M3YYEHUU BTOPHIM METOJOM IIOJTHOM yCTOMYMBOCTH (10
BCEM MEPEMEHHBIM) U YACTUYHOW YCTOMYMBOCTH (11O YaCTH MepeMeHHbIX). OIHaKO B
pELIEHUN psiia aHAJOTUYHBIX BOMPOCOB MPUMEHUTEIBHO K 3aJlauaM IOJIHOW YCTOM-
YUBOCTHU U YaCTUYHOU YCTOMYMBOCTU UMEIOTCS OMPEICTICHHbIC Pa3inuus. Y CTAHOB-
JIEH TPUHLUII, TO3BOJIAIOIIMNA CBOJUTh MCCIEIOBAHHUE 3aJa4ll YACTUYHOW yCTOWYH-
BOCTHU K 33J]a4€ MCCJICIOBAHUS MOJHOW YCTOMYMBOCTU HEKOTOPOUM BCIIOMOTATEIbHOM
CUCTEMBI, U HA0OOPOT: UCCIEAOBAHUE 3aJ]aUl MOJTHON YCTOMUYUBOCTH CBOJUTH K 3a-
Jlaye MCCIICIOBAHUS YaCTUYHOM YCTOMYMBOCTH JIJI1 BCIOMOTaTEIbHOW CUCTEMBI. J[Ba
TUIA YCTOMYMBOCTH (TIOJIHASL M YACTUYHAs) TECHO CBSI3aHbI MEXKIY COOON M B3aUMHO
JOTOJIHSIOT APYT ApYra Mpu PEIIeHUU MPUKIIAIHBIX 3a/1a4.

PaccMoTpum Terneps MOHATUE YCMOUYUBOCMU OBUNCEHUS NPU NOCMOSAHHO Oeli-
cmayrouux eosmyuierusx. I1o noustue seeacHo I1. bornem [98] u I'.H. [lybomuabiM
[29] n BaxkHO 11T MHOTHX 3aJ1a4 €CTECTBO3HAHUSA U TEXHUKH. Y CTOMYUBOCTH B CMBIC-
ne JlsmyHoBa O3HauyaeT, YTO PACCMATPUBACTCS YCTOMYMBOCTH OTHOCUTEIHHO MTHO-
BEHHO JIEHCTBYIOIUX Bo3MyIllieHni. OIHaKo peanibHas ¢u3ndeckas cuctema, Hampu-
Mep, MJIaHETHAsi CUCTeMa, HaXOAMTCS MO MOCTOSHHBIM BO3JCUCTBHEM HEOOJBIITUX
BO3MYIIAIOIIUX CUJI, YIECTh KOTOPBIE MPU COCTABJICHUU YPaBHEHUS JIBXKCHUH MpakK-
TUYECKU HEBO3MOXXHO. [[oaTOMy Ba)kHOE 3HaAYCHUE UMEET U3YYCHUE YCTONYMBOCTHU
paccMaTpUBaEMOro JBMIKEHUSI OTHOCUTEIHHO MOCTOSIHHO JCHCTBYIOIIMX BO3MYIIIE-
HU. DTO 3HAYUT, YTO HAJO PacCMaTPUBATh U3MEHEHUSI HE TOJHKO HAaYaJbHBIX YCIO-
BHM, HO M3MEHECHUE M CaMHX YPAaBHEHUW JIBWKCHMsA. Takas 3ajaya pacCMOTPEHA B
paborax II. bons, H.I'. Yeraesa, I'.H. Jlybommna u npyrux ydensix. PoacTBeHHoe
NoHsITUE paccMaTpuBasiock B padore H.A. AprembeBa [5]. Hapsiny ¢ ypaBHeHHeM

Buja (1) paccMOTpUM BO3MYUIEHHYIO CUCTEMY
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dy _
i f(x)+R(t,Xx), (1.5)

rie R(t, X) — HekoTopast HeM3BeCTHAsE BEKTOP-()YHKIIHS, XapaKTEePU3YIOIIas BO3MYIIE-
HUE CHJIBI, OTHOCUTEIIFHO KOTOPOW M3BECTHO JIUIIL TO, YTO OHA JOCTATOYHO Maja U
yIIOBJIETBOPSIET YCIOBUIO, 00ECIIEUNBAIONIEMY CYIIECTBOBAHUE JIBIDKEHUN B OKpECT-
HOCTH HEBO3MYIIIEHHOTO JIBHYKEHUSI.

Omnpenenenne 1.8. HeposmymenHoe asmwkenue X = @(t) muddepennnanpHoit
cuctemsl (1) Ha3bIBaCTCA YCMOUUUBHIM NPU HOCIMOSHHO OEUCMBYIOWUX 803MYUJEHUSX,
ecru I Kaxaoro ducina €>0 cymecTBYOT ABa Apyrux umcia Op = 01(€)>0 u
Oz = 0,(€) Takmux, yTo Kaxkaoe pemreHue X = y(t) BO3MYIICHHOTO ypaBHEHWUsI, YIOBIe-
TBOpsitoree nipu t =ty HepaBeHCTBY [y (to) — @(to)| < 81, ymoBieTBOpsieT mipu t >ty He-
paBeHcTBY |W(t) — @(t)| <€, kakoBa Obl HU ObuLia BekTOp-pyHKIuA R(t, X) u3 (5),
yJIOBJICTBOPSIONIAs Ha MHOXKeCTBE {t>1y, [X — ¢(t)| < 8} HepaBeHcTBYy |R(t, X)| < 0,.

3amaya TeOpUM YCTOMUMBOCTH JIsImyHOBa 3aKitOYaeTcsl B UCCIEAOBAHUU 3a-
JAHHOTO JIBUYKEHUS, KOTOPOE MO3BOJIMIO Obl YCTAHOBUTH, KAKUM U3 MEPEUNCICHHBIX
CBOMCTB YCTOMYMBOCTH OOJaJaeT UccienayeMoe ABuWkeHue. B cumy Toro, uro nud-
depeHnmanpHas cucreMa B o0IIeM cllydae HEe MHTETPUPYETCS B KOHEYHOM BHJIE, TO
AM.JIsnyHOB MOCTaBWJI TJIaBHOM 3a7jauell HaXOXKJICHHE TaKuX CHOCO00B, KOTOpHIE
NO3BOJISIM OBl pelaTh 3ajady B HEMHTerpupyeMom ciydae. COBOKYMHOCTh 3THX
CIIOCOOOB M COCTaBIsieT OOLIYI0 TEOPHUI0 YCTOMYMBOCTU JBUIKEHMS, CO3JaHHYIO
A.M.JISmyHOBBIM U JOMOJIHEHHYIO TPYJaMH OTEUYECTBEHHBIX U 3apyOCKHBIX yde-
HBIX.

OpHoll M3 BaXHBIX 00JACTEll UCCIEOBaHUI B paMKaX TEOPUU YCTOWYMBOCTH
ABJIIETCS pa3BUTHE BTOPOro Meroja JIdmyHoBa Al CUCTEM C 3ama3/blBaloluM ap-
rymeHToM [68, 74]. B pamkax 3Toi 001acTH pa3BUTHE MOJYUYHIN JBA HAITPABICHHS
pa3BUTHS MPSIMOTO METOJA JJISi CHCTEM C 3ama3/bIBaHUEM — MeTOH (DYHKIMOHAIIOB
(monmyuuBIIMX B JIUTepaType Ha3BaHue ¢yHkuuoHanoB A.M. Jlsnynoa—H.H. Kpa-
COBKOTO) U MeTonl pyHkiuil (n3BectHbIl kak meton b.C. Pazymuxwuna). b.C. Pa3zy-
MUXUH TPEUIOKUI pacnpocTpaHeHne Mmeroga Gyukmuii JismyHoBa Ha kinacce qudde-
PEHIMANIBHBIX YPaBHEHUU C 3ama3/bIBAIOIIMM apryMeHToM (Meron QpyHkumii Jlsamy-
HoBa—Pasymuxuna). B coBpeMeHHBIX yueOHHKaX TeOpeMbl 00 YCTOWYHUBOCTH TaKHX
cucteM ¢ nomoipto pyHkuuit Jissmynosa (He GyHKIIMOHANOB, a (PYHKIMN) HOCAT Ha-

3BaHHUC TCOPCM PAZYMUXHNHCKOI'O THIIA
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1.3. YcroitunBocts 1o KykoBckomy. Paccmorpum momxom VY. Tomcona —
I1. Tata — H.E. )KykoBckoro. O01yto 3a1aqyy 0 AMHAMUYECKON MPOYHOCTU TPACKTO-
pull ypaBHEHUN MEPBOro MPUONMKEHHUs] TOCTaBUI U B Pse CIy4aeB pa3perini
H.E. XyxoBckuii B padore [32]. UToObl naTh ompeAeneHUue MPOUYHOCTH JBUKCHHUS,
H.E. XXykoBckuii paccmarpuBaer, kak u Y. Tomcon u II. Tat [106], ocHOBHOE aBH-
KEHHUE CHCTEMbl W HapsAy C HHM TaK Ha3bIBAEMOE BO3MYILIECHHOE JBH)KCHHE.
H.E. )XykoBckuii oqHy u3 KoopAuHAT ypaBHeHus (1), Hampumep X;, MPUHUMAET B
KauecTBE HE3aBUCHUMOM MEepEMEHHOM, a Bpems t paccMaTpuBaeT Kak (QYHKIIMIO TOU
KOOPJIMHATBI, MPUYEM BbIOpaHHAs KOOpJAMHATAa B KauyeCTBE HE3aBUCUMOM Iepe-
MEHHOH SIBJISICTCSI MOHOTOHHO Bo3pacTaromieil pyHkimelr BpemeHu. PaccmarpuBast
KOOPJIMHATHI Xy, ..., Xy Kak QyHkiuu oT X;, H.E.XykoBckuii mpeamnosnaraer, 4ro B
BO3MYIICHHOM JBMXKEHUU QYHKIUU X, ..., X MOTYUYAIOT TIPUPALIEHUS VYo, ..., Yn. Eciu
BO BCE BpEMs JABHXXEHHUS MPUPALIECHUS Yo, ..., Yy OCTAKOTCS JNOCTATOYHO MAJIBIMH, TO
JNBWKCHUE HA3bIBACTCSA NPOUHbIM; €CIIM HEKOTOPBIE U3 3TUX NPUPALIECHAN HE SBIISIIOT-
Cs1 TAKOBBIMU, TO IBMPKEHUE HA3BIBACTCS HENPOUHBIM.

Baxxno ormetuts, uto Bpems t paccmarpuBaercs H.E. KykoBckum kak ¢yHK-
IUsl OT X, a mpupaileHue ot onpeaensieTcss mpu Mnepexoje OT JAHHOTO JBIKEHUS K
Bo3myieHHomy. M3 omnpenenenus H.E. )KykoBckoro cienyer, 4ro pedb JEUCTBU-
TEIHHO UJET 00 YCTOWYMBOCTH TPACKTOPUI TOUYEK MEXAaHUYECKON CHCTEMBI, a HE 00
YCTOMYHMBOCTH COCTOSIHUSI IBUKCHUS.

3. Payc [102], kak u H.E. XyxoBckwuii [32], ucmonap30Bain MOHATHS 00 OCHOB-
HOM JIBUKEHUU U BO3MYIIICHHOM JIBM)KEHUHU W BBEJ MOHATUSI 00 YCTOMYMBOCTH U HE-
YCTOMYMBOCTU ABWXeHUs. [loHATHE ycTOMYMBOCTH B cMbicie J.Payca u noHsitue
yCTOMUYNUBOCTHU JIBMKEHUS B cMbIciie H.E. XKykoBckoro — pasnuunsie nonstus. [Ipe-
’KJIe Bcero, B onpezeneHuu J. Payca peub uaetr 00 ycTONYUBOCTH COCTOSTHUS JABUXKE-
HUs, B TO Bpems kak B onpenenenun H.E. XKykoBckoro — 06 ycTOWYHMBOCTH TPaeKTo-
Pyl IBUKEHHS, ONIMCBIBAEMBIX TOYKAMU MAaTEPUAIbHOUW CHUCTEMBI. Jlanee, NBHXKEHNE
muddepeHnranbHOi cUCTEMbl MOKET OBITh HEYCTOMUMBBIM B cMbIcie . Payca, HO
npouHbIM B cmbiciie H.E. JKykoBckoro.

A M. JlsanynoB [49] nmpenyoxun oOlee ompeneseHue MOHSATUS YCTONYMBO-
CTH JBUJKECHMS, OXBaThIBalolllee Kak orpeaeneHue J.Payca, Tak u omnpeaeieHue
H.E. XKyxoBckoro. O61ee ornpeneaeHre yCTOMUMBOCTH IBUKEHHS M0 OTHOIICHHIO K

HEKOTOPBIM BEJTUYMHAM (POPMYIHPYETCS CIEAYIOIUM 00pa3oM.
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Omnpenenenne 1.9. [Tycts 1) 3amana cucrema K nuddepernnanbHbIX ypaBHe-
HUW BTOPOTO MOpSJIKA JBMXKCHHS MEXaHMUYECKOW CHUCTEMBI, 2) BEIOpAHO HEKOTOPOE
YaCTHOE peUICHUE ITUX YpPaBHEHUH, ONMpeNesiolnlee IBUKEHUE CHUCTEMbI, KOTOPOE
HA30BEM HeB03MYWeHHbIM, U 3) manbl GyHKIMH @q, D, ..., @, oT Bpemenu {, 0600-

IIEHHBIX KOOPIUHAT (i, ..., Ok U 0000IIEHHbIX CKOpocTeH (,, ..., (.. HeBo3amymien-

HOE JIBUKEHUE HA3BIBACTCS YCMOUYUBLIM NO OMHOULeHUlo K geauvurHam Dp, D,, ...,
@y, ecnu, 3a/1aBasi MPOU3BOJIBHO TMOJOXKUTENIbHbIE unucna Ly, Ly, ..., Ly, MBI MOxeM
OTIPENICIIUTh MPH BCAKUX Lg, Kak ObI MaJIbl OHU HU OBLIH, TAaKUE MOJIOKUTEIbHBIC YHC-

ma E, E,, ..., E,, E}, E,, ..., E,, 4TO IpH BCAKUX HaYaJbHBIX BO3MYILICHUIX

€ -+» € &€y +--y & , YIOBICTBOPSIONIMX  YCIOBUIM ‘83 <E,, e |<E;

(s=1, 2, ..., k), u npu BcsikoM t, MpeBOCXOaAIIEM ly, BBIIOJIHEHB HEPABEHCTBA
& -0\ <L, |@,-d|<L,, ..., |&,-D|<L,.

Ecnu, B yacTHOCTH, MOJOKUTE N =2K u B3ITh @1 =1, @2 =y, ..., D =
D1 = Q1, Drs2 =2, +ory Dok = Qk, TO MOIYUUM OIPEICICHUE YCTOMUYMBOCTH HEBO3MY-
IIIEHHOTO JBMXEHMSI OTHOCHUTEIHHO OOOOIIEHHBIX KOOpPAMHAT U cKopocTel. Panee
npuBeJIeHHOE omnpeneneHue 1.3 sABIsSeTcsl YacTHBIM ClIydaeM OOIIEro ONpeaeseHUs
1.9.

A.M.JIAmyHOB OTMETHUII, YTO B YPABHEHUSAX BO3MYIIEHHOTO JABMKEHHSI MOYKHO
3aMEHUTHh BpeMs { Ipyrom mepeMEHHOM, SBISAIOIIEHCS MOHOTOHHO BO3pAacTAOLIEN
¢yHkmel BpemeHnu. BoiOupas 3a HE3aBUCUMYIO MEPEMEHHYIO OJHY M3 KOOPJIHMHAT
TOYEK CUCTEMBI, MOHOTOHHO BO3PACTAIOLILYI0 BMECTE C BO3PACTaHUEM BpPEMEHH i, u
NpUpaBHUBAsL OCTaJbHBIC KOOpAWHATHI K GyHKUIUsIM Dy JlsmyHoBa, yOexmaemcsi B
TOM, 4TO omnpejenenue ycroitunBoct B cmbiciie H.E. XKykoBckoro cienyer u3 oOre-
ro onpenenenus A.M. JIanmyHOBa KaKk 4acTHBIN CiTydai.

Teopus ycToMmuuBOCTH B CMBICIE JKYKOBCKOTO MOJIyYusia JaJbHENIIEE pPA3BU-
tie B paborax [3, 10, 14, 20, 21, 26-28, 39, 44-47, 67, 78, 100, 101, 104, 107] u B
npyrux padorax. M.II. AmuHOB B [3] BBEN MOHATHE “yCTOWYMBOCTU B cMBbIciie XKy-
KOBCKOTO” ¥ uccienoBan merojgamu A.M. JIsniynosa u /. CuHII)Ka yCTOMYUBOCTH B
cMbice JKyKOBCKOTO TPaeKTOPUK HEKOTOPBIX KJIACCOB MEXAHWYECKUX CHCTEM IIPH
KOHCEPBAaTHUBHBIX U HEKOHCEPBATHUBHBIX BO3MYLICHUSX.

Paccmotpum noaxon M.III. AMUHOBA, COTJIACHO KOTOPOMY paccMaTpUBAETCS
IPOCTPaHCTBO KoH(purypauuii Q" M M3ydaeTcs NOBEIECHHE OKOJIBHOH TPacKTOPUH

OTHOCHUTEIHHO 0a30BOM TpaeKTOpUH. JIJisi 3TOro CTaBATCS B COOTBETCTBUE TOUKH ATHUX
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TpaekTopumii. MeTpuka peifctBusi mpoctpancTBa Q" Ompenensercss PaBeHCTBOM:
ds” = 4(U + h)TdtZ, rae U — cumoBast ¢yHKIus, h — mocrosituHas sHeprum, T — KUHE-
TUYecKas sHeprus, t — Bpems, dS — asemenT neiictBus. Ecin paccMaTpuBaTh KOHCEp-
BAaTHUBHBIC BO3MYIIEHHUA, T.€. BO3MYIICHHS, IJii KOTOPBIX HE W3MEHSIETCS MOJIHas
SHEPIHs CHCTEMBI, TO B IIPOCTpaHCTBe KoHuUryparmii Q" 6a30Boil M OKONBHOI Tpa-
EKTOpHUSIM OyIyT COOTBETCTBOBATH JIBE COCEIHHE T'€OJIC3MUCCKIE JTUHUH (TCOIETUKHN)
aT0 TipoctpancTBa. [lycte O u O; — mpoU3BOIIBHO BRIOpaHHBIC HaYaIbHBIC TOUYKH HA
0a30BOM M OKOJBHOH reomeTukax. Torma Touku P u P; Ha 3THX reoieTHkax cuuTa-
10TCsl cooTBeTCTBeHHbIMU, eciii OP = O;P;. Tak xak BbIOpaHO COOTBETCTBHE TOUEK
HE 110 BPEMEHH, a 0 JEeHCTBUIO, TO COOTBETCTBEHHBIMH TOUYKAMU ITUX I'€0JIETUK OY-
YT TOYKH, pAaBHOYJAJICHHbIE OT HEKOTOPBIX BHIOPAHHBIX HauadbHBIX TOueK. Touku O
u O; BpIOUparoTcs Tak, 4To0s1 0Tpe3ok OO; OblT OpTOTOHANEH K 6a30BOI T'€OETHKE.
Torma mpu MOCTATOYHO MaNbIX HAYaJbHBIX Bo3MmymeHusx mnpu OP = O;P;
C TOYHOCTBIO JI0 BTOPOTO MOPsiiKa MaJIOCTH 0Tpe3ok PP; OyaeT Takke opTroroHaieH
K 0azoBoi TpaekTopuu. [10ATOMY B OCHOBY OmNpeAesieHUs] COOTBETCTBUSA TOYEK MPH-
HUMAETCS TAK)KE€ OPTOrOHAIILHOE COOTBETCTBUE.

Omnpenenenne ycToMunBOoCTH 10 JKYKOBCKOMY IJII MEXaHMUECKOW CHUCTEMBI

coryiacHo [3] popmynupyeTcs CAeayoIuM 00pa3oM.

o [d9% | . o dg®
Omnpeaenenne 1.10. ITycts B Toukax O u P umeem: (y, d— ;g d—, B
S 0 S
dq® dp” dg“ , dp”
toukax O; u P S+ pg, | — | +| — | ; 9+ p*, —— + ——. Ecnu a1 kaxuo-
i Ao Po dsodsoqus ds A 8

ro yucia € > (0 MOXHO HAaWTHU APYroe MOJOKUTEIBHOE YUCIIO O < € TaK, YTOOBI MpHU
o dp”
BBINIOJITHEHUM HEPABEHCTB | Pg <9, S <§, rme a=1,2,..,N, © Tpu Bcex
S
0

OP =s>5s, (S, — 3HaueHHE (PYHKIMM JCHCTBHS B HAYAJILHON TOYKE) BBIMOJIHSIOTCS

dp*

HEPaBEHCTBA ‘ p*l<e, s <g,rmea=1,2,..n, To 6a30BOC IBMKECHNE MECXaHUYEC-
S

CKOIl cucTeMBbl Ha3bIBaeTCs ycmouuusvim no )Kyxoseckomy. B mpotuBHoM ciydae Oa-

30BO€ JBMXKEHUE HA3BIBACTCS HEYCMOUYUBLIM NO JKYKOBCKOM) .
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Otmetrum, uto B ompeaeneHuu 1.10 paccMaTpuBaeTcsi OPTOrOHAIBLHOE COOT-
BETCTBUE TOUEK HEBO3MYIIEHHON U BO3MYLIEHHON TPACKTOPUH, UTO SBJISETCS Xapak-

TEPOJOTUYECKON YepTON yCTONYMBOCTH 110 JKyKOBCKOMY.

1.4. OpOutanbHasi yCTOHYHMBOCTH. PaccMOTpUM HEKOTOpBIE MOHSTHS U pe-
3yJbTaThl mMeopuu OpOUMANbHOU YCMOUYUBOCIU MPAESKMOPULL U UHBAPUAHMHBIX
Mmuodcecma. [loHsITHE OPOUTATBEHON YCTOMUYHMBOCTH JJIsl IEPUOAMYECKON TPACKTOPUHU
BcTpeuaetcd y I1. JTarutaca u A. ITyankape.

Pa3nuuHble Bepcuu onpenenaeHus: opOUTaIbHOM YCTOMYMBOCTH MHAMBUAYAJb-
HOU TosTyTpaekTopuu cojepskarcsa B padorax H.JI. Mouceesa [58], B.I1. JlemunoBruua
[17, 18], npuuem H.JI. MouceeB Mpemiokui TOMOJIOTHYCCKHIA BapUaHT MOHATHS, a

B.I1. leMui0BUY — METpUYECKUI BapUAHT MOHATUS OPOUTATILHON YCTOMYHMBOCTH.

Onpenenenne 1.11. ITonyrpaekropus C'(p) pemenus ¢ = ¢(t, p), ¢(to, p) = P,
te th ypaBHeHusi (1) HaspiBaerca 1) nonoscumenvHo opbUumManibHO yYCMoUYUBol,

ecim JuIs Jrodoro yucia € > 0 cymectByeT takoe 9uciio o = 8(g) >0, 9To I Bcex
Touek (e€Bs(p) oTkpeiToro mapa Bg(p) ¢ EeHTpOM B P U pagrycoM O BBITIOJIHEHO CO-
OTHOIIICHUE

ple(t, @), C'(p) <& t>t,
rie p(z, M) — paccrositue ot Touk Z 10 MHOXectBa Mc R p (z, M) = inf |Z - y| ;
yeM

2) NONOAHCUMENLHO ACUMNIMOMUYECKU OPOUMALLHO YCMOUYUBOU, €CITH OHA TI0-
JIOXKHUTEIHHO OPOUTAILHO YCTONYNBA U, KPOME TOTO, CYIIECTBYET TaKOe Yucio o1 > 0,
uTo0 1A Beex Touek ( €B; (p) Bbmonneno coornomenne p(o(t, q), C'(p)) = 0,
t > oo;

3) nonoscumenvHo acumnmomuyecku OopoOUMaIbHO YCMOUYUBOU 8 YeloM, €CIH

n
map By, (P) B myHKTe 2) coBManaeT co BCEM MPOCTPAHCTBOM R

4) nonoscumenvHo OpoUMAaIbHO HEyCMoUuYUEol, €Cli CyIecTByeT yucio € >0

Takoe, 4To Il Kaxaoro yucia o(e) >0 cymecrByer Touka eBg(p) Takas, dyro mnpu

~

HEKOTOpOM 3HadeHuH f >0 suimonseno p (¢ (f, q), C +( p)) > €.

B cuny cBoiicTBa HHTETpabHOW HEMIPEPHIBHOCTH OPOUTANIBbHAS YCTOMYMBOCTh

HE 3aBUCHUT OT BhIOOpa HaYaJIbHOTO MOMEHTa BpeMeHU. [1oaTomMy nmpaBoMepHO roBO-
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pUTH Kak 00 OpOUTAILHON YCTOWYHUBOCTH TOJIyTPACKTOPUHN PEIICHUS, TaK U 00 opOu-
TaJbHOM YCTOMYMBOCTU CAMOIO PEILICHHUS.

PaccmoTpum B KadecTBe npumepa cucreMy X =X, Y =0. UHTerpupys noinyuum
X=Xoexpt,y=yo VteR, rme Xo=X(0), Yo = Yo. Tpackropusimu Ha mmiockoctu OXy
ABISIIOTCS ) Touku X = 0, Y = Yo nipu Xo = 0; 6) mpaBeie nmoxynpsimMbie Y = Yo, X > 0 mipu
Xo > 0; B) nmeBble nomynpsimMbie Y = Yo, X < 0 mipu X < 0. CnegoBaTenbHO, KaXa0€ pe-
menne X = X(t), y = y(t) cuctempl HeyCTOHYHMBO B cMbIcie JIsSmyHOBa, HO OYEBHJIHO,
YTO TPAEKTOPHUU TUTIOB O) U B) MOJIOKUTEIHHO OPOUTAIEHO YCTOWYUBEI.

W3 npumepa clieiyeT, 4To MOHATHE YCTOMYMBOCTH B cMbIciie JIsmmyHOBa sABIIS-
eTcst 0oJiee )KECTKUM MOHSATHEM, YEM MOHATHE OpOUTATIBHON YCTOMYMBOCTH.

MHoxecTBO () BCeX yCTOWYMBBIX B CMbICE JISmmyHOBa MOIYyTpacKTOpHUMA SIB-
JsieTCsl MOAMHOKECTBOM MHOXecTBa (Qo BCEX OpOUTAIBHO YCTOMYMBBIX MOIYTPACK-
Topuid: () < Qo, mpuuem Q # (.

OTMmeTHM, 4TO MPUBEACHHBIE ONPEEIIEHUsI OPOUTATBHON YCTOMUYNBOCTH U He-
YCTOMYMBOCTHU JaHbl HA SI3bIKE € — O (B TEPMHUHAX LIAPOB) U 3Ty YCTONYMBOCTh U He-
YCTOMYUBOCTH HA30BeM Mmempuueckoi. B [58] paccMoTpen apyroi TUI opOUTAIBHOM
YCTOMUMBOCTU — monojocuyeckas opOuTaIbHas yCTOMYHUBOCTb, ONpPENEIEHUE KOTO-
pOM 1aHO B TEPMHUHAX OTKPBITBIX OKPECTHOCTEM MOJIyTPAaCKTOpUHU. [l HEKOMIIAKT-
HOI MOJYyTPAEKTOPUU TOHSTHS METPUUYECKOW M TOMOJOTUYECKOM OpOUTANIbHOU yc-
TOMYMBOCTH U HEYCTOMUYMBOCTU PA3IUYHbI U SIBISIOTCS HE3aBUCUMBIMHU MOHSITHIMMU.
Paccmotpum, Hampumep, auddepenunanpayo cuctemy X =1, y=0 Ha miockocTH.
Jlerko BuaeTh, 4T0 0ch OX METPUYECKH OpPOMTAIBHON YCTOWYMBA, HO HE SIBISETCS
TOMOJIOTUYECKH OPOUTAIILHO YCTOMYUBOM.

Bynem rosoputh, uto pemenue ¢(t, p) ypaBuenus (1) obmamaer cBOMCTBOM
acumnmomuy4eckoul gazwl, eciau A Kaxaoro pemenus ¢(t, q) ypaBaenus (1), yaoBs-
JIETBOPSIIOLIETO HEPABEHCTBY

| 9(to, 9) — @(t, P)| <8,
rae o > 0 mocratouHo Maio, umeetcs 9ucio ¢ = c(@(t)) rakoe, 4To
| o(t+c, q) — o(t, p)l > 0, t— 0.

Yucno ¢ Ha3pBaeTCs acumnmomuieckou gazou [17] pemenus ¢(t, p) ypaBHe-

aust (1). B [17] nokasano, 4to opburtanpHo ycTounBoe pemenue ¢(t) ypaBaenus (1)

C aCUMNTOTHUYECKON (Pa3oil aCUMOTOTUYECKH OpOUTAIBHO ycToHunBO. OOpaTHOE yT-
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BEP)KJIEHUE HEBEPHO. ACUMITOTUYECKH OPOUTATBHO YCTOMUMBOE PEIICHUE MOKET U
HE UMETh aCUMIITOTHYECKOU (pa3bl.

W3BectHast Teopema AnapoHoBa—ButTa [4, 17] cocTouT B cienyromem. [Tycts
o-riepuoanueckoe pemienue ¢(t) ypaBHeHus (1) OTAMYHO OT TPUBHAIBHOTO, IPUYEM

ypaBHeHH}I B BapHaIII/ISIX JJIs1 9TOTO pGIHGHI/IH
dx

o = F(e®)x

MMEIOT OJUH MPOCTON HYJIEBOM XapaKTEPUCTUUYECKUM MOKA3aTelb, & BCE OCTAJIbHbBIC
XapaKTEPUCTHYECKHUE IMOKA3aTENH MMEIOT OTPULIATEIbHbIE JNEHCTBUTENIBHBIE YACTH.
Torpa pemenue @(t) ypaBHenus (1) ycroiiuuBo B cMbiciie JlsmyHoBa.

Ananior Teopembl AHapoHOBa—ButTa popMynupyercs cieayronmm oopazom
[17]. ITyctp ypaBHenue (1) mMeer w-nepuoamyeckoe pemreHue ¢(t), OTIUYHOE OT
TPUBHAILHOTO, IPUYEM YPAaBHEHHS B BapuallUAX ISl ATOTO PEUICHHS UMEIOT OIUH
IIPOCTOM HYJIEBOM XapaKTEpPUCTHUUECKHUI MOKa3aTellb, a BCE OCTaJbHbIE — C OTpHULA-
TSJIIBHBIMU JICHUCTBUTEIBHBIMU YacTsMH. Toraa mepuoaudeckoe pemenue @(t) acum-
NTOTUYECKHA OpOUTAIBLHO ycTolHunBO. Kpome Toro, mist kaxaoro omu3koro k ¢(t) pe-
mennst \y(t) ypaBHenus (1) mmeercs acummnrornyeckas dasa, T.e. ecau 6>0 gocra-
TtouHo Mano u | y(ty) — ¢(to)| < & mist HekoTopwix umucen ty U t, To cyiiecTByeT mo-
CTOsIHHAs ¢, Takas, 9to |y(t+c) — ¢(t1)| > 0 npu t — co.

Teopema Bb.I1. JlemugoBrua 00 OpOUTANIBHONW YCTOMYMBOCTH COCTOUT B Clie-
ayroriem [18]). ITycts 1) ypaBHenue (1) uMeeT MOJOKUTEILHO YCTOMYUBOE B CMBICTIC

Jlarparmka pemenne ¢ # ¢(t), mpuaem inf |o(t)| >0, 2) cucrema ypaBHeHnit B Bapua-
t>0

LUSIX BJIOJIb PEUIECHHUS (p TIPAaBUIbHA B CMBICIIE JIAITyHOBA, IpUYEM BCE €€ XapAKTEPHU-
CTUYECKHE TII0KA3aTeNIM, KPOME OJHOIr0, OTPHUIATENbHBI. Toraa IOJyTPacKTOPUs
C’(p) pewenust @(t) acHMITOTHYIECKH OPOHUTAIILHO YCTOHUNBA.

OTmeTuM, YTO TOHSTHS OPOUTATHHOM YCTOWYMBOCTH M OPOUTAIHHOU achM-
NTOTUYECKOW YCTOMYMBOCTH UHAMBUAYAIBHOM IMOJYTPACKTOPUU IOJIE3HBI IS “U30-
JIMPOBAHHBIX = KOMIIAKTHBIX MMOJIYTPACKTOPHIL, B YACTHOCTH, JJIsl COCTOSIHUM PaBHOBE-
CUSl M TIEPUOJINYECKUX TpaeKTOpuid. OQHAKO ITH MOHIATUA MPOTHUBOPEUYMBHI ISl TIO-
JIyTPACKTOPUM U TPACKTOPUM CIIOKHBIX JBUKEHUU, YTO WUIKOCTPUPYIOT CIEAYIOLINE
CHUTYyaIlMH, PACCMOTPEHHBIE B paboTe [46].

Cumyayus 1. MOXeT CIIy4UTBHCS, YTO MOJYTPACKTOPUS HEBO3MYLIEHHOTO JIBU-
eHusl ypaBHeHUs (1) sBJISIETCS KaK MOJIOKUTEIBHO OpOUTAIBHO YCTOMYMBOM, Tak U
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opbuTansHO HeycTounBoil. M300paxkaromas Touka BO3MYIICHHOTO JBHXKEHUS, MO-
KHJIA0Mas B HEKOTOPbII MOMEHT BPEMEHM €-OKPECTHOCTh OJHOTO BUTKA HEBO3MY-
IIEHHON TPA€KTOPHUH, MOXKET B TOT K€ MOMEHT BPEMEHU BXOJIUTH B £-OKPECTHOCTh
JPYTroro BUTKa TPACKTOPUH. 3eCh TpeOOBaHUs ONpeeeHU OpOUTaILHOM yCTOWYH-
BOCTH M OPOUTAIbHON HEYCTOMYUBOCTH BBITIOJIHSIOTCSI.

Cumyayus 2. Tlyctb N =2 u BekTop-GyHKuusA g(Xy, X2) ABISIETCSA MEPHOAUYC-
CKO#f 110 06ENM KOOpMHATAM ¢ meprogoM 27. Torna BeKTOpHOMY 100 Ha R coOT-
BETCTBYET BEKTOPHOE MOJIE HA JBYMEPHOM TOpPE 7= {X1, X2 : 0<x<2m}. Pac-
CMOTpPUM, HanpuMmep, ypaBaenue dxi/dt = w; (1 = 1, 2), onpenesroiiee Ha 7 BEKTOP-
HOE TI0JIE, HE MMEIOLIEe COCTOSIHMN paBHOBeCHA. OYEBHUIIHO, UYTO €CIM OTHOIICHHE
a = my/m; 9aCTOT M3, ®; PAITMOHAIBHO, TO BcE (Da30BbIC KPUBBIC YPABHEHUSI 3aMKHYThI
Ha TOPE, a €CIM MPPAlHOHAIBHO, TO BCIOAY IUIOTHBI Ha HeM. lIpu panmonanpHOM
qyuciae a nu300pakaroliue TOYKU JBMXKEHUM YpPaBHEHUS ABUXKYTCS MO MOBEPXHOCTH
TOpa MapajuIeNbHO JIPYT APYry U C MOCTOSTHHOM CKOpocCThiO. [loaTOMy paccTtosiHue
MEXAY STUMHU TOYKAMHU MOCTOSIHHO UM TPACKTOPHUSI IBIXKCHHSI HE MOXKET ObITh OpOu-
TaJbHO ACUMITOTHYECKH YCTOMYMBOM. [Ipn MppanMOHAIBHOM 4YHMCIE @ XapakTep
JBKEHUN M300pakarolIuX TOYEK OCTAETCA MPEKHUM, OJHAKO PACCTOSIHHE KaXKIOU
M300paXkaroliel TOUKU 10 BCIOY IJIOTHOW TPAEKTOPUHU PABHO HYJIIO U BCE TPACKTO-
pUU JABUKEHUS HA TOpe OyIyT OpOUTATBHO aCHMITOTUYECKH YCTOMYMBBIMH. TakuMm
00pa3om, 37eCh OmpeIelICHHEe OPOUTATIBbHON aCUMIITOTHYECKOM YCTOMYMBOCTH IIPO-
TUBOPEYUBO.

Cumyayus 3. CBOWCTBO OpOUTAILHOM HEYCTOMYMBOCTU TPACKTOPHUH, BbI3BaH-
Hoe “pazOeraHueM” TPACKTOPHUH, MPU JOCTATOYHO CJIOKHOM PACIOJIOKEHUU TPACK-
TOpuH B ()a30BOM IIPOCTPAHCTBE MOXKET OBITH B TO K€ BPEMsI CBOMCTBOM OpOWTAJIb-
HOM yCTOWYMBOCTH, TaK Kak siBJIeHUE “‘paz0OeraHusi” He Bcerna OyaeT MpOTUBOPEUUTD
TpeOOBAHUSIM ONPEICTECHUM ITUX TTOHITHUM.

B cBsi3u ¢ TpeThell cuTyanuei OTMETHM, YTO MOHSATHE OPOUTAILHON HEYCTOM-
YUBOCTH, KaK U MOHSITHE HEYCTOMYMBOCTH B CMbIcIe JIsmyHOBa HE MOXKET OBbITh HC-
MOJIb30BAHO JIJIs1 ONMUCAaHUs PEHOMEHA XaOTHUECKUX KOJEeOaHWi B IETEPMUHUPOBAH-
HBIX CHCTeMaX, XapaKTEepPU3YIOIIUXCS ‘“‘TiepeMennBaHueM’’ TpaeKTopuid B (ha3oBOM
IPOCTPAHCTBE.

PaznuyHbie MOAXOABI K OMPEACIICHUIO MOHSTHS OpOUTAIBHOM YCTOMYMBOCTHU
MOJIYMHBAPUAHTHOIO M MHBAPUAHTHOTO (KaK KOMITAKTHOTO, TaK M HEKOMIIAKTHOTO)

MHOYeCTBa conepkarcs B padotax B.W.3y6oBa [33, 34], H.I1. bxatua u O. Xaiieka
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[96] H.IT. bxatwna u I'. Cere [97], A.A. IllecTakoBa [87—89] u B paboTax apyrux yue-
HBIX.

OCHOBHBIMU THUIIAMU OPOUTAIBHOW YCTONYMBOCTH 3aMKHYTOI'O MHOKECTBA
AcR" nuramnueckoit cuctemsl @ @ R" — R" sBusrotcs: 1) op6uTanbHas ycToiun-
BOCTb MHO>XECTBA OTHOCHUTEJIBHO €r0 METPHUUYECKUX OKPECTHOCTEH, 2) opOuTambHast
YCTOWYMBOCTh MHOXXECTBA OTHOCHUTEIBHO €r0 TOMOJOTHYECKHX OKPECTHOCTEH H
3) opOuTasbHast yCTOMYUBOCTH MHOXKECTBA OTHOCUTEIFHO COBOKYITHOCTH JIBYX OKpe-
CTHOCTHBIX (pUIIBTPOB MHOKecTBa A. IlepBbIil Tl OpOUTAIBHON YCTOMYMBOCTH pac-
cMoTpeH B padote B.W. 3yboBa [34, nononHenue], BTOpod TUN OpOUTATIBLHON yCTOM-
yuBocTH — B pabore H.I1. bxarua u I'. Cere [97]. Tpetuit Tunm opOuTambHON YyCTOM-
YHBOCTH B 0000IIeHHOM BapuaHTe — B padore [90].

OTMmeTuM, 4TO psiji pe3yJbTaToB 00 OPOUTANIBHON YCTOMYMBOCTH, MOTYUYEHHBIE
METOJIOM OPTOTOHAJBbHOW JIMHEapU3allMu cUCTeM AU(@epeHIuanbHbIX yYpaBHEHUH,

MOTYT ObITh 000OIICHBI Ha ClTydail ycToHunBOCTH 110 JKykoBckomy [21].

1.5. CoBpeMeHHBIH NMOAX0 K U3YYEHHI0 YCTOMYMBOCTH M0 KyKOBCKOMY.
B cBsA3M ¢ M3ydeHHEM ABMKEHHM, OTJIMYHBIX OT COCTOSIHUS PABHOBECHUS WU IEPUOIHU-
YECKUX JIBM)KCHMM, POJIb MOHATUI YCTOMYMBOCTH U HEyCTOMYMBOCTH 1O JKyKOBCKO-
My TPAaeKTOPHH B HAcCTOsIIEe BpeMs mpuodpena oco0yro 3HAaUMMOCTh BO MHOTHUX 3a-
nadax HEJIMHEWMHONW TUHAMUKU.

BaxxHO OTMETHUTH TO OOCTOSITENBCTBO, YTO MOHATUE OPOUTAIBHONU YCTOWYUBO-
CTU Y HEYCTOMYMBOCTHU TEPSET CMBICI PUMEHUTEIBHO K HEKOTOPBIM CIIOKHBIM JIBU-
KeHusM TudpepeHnnanbHOl CUCTEMBI, B TO JK€ BpeMsl Kak 0oJjiee CTpOroe MOHATHE
yCTOWYMBOCTHU 1O JKYKOBCKOMY MMEET CMBICT IS JIFOOBIX €€ JABMKeHui. B mocnen-
HUE TOJbl YCUJIWJICS MHTEpEeC K mpoljeMaM HEeyCTOMYMBOCTH ABMXeHus. llpexne
BCErO0 3TO CBSI3aHO C HAJIMYMEM XAOTUYECKUX KOJEOaHW B JETEPMHHHPOBAHHBIX
cucteMax. J{Ji1 BOSHUKHOBEHHSI XaOTUYECKUX KOJEOaHUH, XapaKTepU3yIOIUXCs Te-
peMeIIBaHUEM TpaeKTOopuil B (pa30BOM MPOCTPAHCTBE, HEJOCTATOUHO HEYCTOMYNBO-
cTd B cMbicie JlsmyHoBa. Oka3anock, 4TO ¢ MOMOUIBIO TOHSTHS HEYCTOMYHUBOCTH MO
XKyKOBCKOMY TpPaeKTOpPUHU MOKHO OOBSICHUTH PAJl SIBICHU, CBSI3aHHBIX C HAJTUYUEM
xaoca [21, 46, 47].

B nHacrosimiee Bpemsi Teopust yCTOMUHMBOCTH MO JKyKOBCKOMY TpPaeKTOPHI

g depeHnnanbHbIX CUCTEM SIBJISIETCS HAMPABJICHUEM, UMEIOIIMM CBOU crierupuye-
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CKHE€ OCOOEHHOCTH W Pa3jNuus M0 CPAaBHEHHUIO C TEOpUEH yCTONYMBOCTU B CMBICIIE
JlanyHoBa.

PaccmoTtpum aBTOHOMHYIO cuctemy Buaa (1), e geCl(Rn—>Rn). Baxxabim
MOJIMHOXXECTBOM MHOKECTBa OpOUTANbHO YCTOMYMBBIX TpaeKTopui auddepeHIu-
AIbHOW CHCTEMBI SIBJIAETCS MOJMHOXECTBOM YCTOMYMBBIX B cMbIcie JKyKOBCKOIO
TPAEKTOPHUM 3TOU CUCTEMBI. 1IpoMeKyTOUHOE MEXKIy YCTOWYHUBOCTBIO MO JIAMyHOBY
U OpOUTaNbHOM YCTOMYMBOCTBIO MOHATHE YCTOWYMBOCTH 1O JKyKOBCKOMY aocTa-
TOYHO A(P(HEKTUBHO I U3YUCHHUS CIIOKHBIX TPACKTOPUN U YCTPAaHSET BOZHUKHOBE-
HUE CUTYyallui, ONKMCAHHBIX BBILIE, a TAKXKE MO3BOJISIET HE MIPUBJIEKATh B 3THUX CUTYya-
LIUAX TOHATHE YCTOMYMBOCTH 1O JISAMyHOBY — OHSATHE, OOJiee )KECTKOE, YEM YCTOM-
YUBOCTH 10 JKyKOBCKOMY.

[IpuBenemM ompeneneHue yCTOWYMBOCTU B cMbicie JKyKOBCKOro, MCIHOJIb3ye-
Moe B padotax [20, 21, 26, 28, 46, 47].

Onpenenenue 1.12. O603HauuM yepe3 X, MHOXKECTBO BCEX B3aUMHO OJTHO-

3HAYHBIX M B3aMMHO HENPEPBIBHBIX OTOOpakxeHUil (roMeoMOp(HU3MOB) G YHCIOBOTO
R; - 6 =t 11 o

MHOXKECTBa R := [r, oo) Ha ce0s Takux, uto o(t) = 1. [lomyrpaekropust C (p) perie-

Hug @(t, p), teRy, ¢(to, p) =P, cucremsl (1) HaspiBaercs 1) nonoscumenvro ycmoi-

uueoll 6 cmuicie JKykoeckoeo, ecan cymectByeT penapamerpusanus o(t)eXy, o6-

JaJaoIas CBOMCTBOM: JUI KaXxaoro uucia € > 0 cymectByer unciio o = d(g) > 0 ta-
Koe, 4ro i Joboit Touku (€Bs(p) mmeer mecto r,.(t, P, Q) <e Vixty, rne
Foo(t, P, Q) 5= |o(a(t), Q) — o(t, p)|, 2) noroscumenvro acumnmomuuecku ycmouuu-
sotl 6 cmbicie JKykosckoeo, eclii OHA TIOJIOKHUTEIbHO YCTOWYMBA B cMbIcie JKyKoB-

CKOTO H, KPOME TOTO, CYHIECTBYET TaKOE YUCIO &; >0, uTo s Beex Touek geBs, (p)
CYIIECTBYET PENapaMeTPU3allis G € Xy Takas, 4To Fo(t, P, 4) — 0, t—> oo, 3) neyc-

mouuugou 8 cmvicie Kykoeckozo, ecnm CymecTByeT 4ucio €>0, 4To s KaKI0ro

uncia § >0 umeercs Touka (e Bs(p) Takas, 9To s moOoH penapamMeTpu3aNT G € Xy,
+
IPH HEKOTOPOM 3HAYCHHM BpeMCHH 1, € R, BBINOIHCHO HEPABEHCTBO Fo.o(t, P, ) > €.

PaccmoTpum B KadyecTBe nmpumepa NpsIMOJIMHENHOE JBUKEHHE YACTULBI B OJI-

HOpOJIHOM moJie cuil. [TycTh nBukeHue HampasiieHO BaoJb ocu OX;. PaccmoTpum He-

1 :
BO3MYILEHHYIO TpaekTopuio Cii X = py+ pot +§at2, X =Xp=pPy+at u BO3MYy-
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. 1
IIEHHYIO TPAEKTOPHIO C,. Yy = py+ a1+(p2+oc2)t+5at2, Yo = pp+a,+at. Tak kak

Yi—Xg =gt opt, Yo—Xo =0, Tonpr ap =0 |o(t, pta) — o(t, p)| > compu t — oo, m
TpaekTopus C, nBrkeHus ¢(t, p) HeycToMunBa B cMbIcie JIsmyHoBa.

BBeneM HOBYIO HE3aBHCHMYIO TMEPEMCHHYIO S=1+ A, rme A= a o, [Tycthb

_ o

t>a Yoy Torna numeem o1(t, p+a)—@(s, p)=aq— A( Py + 72] — 0 npu a; - 0,
o(t, p+a) — o(t, p) = 0, Tak xak p, + o, + at — p, — as = o, — ap = 0. Ciie0BaTENBHO,
tpackTopus C; ycToiunBa B cMbIcie JKyKOBCKOTO.

[IpuBenennsic onpeaencHus 1.12 spistoTcs 0000MEHUIMA W MOU(PUKAITUS-

mu omnpenenenus H.E. Kykosckoro [32]. O6pasHo rosops, nmomyrpaektopus C'(p)

+ n o o
pemrenus @(t, p): Rto — R Ha3pIBaeTCs MOJOKUTEIBHO YCTOMUMBOM B cMbIciie JKy-

KOBCKOT'0, €CJIH CYILIECTBYET pernapaMeTpusaius c(t) BpeMeHu, Py KOTOPO TBUKE-
Hue ¢(c(t), t) craHoBHUTCS YCTONUUBBIM B cMbIciie JIsmyHOBa.

MHuoxecTBO (); Bcex yCcTOWUMBBIX MO KyKOBCKOMY NOJIYTPAEKTOPHUM CUCTEMBI
(1) ABIsAETCA TOAMHOKECTBOM MHOXKECTBA {2,,6 BCEX OPOMTAIIEHO YCTOWYMBBIX IIONY-
Tpaektopuil cuctemsl (1). Jpyrumu cioBamu, MOHATHE YCTOWYMBOCTH 1O JKyKOB-
CKOMY sIBJIsieTCsl 00Jiee KECTKUM MOHATHEM, YEM MOHATUE OpOUTATIBHON YCTOHYMBOC-
T™: Q) € Qe IpHYEM ) # (6.

C npyroil CTOpOHBI, MHOXKECTBO (2| BCEX YCTOWUYMBBIX B cMbIcie JlsmyHoBa
nosyTpaektopuid cucremsl (1) gBisieTcss MOJAMHOKECTBOM MHOecTBa (2; BCeX yc-
TOWYUBBIX B cMbIciie JKyKkoBCkoro nomytpaekropuit ypaBHenus (1). pyrumu cio-
BaMHU, TIOHATUE YCTOMYMBOCTH B cMbicie JIsimyHoBa momyTpaekropuil ypaBuenus (1)
ABIIsieTCs 0o0Jiee JKECTKUM TMOHSATUEM, YEM MOHITHE YCTOMUMBOCTH B cMbIciie JKyKoB-

ckoro: Qp,, < Qy, mpuueMm Q # (.

1.6. YnpaBasiemble cucTeMbl. PACCMOTpUM OCHOBHBIE MOHSATUS U TIPUHIIUIIBI
yIpaBJICHUS B paMKax MaTeMaTH4eckoil Teopun yrpasienus. Kak uzsectho [6, 8, 11,
12, 19, 35-38, 64, 65, 76, 82], Teopus ynpapieHUsI U3y4aeT METOAbI U CPEICTBA CHUC-
TEM YIIPABJIECHUS 1 3aKOHOMEPHOCTHU MPOTEKAIOIINX B HUX ITpoueccoB. [Ipeamerom teo-
pHUM YIIPaBJICHHUS SBIIIOTCS HE TOJIBKO MPOLIECCH MaTEepHAIbHOTO MPOU3BOICTBA, HO U
cdepbl AEATENbHOCTH YENOBEKa: OpPraHU3allMOHHO-aJIMUHUCTPATUBHOE YIIPaBJICHUE,

NPOEKTUPOBAHUE U KOHCTPYUpPOBaHUE, MHPOPMAIMOHHOE OOCTYKMBAaHUE, HAy4HbIE
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WCCIIeIOBaHMs, 00pa30BaHWe W MHOTHE Jpyrue. Teopus yrnpaBlieHUs Kak HaydyHOE Ha-
npaBJjeHHue CIoXuiach B XX Beke Ha 0aze TEOPUH aBTOMATUYECKOTO PEryjnpoBaHus,
KOTOpasi Havajla MHTEHCUBHO pa3BuBaThcst XIX Beke B CBA3M ¢ MOTPEOHOCTHIO B pery-
JSATOPax, TOICPKUBAIONINX YCTOWYMBBIA PEKAM PaOOTHl BHEAPSBIINXCS TMApPOBBIX
MAIIIVH B ITPOMBIIIJIEHHOCTH U HA TPAHCIIOPTE.

CoBpemeHHast TEOpUs YIPABIICHUS 3aHUMAET OJIHO M3 BEAYIIMX MECT B TEXHHUYE-
CKHX HayKaxX U B TO K€ BpeMsI OTHOCUTCSI K OJJHOM U3 OTpaciieil IPHUKIaJHON MaTeMaTH-
KU, TECHO CBSI3aHHOM C BBIYUCIIUTENILHON TeXHUKOU. Teopus ynpasneHus: Ha 6a3e mMare-
MAaTHYECKUX MOJIETIEN MO3BOJISIET U3y4aTh TMHAMUYECKUE MMPOLECCHl B ABTOMATHUYECKUX
CUCTEMAX, YCTAaHABIIMBATh CTPYKTYPY W IMapaMeTpbl COCTABHBIX YAaCTEH CUCTEMBI JJIA
IIPUAAHUS PEaJIbHOMY IPOLIECCY YIPABIICHUSI KEJAEMBIX CBOMCTB U 33JaHHOI0 KayecT-
Ba. OHa siBisieTcs: GyHIAMEHTOM JIJIsl CTICIUANIBHBIX JTUCIUTUIMH, PEMIAIONTUX TPOOIEMbI
ABTOMAaTU3ALIMU YIIPABJICHUS. U KOHTPOJISI TEXHOJIOTMYECKUX IPOLIECCOB, ITPOEKTUPOBA-
HUS CIEASAIIMX CUCTEM U PETYISTOPOB, aBTOMATHYECKOTO MOHUTOPUHIA MPOU3BOJICTBA
Y OKpY>KaroIIeH cpeibl, CO3/IaHusl aBTOMATOB U POOOTOTEXHUYECKUX CUCTEM.

OCHOBHBIMU 33JJa4aMH TEOPUU YIPABICHUS SIBISIFOTCS 33[a4d aHAIW3a JUHAMU-
YECKHX CBOMCTB aBTOMATUYECKUX CHUCTEM Ha MOJICIbHOM WM (PU3MUYECKOM YPOBHE, U
3aJ]aud CHUHTE3a JITOPUTMA YIPaBICHUs, (PYHKIIMOHAIBLHOW CTPYKTYphl aBTOMaTHYe-
CKOM CHCTEMBI, PEATM3YIOIIEH ATOT aITOPUTM, a TAKXKE 3aJa4d aBTOMATUYECKOIO TMPo-
€KTUPOBAHHUS CUCTEM YIPABJICHHUS], CO3/IaHUS U UCTIBITAHUS ABTOMAaTUYECKUX CUCTEM.

VYerpoiicTBo (MaluHa, arperar, TeXHOJIOTHUECKHI MPOIecc), COCTOSTHUEM KO-
TOPOTO MOXKHO U HYXKHO YMPaBJISATh, Ha3biBaeTca oObekTOM yrpasieHus (OY) wim
yrnpaBisieMbiM 00bekTOM. Llenpio ympaBiaeHus: ynpapisieMbiM OOBEKTOM SIBIISIETCS
MOJIJICPKAHUE 3aJaHHOTO pexkuma. [1o 3aaaHHBIM pEKMMOM MOHUMAKOT U3MEHEHUE
KaKoro-1m0o mapamerpa, XapaKTEepHU3YIOUIEro COCTOSHHE OOBbEKTa YIpPaBJICHUS, MO
OTIpENICTICHHOMY 3aKOHY. YKa3aHHBIM MapaMeTp, KOTOPBIA MOXKET ObITh BEKTOPHOMU
BEJIMYMHOMW, HA3BIBACTCS YMPABISIEMOM WM BBIXOJHOM MEPEMEHHON (BETUUYMHOMN)
oOBeKTa ynpaBiieHus. B 4acTHOM cilydae 3aJlaHHBIM PEKUMOM MOXKET OBITh TIOJIEP-
YKaHUE BBIXOJAHOW MEPEMEHHOW HEM3MEHHOU M PaBHOM HEKOTOPOW 3aJaHHOW BEJHU-
YUHE.

Yacth oOBEKTa ympaBieHHS, Ha KOTOPYHO OKa3bIBAIOT BO3JEHCTBHUE TMPHU
YIOpPaBJICHUH, HA3bIBAIOT YIPABIAIONIUM (PEryJHUPYIOIIUM) OPraHOM. Y CTPOWCTBO,
OCYIIECTBIISIIOIIECE yITPaBJIEHUE YIIPaBJISIEMbIM 00BEKTOM, HAa3bIBACTCS

ynpasisgionum ycrpoictsom (YVY).
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OOBEeKT ympaBlieHHs] C B3aUMOJCUCTBYIOIIUM C HHUM  YIPaBISIIOIIUM
YCTPOMCTBOM HA3bIBAIOT CHUCTEMOW ympaBieHus. Ecim cucTteMa yrpaBlICHHS
(GYHKIMOHUPYET C y4acTUEM YeJIOBEKa, TO OHa Ha3bIBAETCS aBTOMATH3WPOBAHHOMN
cuctemoit ympasienus (ACY). Ecim cucrema ympapieHus (GyHKIHOHHUpPYET Oe3
HETIOCPEACTBEHHOIO y4acTHsl 4YEJIOBEKAa, TO OHA HA3bIBAETCA aBTOMATHYECKOU
CUCTEMOM yIpaBJjeHUS WIK CUCTEMON aBTOMaTu4eckoro ynpasienus (CAY).

B mpocreimmx ciydasx CHUCTEMY aBTOMATHYECKOIO YIPABJICHUS HA3BIBAIOT
cucteMoil aBroMmaruueckoro perynupoBanust (CAP), ympasisioniee ycTpoHWCTBO —
peryiaropoM, a OOBEKT YNpaBieHUSI — OOBEKTOM PETyJIUpPOBaHUS, WU
peryaupyeMbiM oObekToM. KaHanm cBs3u, MO KOTOpoMy HH(pOpPMAIUS O TEKYIIEM
coctossHUM 00bekTa ynpasieHnus (OY) nocrtynaet B ynpasisioliee ycTpouctso (YY),
Ha3bIBaeTCsa O0OpaTHOM cBsA3bl0. BHemniHee BO3AEUCTBHE, KOTOPOE OIpeeisieT
TpeOyeMblil (3aJaHHBIN) 3aKOH HM3MEHEHUs BBIXOJHOW IEPEMEHHOM, Ha3bIBaeTCs
3aJal0IMM BO3JCUCTBUEM. HacTo 3amaroliee BO3JIEMCTBUE BBIBEACHO 3a MPEAEIbI
YOPaBISIIOLIETO  YCTPOMCTBA, B TO BpeMs KakK 3aJalollee  BO3JCUCTBUE
BbIpa0aThIBACTCS JATYMKOM, BXOISIINM B COCTaB YY.

Kak mnpaBwio, Ha OOBEKT ympaBiieHHs JEHCTBYET BO3MYIIEHHE, KOTOpPOE
NPUBOJUT K OTKJIOHEHHWIO YIPAaBIsIEMOW NEPEeMEHHOW OT TpeOyeMoro 3Ha4YeHHS.
Takoe BO3IEHCTBME HA3bIBACTCS BO3MYIICHHUEM M BO3MYIIAIOIIMM BO3JICHCTBUEM.
Bo3myiienne Moxer aeicTBoBaTh U Ha Y Y. B yacTHOM ciydae B 3aBUCHMOCTH OT
PUHIIUIA YIIPaBIIEHUs 0OpaTHas CBSI3b WM KaHAI CBSI3U, IO KOTOPOMY MH(popMaIus
0 BO3MYIIICHHUM TTOCTYNAET HA Y Y, MOKET OTCYTCTBOBATb.

BrixonHas mnepemeHHas YV U, sABAsOMIascs BXOoAHOW mnepeMeHHoi OV,
Ha3bIBACTCS YNpaAsIsiowum 8o3oelicmauem, Ui ynpasieruem. OObEKThI yIpaBICHUS
B 3aBHUCUMOCTH OT PEaKIMd Ha BXOJIHbIE BO3JCHCTBUS IEISATCA HA YCTOWUYMBHIE,
HEWTpasibHbIe U HeycTONHYMBbIC. [IyCTh MPH BXOAHBIX BO3ACHCTBUAX U = Up u f = fj
BBIXOJTHAS TIEPEMEHHAsI UMEET BUJ ) = Vg , M ITyCTh HAa Kakoe-TO BpeMs 1 XOTs OBl O1-
HO W3 BXOJHBIX BO3JICUCTBUI U3MEHSIETCS, a 3aT€M MIPUHUMAET MEPBOHAYAIILHOE 3HA-
yeHue. Eciu npu 3TOM BBIXOAHAs TIEPEMEHHAs CO BPEMEHEM NMPUHUMAET MepBOHA-
qyaibHOE 3HaueHue (y — Yo npu t—»00), 00BEKT yNpaBieHUs HA3bIBACTCS yCHOUYU-
8blM; €CIIM TEepEeMEeHHas MPUHUMAET HOBOE MOCTOSIHHOE 3HaueHue (y — Y*+# ), npu
t—00), 0OBEKT YNpaBIICHUS! HA3bIBACTCS HeUMpPAlbHbIM; €CIIM TIEPEMEHHAsT HE CTpe-
MUTCSI K IEPBOHAYAIIBHOMY WJIM HOBOMY MTOCTOSIHHOMY 3HAYE€HHUI0, OOBEKT Ha3bIBAET-

CS HeyCMOU4UBLIM.
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Ecniu wunpopmanus o TOM, Kak 3aBHCHT BBIXOJHAS MEpPEeMEHHas OObeKTa
YIOPaBJIEHUs OT YIPABISIOLIErO BO3JCUCTBUS, SBISETCA W3BECTHOW, TO yIPaBJICHUE
MOKHO (hOpMHUPOBATh KaK M3BECTHYIO (DyHKIHIO BpeMeHu U = U*(t). Takoit criocod
OpraHM3alMHd  YIPABICHHUS  4YacTO HAa3bpIBAIOT MPHUHIMIIOM IIPOTPAMMHOIO
ynpasieHus. [Ipy Takom npuHnune ynpasiaeHus YY MOXKHO HIPEACTABUTHh KAk
YCTPOMCTBO, COCTOsIIEe M3 MporpaMmaropa (MporpaMMHUPYIOIIETO YCTPOMCTBA) U
UCIIOTHUTEILHOTO ycTpoiicTBa (NY).

[IpuHIIMTT IPOrPaMMHOTO YIIpaBJiCHUSI HEIPUMEHUM MPU YIPABICHUU OOBEK-
TOM, Ha KOTOPBIM JEHCTBYIOT 3apaHEe HE U3BECTHHIC BO3MYILECHUS, OKA3BIBAIOIIUE
CYILLIECTBEHHOE BIIMSHHUE HA YIPABISIEMYIO BeIMUYHHY. OH Takke HEIPUMEHUM, €CIIU
0OBEKT yIpaBJIeHUS SIBISETCA HEUTPAIbHBIM WM HEYCTOWYMBBIM U CHUCTEMA YIIpaB-
JICHUs JTOJKHA (PYHKIIMOHUPOBATH JAOCTATOYHO JIMTEIbHOE BpEeMs. DTO CBSI3aHO C
TEM, YTO MPU HEUTPAILHOM M HEYCTOMYMBOM OOBEKTE YIpaBieHUSI HEOObIIAs CHUC-
TEMaTU4YecKas OIIMOKAa B MPOTPaMMHOM YIIPABJICHUU MPUBOAUT K HapaCTAIOMICH
OIIMOKE yInpaBiIsieMOU epEMEHHOM.

OCHOBHOI TIPUYMHOM, 00YCIIaBIMBAIONIEH HUCIOIH30BAHUE CIICIHAIBHBIX YV,
colepXkKallux, NTOMHUMO Mporpammaropa u MY, u3mepurenbHble U YCUIUTEIBHO-
npeoOpasylonie yCTpOHCTBa, SABJIAETCA JEMCTBHE HA CHCTEMY YIIpaBJICHHUS
BO3MYULIECHUH, OKa3bIBAIOUIUX CYILIECTBEHHOE BIUsHUE Ha ee padoty. Ilpu 3TOM Bax-
HOH xajadel SBISETCS MOUCK CIOCOOOB YIpaBJeHUs, MPU KOTOPOM ONPENESIOTCS
(M3MepsrOTCS) AEHUCTBYIOLIME HA CUCTEMY YIPABJICHHUS BO3MYILECHHS U HA UX OCHOBE
BbIpa0aThIBAETCSl YNPABISAIONIEE BO3JACHCTBHE, KOTOPOE IMOJHOCTHIO WM YaCTUYHO
KOMIIEHCUPYET BJIMSHUE BO3MYILCHUN HA IPOLECC YIIPABICHHUS.

Cnoco®  ympaBieHHsi, TMpud  KOTOPOM  YIPABISIOIIEE  BO3JIEHWCTBHE
BbIpa0aThIBAETCS HAa OCHOBE JEHCTBYIOLIMX BO3MYILIEHUH, HA3bIBAETCS CIOCOOOM
YIOPaBJICHUS 110 BO3MYILICHUIO WA IPUHIMIIOM KOMIICHCALMU. YTNPABICHUEM IIO
OTKJIOHEHHIO Ha3bIBaeTCs TaKOW CIOCOO YMpaBJICHMsI, P KOTOPOM OMNPEIEIIIeTCs
OTKJIOHEHHE TEKYIIET0 3HaUCHUsI BBIXOJHOW MEPEMEHHOM 0T TpeOyeMoro 3HauUeHus 1
Ha €ro OCHOBE (POpMUpYETCS YIpaBIISIOLIEe BO3ACHCTBHUE.

Cucrembl ynpaBieHHs, OCHOBaHHbIE Ha CIIOCOOE yMPABJICHUS IO OTKJIOHEHUIO,
CoJep)KaT o0OpamHyl0 C643b — KaHajd CBsI3U, IO KOTOpoMy uH(popmauus o0
YIIPaBJISIEMOM MEPEMEHHOM NOCTyNaeT Ha YyIpasiswouiee yctpoucto. [loatomy
CHOC00 YIpaBJICHUS 1O OTKIOHEHHUIO Ha3bIBAIOT TAK)KE MPUHIIUIIOM OOpaTHOM CBSI3H.

OgHuM U3 MpPEeMMYyIIECTB MPHUHIMIA OOpaTHOW CBSI3U SIBISIETCS €r0 YHUBEPCANb-
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HOCTh, BO3MOXHOCTh €TO HCITOJIb30BAHUS B YCIOBHUSX OTCYTCTBHSI MH(GOPMAIHH O
BO3MYUIAIOUX Bo3AeicTBUAX. HegocTatkoM crocoba ympaBieHUs: IO OTKIOHEHUIO
ABJISIETCS. HEBO3MOXKHOCTh IOJHOW KOMIEHCAIIMM BO3MYIIAIONIUX BO3ACHCTBUM.
JlaHHbIN (aKkT CBS3aH C TEM, YTO MPH 3TOM CHOCO0€ yIpaBiIeHUs YIPaBIAIOIIEe BO3-
JIEHCTBYE HAYMHAET BBIPA0ATHIBATHCA M OKA3bIBATh BIUSHHUE HA XOJI MPOIEcca ympas-
JIEHUSI TOJIBKO IMOCJE TOro, KaK BO3MYIIEHUE, HA4aB JIEMCTBOBATh, BHI3BIBAET OTKIIO-
HEHUE yNPaBIIIEeMON BEJIMYMHBI OT Tpedyemoro pexuma. Kpome Toro, ciienyer orMme-
TUTh, YTO CHUCTEMa VMPABJICHUS C OOpaTHOM CBSI3bI0 MOXET OKa3aThCs
HEYCTONYMBOM, XOTSI OOBEKT YIPaBICHUS YCTOMUNB.

CrocoboM yripaBiieHUs, YIYUTHIBAIOIINM TIPEUMYIIECTBA TPUHIIAIIA KOMIICH-
calluy M MPUHIIUIA OOpAaTHON CBA3M, SIBJSETCS MPUHIUI KOMOUHUPOBAHHO20 YNPAB-
JleHusl, TIpU KOTOPOM OJHOBPEMEHHO HCHOJB3YIOTCS CIOCOOBI YNpaBlIEHUS KakK IO
BO3MYIICHUIO, TaK W MO OTKJIOHEHUo. [IpuHIMI KOMOMHUPOBAHHOTO YIIPABICHUS
HCIIOJIB3YETCSl B TEX CIlydasX, KOr/la Ha CUCTEMY ACHCTBYET MHOTO Pa3IMYHBIX BO3-
MYIIEHUN, OUH (MM HECKOJIbKO) U3 KOTOPBIX OKa3bIBAaCT HAMOOJIbIIICE BIUSHUE Ha
paboTy CUCTEMBI YIPABJICHUS U MOXET ObITh U3MEpPEH. B Mog00HBIX ciyyasx BiHs-
HUE TPEBATUPYIONIETO BO3MYIIECHUS MOXHO HEUTPaIM30BaTh, UCIOJb3Yys MPUHIIUIL
KOMITCHCAIIUU, U HEUTPATU30BaTh BIUSIHUE OCTAIBHBIX BO3MYIIEHUHN C MPUMEHEHUEM
MpUHIMIIA OOPaTHOU CBSI3U.

Cuctema ympaBlieHHs] BKJIIOYAET ympapisioiniee ycTpoidcTBo (YY) U 00BEKT
ynpasienus. CTpyktypa YV 3aBHCHT OT HCIOJIb3yEMOTO MPUHIINUIA YIPABICHHUS.
[Ipy wuCHONB30BaHUM MPHUHIMIIA NPOTPAMMHOIO YIPABICHHUS Y'Y BKIKOYAET
IporpaMMaTop U UCIOJIHUTEIBHOE YCTPOUCTBO. YTIPABISIOIIEE YCTPOUCTBO, IOCTPO-
€HHOE Ha OCHOBE MPUHIIMIA KOMIIEHCALIUU, BKIIOUAET B ce0s 3a/1a0llee yCTPOIMCTBO
(3Y), xotopoe BbIpabaThIBaeT 3ajJarollee BO3JICHCTBUE, UyBCTBUTEIBHBIN 2JIEMEHT
(U2), npenHazHauyeHHbIA I  WU3MEPEHUS  BO3MYILICHHS;  YCHUIIUTEIBHO-
npeoOpazoBarensHoe ycTpoiicTBO (YIIY), kKoTOpoe Ha OCHOBE 3aar0IIero BO3IEHCT-
BUS U U3MEPEHHBIX 3HAYEHUW BO3MYIICHUS BHIPAOATHIBACT YIIPABIISIFOIIEE BO3ACHCT-
BUE; MCHOJHUTENIbHOE ycTpoiicTBO (1Y), KOTOpOe HEMOCPEICTBEHHO BO3JIEUCTBYET
Ha OOBEKT yIpaBJeHUS.

VYrpapistoliee yCTPOHCTBO CHUCTEMBI YIPAaBICHUS MO OTKJIOHEHUIO, TOMUMO
3aJIal0IIETO YCTPOMCTBA, YCHINTEIHHO-TIPEOOPA3yIONIET0 yCTPONUCTBA U MCIOIHU-
TEJIBHOTO YCTPOMCTBA, COAECPKUT cpaBHUBArolIee ycTporcTtBo (CY), koTOopoe orpe-

nensieT OmMOKy, paBHYH WM MPOMOPIMOHATIBLHYI0 OTKJIOHEHHUIO YIPAaBISEMON Tie-
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PEMEHHOI OT TpeOyeMoro 3Ha4eHUsl, U YyBCTBUTENbHBIN AnemMeHT (U3), npeaHa3Ha-
YEHHBIN UISI U3MEPEHUSI YIIPABIISIEMON MIEPEMEHHOM.

VYhpasnstoiiee yCTpONCTBO CHCTEMbl KOMOMHUPOBAHHOIO YIPABICHUS IO
CPaBHEHUIO C YIPABISIIOUIUM YCTPOMCTBOM CUCTEMBI YIPaBJICHHUS MO OTKIOHEHUIO
BKJIFOYAET JOMOJHUTENBHO YYBCTBUTENbHBIN JIEMEHT, IPEIHA3HAYEHHBIN ISl U3Me-
pPEHUSI BO3MYIICHUSI.

Kak 0b110 yKa3aHO BbIIIE, YIPABISIONIEE YCTPONCTBO COCTOUT U3 PA3UYHBIX
aneMeHToB. OJHAKO mpu pa3pabOTKE W HCCIENOBAHUU AJITOPUTMOB YIPABICHUS
OOBIYHO MCHOJIHUTEIBHOE YCTPOWCTBO M JAPYTHE 3JEMEHTHI, 00Jaaromue NHEepIu-
OHHOCTBIO, OOBEAUHSIOT C 00BEKTOM YIPABICHUS, U MOJIYYalOT 3aMKHYTYIO CUCTEMY
yhnpasiieHHs. B 3ToM cilydae moJ peryjsiTopoM WM YIPaBJSIOIUM YCTPOWCTBOM
NOHUMAIOT TpeoOpas3yrollee yCTPOCTBO, (OpMUpPYIOIIEE HAa OCHOBE OIIMOKU e
yTpaBJIsIolee BO3ACHCTBUE, @ 00BEKTOM pEryInpoBaHus (YIpaBieHUs1) — COOCTBEH-
HO OOBEKT yMpaBJieHUS, OOBEAUHECHHBIH C OCTaJbHOW (MHEPIUOHHON) YaCThIO
YIPABJISIONIETO YCTPoicTBa. 3aBucUMOCTh U = F(€) BBIXOAHOI TepeMeHHO!N peryJis-
TOpa OT €r0 BXOJAHOW NEPEMEHHOMN HA3BIBACTCS 3aKOHOM WJIM aJrOPUTMOM yIIpaBJie-
HUSL.

Cucrempl ympaBiaeHMs] KiIacCU(UUUPYIOT O pa3iuyHbIM IpusHakaM. [lo
HaJMYMIO WM OTCYTCTBUIO OOPATHOM CBSI3U BBLACISAIOT 3AMKHYmMble U PA30OMKHYMble
CUCTEMBbI yNpPABJIECHHUS COOTBECTBEHHO. [lo Buay 3agatomiero BO3JAEHCTBUA (
pPa3IMYaloT: a) CUCTEMbI CTa0MIN3alluu, Korjaa § = CONst; 0) cucTeMbl TPOrpaMMHOTO
ynpaenenus, korma g = g(t), T.e. 3amaromiee BO3JCHCTBHEC — 3alaHHAs (DYHKIHSI
BPEMEHU; B) CIENSIIAE CHUCTEMBI, KOTJa 3aJarollee BO3JEHCTBHE 3apaHee HeE
M3BECTHO U ONpeNeNsieTcs BHEIHUMU (pakTopaMu (Hampumep, B paauoI0KalMOHHON
CTAHIMU CJEXKEHUS 3a CaMoOJIETOM 33/lalolllee BO3ACHCTBUE  OIpPEAEINIeTCs
IBUKEHUEM Ha0JII0JIaeMOr0 CaMoJIeTa).

B 3aBucumMocTH OT HCHOJNB30BaHUS TeKylled HWHGOPMALUU CUCTEMBI
yIpaBICHHUS JENATCS Ha obviunble (Headanmuenvle) W adanmughvie. Cuctema
yIOpaBJICHUs] HA3bIBAETCS HEAJANTUBHOM, €CIM TeKyIlass HHGOPMALHS UCIOJIb3YeTCs
TOJIBKO JUIsl BBIPAOOTKH YIPABJISIOLIETO BO3JIECHCTBUS MPU HEM3MEHHOM QJrOPUTME
ynpasneHusi. Cucrema Ha3bIBaeTCsl aJalTUBHOM, €clu TeKylas HH(popMarus
UCIIOJIb3YETCSl TaKXKe i M3MEHEHHs alropuTMa YNpaBiICHHUs W/WIM 33Jar0IIero

BO3JEUCTBUSL.
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B 3aBucumocTH OT BUla CHTHAJIA HAa BBIXOJIE SJIEMEHTOB CHCTEMBI YIIPABICHUS
TCNAT Ha Henpepvlehvie U OUCKpemHvle. ECTU CUTHANI Ha BBIXOJE KaKoro-iambo dJie-
MEHTa KBAHTOBaH IO YPOBHIO (T.e. MPUHUMACT AMCKPETHBIC 3HAYCHWSI) W/WINA TIO
BpEMEHH (T. €. IPEJCTABISIET MOCIEA0BATEILHOCTh UMITYJIBCOB), TO CUCTEMA YIpPaB-
JICHUS] HA3bIBAETCS JUCKPETHOM, B MPOTUBHOM CIly4yae, T.€. KOTJa BBIXOIHBIC Iepe-
MEHHBIC BCEX DJIEMEHTOB CHCTEMBI YIPABICHUS SIBISIOTCS HENPEPHIBHBIMU (PYHK-
IIUSIMU, CHCTEMa Ha3bIBACTCS HEITPEPHIBHOM.

[To TOMy, 3aBHUCHUT XapaKTEepHCTHKAa (CBOWCTBO) CHCTEMBI YIIPABICHHUS OT
BPEMEHH WM HET, pa3luYyaloT CmayuoHapuvie W HeCMmAayuoHapHvle CHUCTEMBI
yopasieHus. CucreMy  yOpaBl€HHMs  Ha3bIBAIOT  CTAMOHAPHOM, €CIH €€
XapaKTEepUCTHKA HE 3aBUCUT OT BPEMEHH, M HECTAIlMOHAPHOW, eciu ee
XapaKTEPUCTHKA 3aBUCUT OT BPEMEHHU.

[To ypaBHEHUSIM, KOTOPBIMH OIMUCHIBAIOTCSI CUCTEMBI YIIPABJICHUSI, OHU JIEISATCS
Ha JuHeliHble U HeuHelinvle. CHCTeMa YIpaBJICHUs HAa3bIBACTCS JIMHEHHOMW, €CIT OHA
OTHCHIBACTCS JIMHCWHBIMU YpPaBHCHHSIMHU, W HEIMHECWHOHN, €CIM OHAa OIMCHIBACTCS
HEJTMHEHHBIMHU YPaBHEHUSAMH.

[To xapakTepy BHEIIHUX (33[JalOMMX M BO3MYIIAIOUIUX) W BHYTPEHHUX
(BO3MYIIAIONINX) BO3ICUCTBUM Pa3INUalOT OemepMUHUPOBAHHbIE U CIOXACTMUYECKUE
cucTeMbl ynpasieHus. CucTeMa ynpaBlieHUs] Ha3bIBaeTCs IETEPMUHUPOBAHHOM, €CITU
€CJIM BCe apaMeTphl 00BEKTa M BHEIIIHNE BO3ACHCTBHSI ONPE/ICIICHBI (3a/1aHbl) TOYHO.
JleTepMUHUPOBAHHBIE CHCTEMBl PAaCCMATPUBAIUCh B  KJIACCHYECKOM  TEOpHH
ynpasienust [6, 8, 12, 13, 76]. Cucrembl, B KOTOpPBHIX ACHCTBYIOT CIy4ailHbIC
BO3MYIIICHUSI WJIM TapaMeTpbl O0BEKTa MOTYT HM3MEHSATHCS CIy4alHBIM 00pa3oM,
HA3BIBAIOTCS CTOXacTHYeCKuMu [23].

YacTto TpeOoBaHMS K CHUCTEME MOXHO C(HOpPMYJIUpPOBATH B BHJE 3a7a4yu
ONTHUMH3AlUA. B ONTUMaNbHBIX CHCTEMaxX pETyISITOp CTPOUTCA TaK, YTOOBI
o0ecreuynTh MHHHUMYM WJIH MaKCUMyM KaKOro-TO KpUTepusi KadecTBa. Ecim
napameTpbl 00bEeKTa WJIM BO3MYIIICHU H3BECTHBI HETOUYHO WJIM MOTYT U3MEHSTHCS CO
BpeMeHEM (B HECTAIlMOHAPHBIX CHUCTEMax), TNPHMCHSIOT aJalTUBHBIC WM
CaMOHACTPaMBAIOIINECS PETYJSATOPBI, B KOTOPHIX 3aKOH YIPABIICHUS MEHSETCS TpHU
u3Menennn yciaouii [36, 38]. B mpocreitmem cinydae (korga e€cTh HECKOJIBKO
3apaHee M3BECTHBIX PEKUMOB PAOOTHI) MPOUCXOIUT MPOCTOE MEPEKIIOUCHUE MEKITY

HCCKOJIbKUMH 3dKOHAMMU YIIPABJICHUA.
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Bo MHOrmx COBpPEMEHHBIX YCTPOMCTBaX pEryJATOpbl, MNOCTPOCHHBIE Ha
HPUHIMIIAX HeYeTKOH ioruku [11, 22—-25]. DTOT moaxo mo3BojseT GopMaTu30BaTh
YeJIoBeUeCKHUil crnoco0 mpuHsATus pemieHus. OJHO U3 MOIMYJISPHBIX HaNpaBJICHUNA B
COBPEMEHHOU TEOpUU — MPUMEHEHUE JTOCTUKEHUN UCKYCCTBEHHOTO UHTEIIEKTA JJIS
yIpaBlIeHUs] TEXHUYSCKUMU cuctemamu [11, 24]. Perynstop cTpouTcs (MM TOJIBKO
HACTPAaMBAETCsl) HA OCHOBE HEHWPOHHOM CETH, KOTOPYIO MpEIBapUTEIHLHO O0ydaer
YEJI0BEK- SKCIEPT.

OngHa W3 W3BECTHBIX IOCTAHOBOK 3aJaudl CUHTE3a YIPABIEHUS C YYETOM
YCTOMYHMBOCTH COCTOUT B caeAyromeM. [[puMeHnTensHo K 00bEKTY yIpaBIeHUS

X=Px+Bu, x e R", ueR, (1.4)
rJe X — BEeKTOp COCTOSIHUM, U — ynpaBieHue (ckaisp), P u B — 3aganHbie MaTpuiibl
YHUCeN COOTBETCTBYIOIIMUX PAa3MEPOB, MOJ 3a/1a4eil yIpaBiIeHHUs MOAPa3yMeBalOT CUH-
TE€3 3aKOHA yNpaBJeHUs! (OpraHM30BaHHOIO MO MPUHIIMITY OOPATHOM CBSI3M)

u=C'x, (1.5)

rae C' — HCcKOMAst MATPHIIA MTAPAMETPOB ITOrO 3aKOHA, | — CHMBOJ TPAHCIIOHHPOBA-
HUsA, IPU KOTOPOM MaTpulia F cucrtembl, MOJy4YeHHON 3aMbIKaHHUEM OOBEKTa YyIpaB-
nenus (4) peryisropom (5),

X=[P+BC"]x=Fx (1.6)
MMeEET KOPHH, YAOBJIETBOPSIOIINE HEPABEHCTBAM

ReAi<0 (i=1,...,n),

T.€. 3aMKHYTasl CUCTEMa SIBJSIETCSI ACUMIITOTUYECKH YCTOMYMBOM 110 JIsmyHoBYy. [Ipn
TOM Ha3HAYECHHE KOPHEW XapaKTEepUCTUYECKOro (MUHUMAIbHOIO) MHOTOWIECHA
3aMKHYTOW CUCTEMBI IPOU3BOIUTCS, UCXOAS U3 KEITAEMBIX TOYHOCTH U KayecTBa Ie-
PEXOHBIX ITPOLIECCOB.

VY cTOMYMBOCTD SIBIIAECTCS OJHUM U3 OCHOBHBIX TPeOOBaHUN K CUCTEMaM aBTOMa-
tuyeckoro ymnpasieHus: (CAY). [loatoMy BaxkHO o0OecreuynBaTh COOTBETCTBYIOIIUM
BBIOOPOM CTPYKTYPHI M HAPAMETPOB CUCTEMBI YIIPABICHUSI €€ YCTOHYHBOCTbD.

Ecnu Ha cucremy ylnpaBieHUsl JEUCTBYIOT JBA BHEIIHUX BO3ACHCTBHS — 3aJar0-
niee Bo3JeiicTBrue g U Bo3mymieHue f, To B psje ciaydaeB ee MOKHO OMHCATh C TIOMO-

IIbI0 YPABHEHUSA

m (D (m  (mD m 0D
8 y+a Yy +...+a,y=b,g+b g +...+b,g+c, f+c, f +...+Cf,

WU B CUMBOJIBHOM popme
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(@, p"+a,p" " +...+a,)y=(b,p" +bp™ " +...+b )g + )
+(c,p' +c,p' ..+ f. '
YyutsiBas, uto g u f — HekoTOpbIe (DYHKIMH BpeMEHH, BBITIOJIHUB HEOOXOMMEbIE

OTIepalliy B MPABOW YaCTH, MOIYyIHM
(@ p"+a,p" " +...+a,)y =pq(t) + or (1), (1.8)
rae @g(t) um ¢ (t) — dyHKIMYN, TOTydYaeMble COOTBETCTBEHHO U3 IEPBOTO M BTOPOTO
cJIaraeMoro B IpaBoii 9acTu ypaBHeHus (7).
N3 ypaaenus (7) npu g = 0 u f = 0 mosrygaem omHopoHoe nuddepernnanpaoe

ypaBHEHUE

(a,p"+a,p " +...+a,)y=0. (1.9)

HaznaueHuem cUCTEM yIpaBJiCHHsI ABJSCTCS MOIEPKaHHEe HEKOTOPOTO 3aaHHO-
ro pe)KuMa, Ha3bIBAEMOT'0 HEBO3MYIIICHHBIM JIBHXKCHUEM. ECiin Ha cucTeMy JeiCTBY-
€T BO3MYIIEHHE, TO (aKTUUECKOE IBHKCHHE (KOTOPOE Ha3bIBACTCS BO3MYIIICHHBIM
JBIDKEHHEM) OYyIEeT OTIMYAThCSA OT HEBO3MYIIEHHOTO IBIXKEHHA. HeBo3myieHHOE
JIBI)KEHUE HA3bIBACTCS ACHMIITOTHYCCKH YCTOMYMBBIM, €CIIH MOCIC OKOHYAHMS JCH-
CTBHsI BO3MYIICHHS BO3MYIIIEHHOE JBMXKeHHE Y(t) ¢ TeUeHHEM BPEMEHU CTPEMHUTCS K
HeBO3MYyIeHHOMY JABIKEHHIO Yy(t): Y(f) — yu(t) nmpu t— oo. Jluneitnas cucrema
yIpaBJICHUS SABISCTCS aCHMITOTHYCCKH YCTOMUYMBOM, €CIM JIH000E ¢ HEBO3MYIICH-
HOE JIBHIKCHHUE, OMpeNessieMOe 3aarolliM BO3JCHCTBUEM, aCHMITOTHYECKH YCTOM-
YHBO.

Ob6mee pernieHue ypaBHeHUS (8) UMeeT BU

y(©) = ye(®) + YD),

riae Ye(t) — wactHoe pemenue ypaBHeHus (8), Yq(t) — obmiee pereHne oaHOPOIHOTO
ypaBuenus (9).

YacrtHoe perrenne Yg(t) MOXKHO MPeICTaBUTh B BUC

ys(t) = Yo(t)+ys (1),

rae Yq(t) — gactrHoe permenue ypaBHenus (1.2) mpu ¢ (t) =0, y; (t) — gyacTHOE pemte-
HHE TOTO ypaBHEHHUs 1pu @y(t) = 0.

Oo6mee perienne Y¢(t) 0THOPOTHOrO ypaBHEHHS OMKMCHIBAET CBOOOTHOE JBHXKEC-
HHE CHCTEMBI yIpaBieHus (T. €. ABIKEHHE MPU OTCYTCTBUH BHEIIHUX BO3ICHCTBHIA),
OTpeieIsIeMOe TOIbKO HaYalbHBIMU yCcIoBHsIMH. YacTHoe perienue Yg(t) onuceiBaet

BBIHYKJICHHOC JIBHUKCHHUC, OIIPCACIILICMOC BHCIIHUMUA BO3I[€I>10TBH$IMH.
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Bo3mylienue, KOTopoe IEMCTBYET OO HAYAIBHOIO MOMEHTa ty, BIMSET Ha Ha-
YaJlbHbIE YCJIOBHS, OT KOTOPBIX 3aBUCUT TOJILKO CBOOOAHOE ABMKEHUE. [ToaToMy st
TOTO, YTOOBI BO3MYIIEHHOE JBM)KEHUE ObUIO aCUMOTOTUYECKU YCTOWYMBO (T.€. JJiA

y(t) = yu(t) mpu t— o), HEOOXOIUMO U JOCTATOYHO, YTOOBI
limy. (®) =0.
XapaKTeprucTUIECKOe YPaBHEHHUE CHUCTEMBI YIPABJICHHsI, OMTUCHIBAEMOUN ypaBHE-
HueM (7), iMeeT BU]I
Q) = a A" +aA" ™ +...+a, =0.
Jleas wacTh 31oro ypasuenus (Q(L) = a,A" +a A" +...+a ) Ha3bIBaeTCs Xa-

PAKTEPUCTUYECKUM ITOJITMHOMOM. XapaKTEPUCTUYECKUN IIOJMHOM IIOJy4aeTCs H3

COOCTBEHHOT'O OIEepaTopa CUCTEMBI

Q(p)=a,p"+a,p"" +...+a,
npu noactaHoBke p = A: Q(A) = Q(P)| p=»-
Ecmu A (i = 1, 2,..., Q) — KOpHH XapaKTEPUCTHUECKOTO YPaBHEHUS KPATHOCTH K;

(ky + ko + ... + Ky = n), TO 0OII€E pElICHUE OJJHOPOAHOTO YPAaBHEHHS ). UMEET BU/
q
y.(t) =2 R(t)e™,
i=1

rae Pi(t) = Cl(i) + Cz(i)t +...+ Cé:)tki_l; Cl(i), Cz(i), . le:) — TIOCTOSIHHBIE UHTETPHPO-
BaHUA.

Herpynso nposeputs, uto P (t)e’" — Onpu t —>o0 Toraa u ToNbLKO TOrMa, Ko-
raa JeHCTBUTENbHASA 4acThb KOpHSA A oTpuuarenbHa: Re A < 0. Iloatomy npaBas
4acTh B MPEIbIIYIIEM YpaBHEHUH OyJIeT CTPEMHUTHCS K HYJO npu t —o0, T. €. Oyzaer
BBITNOJIHEHO (HEOOX0IMMOE U JOCTaTOUYHOE) YCIIOBUE YCTOMUMBOCTH, €CIIH

ReA;<0,i=1,2,..,q.

Jlyis Toro, 4ToOBI TMHEHAs CTallMOHApHAasl U HeNpepbIBHAs CUCTEMa yIpaBJe-
HUsl OblJIa YCTONYKMBA, HEOOXOMMO M JIOCTATOYHO, YTOOBI BCE KOPHU €€ XapaKTepu-
CTUYECKOTO YpPaBHEHMsSI HMMEJIM OTPULIATEIbHYIO BEUIECTBEHHYIO YacTh. Ha kowm-
IJIEKCHOM IJIOCKOCTH KOPHU, UMEIOIIHME OTPULATENBHYIO BEIIECTBEHHYIO 4acTh, pac-
[IOJIArar0TCsl B JIEBOM MOJYIUIOCKOCTH M IO3TOMY Ha3bIBAIOTCS JIEBBIMH, KOPHH,
MMEIOIINE MOJOKUTEIbHYIO BEIIECTBEHHYIO YacTh, PACIIOIAraloTCs B MPaBOM MOJTy-
IUIOCKOCTUA M HA3bIBAIOTCS MPABbIMHU, & KOPHHU, PACIIOJIOKEHHBIE HA MHUMOH OCHU —

HeUTpasibHbIMU. C y4€TOM 3TOT0 KPUTEPHUM YCTOMUHMBOCTA MOXKHO CHOPMYIUPOBATH
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CIeYIONUM 00pa3oM: I TOrO YTOOBI CHCTeMa OblIa yCTOWYMBa, HEOOXOIUMO U
JI0OCTaTOYHO, YTOOBI BCE KOPHU XapaKTEPUCTUUECKOTO YpaBHEHUS ObUIH JIEBBIMHU.
BaxxHO OTMETHUTbH, YTO CYHIECTBYIOT Pa3IMYHbIE KPUTEPUH YCTOMUHUBOCTHU, KO-
TOpBIC MO3BOJSIIOT CYJIUTh O TOM, HAXOASATCA JIM KOPHHU MOJMHOMA B JICBOM MOJY-
IJIOCKOCTU 0€3 BBIYHMCIICHUSI ’TUX KOPHEH.
Pa3BuTHE COBpEMEHHBIX MATEeMaTHUYECKUX METOJIOB TEOPUH aBTOMATHUYECKOTO
yIpaBJICHUS JJIs1 PA3IMYHBIX TUIIOB CUCTEM IpefcTaBiieHo B [6, 11, 36, 64, 65] u B

Ipyrux paborax.

1.7. IIpakTu4yeckasi 3HAYMMOCTH MCCJIEIOBAHMH YCTOMYMBOCTH U HEKOTO-
pble HANIPABJICHUS AHAJIN3A YCTOMYHUBOCTH CHMCTEM ynpaBjeHHusi. B 3akitouenue
HACTOSIIEro maparpada KpaTKo OCTAaHOBHUMCS Ha 3HAYMMOCTH IMOHSITHH YCTONYMBO-
CTH JUISl TEXHUYCCKUX MTPUIIOKEHUHN U HAa 0030pe HEKOTOPBIX HAyYHBIX HaIlpaBJICHUH,
CBSI3aHHBIX C AHAJIM30M YCTOMYUBOCTHA CUCTEMUHTEIJIEKTHOTO YIIPABICHUEM.

JIr000i1 MHKEHEPHBIN MPOEKT ONMUPAETCS, MO CYLIECTBY, Ha pelieHus audade-
PECHIHUAIBHBIX YPABHEHUN ABWKCHUSI U PABHOBECHSI MEXaHUUYECKOW CUCTEMBbI. Peayu-
3alMsl MPOEKTa COMPOBOKIACTCA HEKOTOPHIMHU JOMYCKAMH MPH W3TOTOBJICHUH, a Ca-
Ma MEXaHHW4YecKasi CHCTeMa BBIHYXKJEeHa paboTaTh IMOJ JCHCTBUEM CIyYailHBIX BO3-
MYIIAIOIIUX CUJI, KOTOPbIE HE YUTEeHBI B TU((HEepEeHIINANTBHBIX YPABHEHUSIX B CHITY UX
HEU3BECTHOCTH.

CnyyaliHble BO3JEHCTBUS Ha pacUETHBIE JBUKEHUS MOTYT MPUBOJIUTH K CO-
BEPIICHHO PA3JIMYHBIM pe3yibTaTaM. B OJIHOM ciydae BO3MYIIEHHOE JIBUKECHUE Ma-
JIO OTJMYAETCS OT PACUETHOro (CiIydall yCTOWYMBOCTH), B APYTOM — BO3MYIIEHHOE
JBU)KEHUE COBEPIICHHO OTIUYACTCS OT PACUETHOTO (Cilyyail HEYCTOMYUBOCTH).

Oco0060 BakHOE 3HAYEHUE TEOPHUST YCTONYMBOCTH JABMKCHUS UMEET ISl TEXHU-
k. Kopabnb, caMmoseT, pakera NMpy ABWKEHUH JOJDKHBI YCTOMUHMBO COXPAHSTH 3a-
TaHHBIA Kypc. TypOuHBI, TeHEpaTOPhI JOJKHBI YCTOWYUBO pabOTaTh B 3aJaHHOM pe-
KHAME. [ MpOCKONMMYECKH KOMIIAC NOJDKEH YCTOWYMBO TMOKA3bIBATh HAIPABJICHUE
reorpaduueckoro mepuauana u 1.1. CinenoBarebHO, HEOOXOAUMBIM TPEOOBAHUEM K
yOpaBIsieMbIM JTUHAMHUYECKUM CHUCTEMaM SBJISETCA WX YCTOWYHMBOCTH (B TOM WJIH
MHOM CMBICJIE) MO OTHOIICHUIO K CTPYKTYPHBIM M BHEIIHUM Bo3MyIlleHUsM. [lo-
CTPOEHHUE AITOPUTMOB HMCCIIEIOBAHUS YCTOWYMBOCTH IO3BOJIIET HNPOBOAUTH AHAIU3
BJIUSIHUS PA3IMYHBIX TMPOEKTHBIX TApaMeTpoOB Ha KauyeCcTBO (DYHKIIMOHUPOBAHMS

CJIOJKHOT'O TEXHHUYECKOTO OOBEKTA.
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Onaum u3 3G(HEKTUBHBIX METOJIOB MCCIEIOBAHUSI YCTOMUYUBOCTH M APYTHUX Ka-
YECTBEHHBIX CBOMCTB JUHAMUYECKHX CHUCTEM SIBIISIETCA KJIACCUYECKHM U 0000IIeH-
HbII MeToabl (yHKIui JlsmyHoBa. Meton dyHkiuii JIsmyHOBa MOJy4YuI pa3BUTHE B
[22-25, 27, 33, 49, 59, 73,76, 79, 88-90] u MmHOTHX nIpyrux padorax. B Hactosmiee
BpeMsi 0000IIEHHBIN BTOpol MeTo JIsmyHOBa cTaln OJHUM W3 BaKHEUIIUX METO/OB
KAUE€CTBEHHOI'O0 HCCJIEIOBAHUSI YCTOMYMBOCTH ABWKCHHS JUHAMUYECKUX YIIPaBIIsIe-
MbIX cucteM. B [24] ¢ momorisio 00001eHHbIX GyHKIUN JImyHOBa MOJydeHBI He-
00X0/IMMbIE€ U JOCTATOYHBIC YCIOBUSI YCTOMYMBOCTH JIMHAMHUYECKHUX YIPaBISEMBIX
CUCTEM, JaH 0030p MU3BECTHBIX PE3YJIBTATOB MO NMPUMEHECHUIO PAa3PBIBHBIX (YHKIIUN
JIsmyHOBa K M3YYECHHIO YCTOMYMBOCTH CHCTEM ymnpaBieHus.B [23] pa3BuThl MeTOIbI
aHaJM3a YCTOMYMBOCTU M YMIPABIIEMOCTH TUHAMHYECKUX CUCTEM, 3a/1aBaeMbIX U ]-
dbepeHInaNbHBIMUA YPAaBHEHUSIMU PA3TUYHBIX TUIIOB.

B cucremax ¢ JOrMYECKUMH PETYISATOPAMU 3HAHHS O B3aUMOJIEVCTBUU PETY-
JTOpa ¢ 00BEKTOM (IPOLECCOM) YIIPABIEHUS MPEACTABISAIOTCS B JOpME MpPaBUII BU-
na: ECJIN (ucxonnas cutyanusi), TO (otBetHas peakuus). Yacts ECJIN (mpenrmo-
CBUIKM WJIM YCIIOBHUSI) O3HAYAET COMNPSIKEHHE JIOTMYECKUX omepanuii, a 4actb 1O
(peiieHue, BBIBOJ, 3aKIIOUEHHE) MPEJCTaBISET COOOM yKa3aHUE JMHTBUCTHYECKOM
BEJIMYMHBI JIJI1 BBIXOJIHOTO BO3ACHCTBUS (YHPABISIONIETO BO3ACHCTBUS HA OOBEKT
YIpaBJIEHUs) IOTHYECKOTO PEryJsaTopa.

[Ipu pemienuun 3aia4 ynpaBjieHHs] CUCTEMaMU HAa OCHOBE JIOTUYECKUX PETryJisi-
TOPOB BO3HHUKAET MpoOJieMa KCCIENOBAaHUS YCTOMYMBOCTU ITUX cUCTeM. B psme
IIPOMBIIIVICHHBIX HOPMAaTUBOB B Poccun u 3a pyOexom 3aoxeHo TpeboBaHue odec-
MEYSHUs] YCTOMUYMBOCTH CHCTEMBI YIIpaBIEHUSA. DTO TpeOOBaHWE paccMaTpUBaCTCA
KaK HE0OXOAMMOE YCIOBUE [JIsl MCIOJBb30BAaHUSA CHCTEMBbI yrpaBieHus. MMeercs
MHOTO0 TPUKIAIHBIX 3ajlad, JJIsi KOTOPBIX MPOBEPKa YCTOWYMBOCTH YIIPABIISIEMOM
CUCTEMBbI OLICHMBAETCS KaK BakHeWIas 3amada. K 3TuM 3ajadyaM OTHOCSITCS 3aJayu
MIPOCKTUPOBAHUS YIIPABISIEMBIX CUCTEM, BIUSIONIMX Ha 0€30MacHOCTH Jtojeh (cTa-
Owm3aius mojeTra caMoseTa U T.I1.), TPOCKTUPOBAHMS YIPABJISIONINX JOPOTOCTOS-
X 00BEKTOB, U3YUEHHUSI CIOKHBIX TEXHUYECKHUX MPOIIECCOB, MOJIBEPKEHHBIX MOTE-
p€ YyCTOWYMBOCTU. BOIIPOCHI aNrOpUTMUYECKOIO KOHCTPYUPOBAHUSA U YCTOMYUBOCTH
JTUHAMUYECKUX CHUCTEM C JIOTHYECKUMHU PEryJsiTopaMH paccMmarpuBaiuch B [11, 22,
24, 25, 103, 105] u B npyrux padborax. HecmoTpst Ha TO, 4TO IMTEepaTypa 1mo TeOpuu

JAUHAMHWYCCKHUX CHUCTCM C JIOTHYCCKUMU PCrysITOpaMH BCCbMa 06IHI/IpHa, BOIIPOCHI
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YCTOMYMBOCTU U CTAOMIIM3AINK YKa3aHHBIX CHCTEM TPeOYIOT JanbHEHIIe pa3padoT-
Ku [24].

CoBpeMEHHBIM MOAXO0A0M K U3YyYEHUIO TUHAMUYECKUX CUCTEM C JIOTUYECKUMHU
PEryJIsTOpaMHU SBJISETCS MEPEX0]l K MHTEIUIEKTHOMY yrpasieHuto [11]. Mcnonb3oBa-
HUE MHTEJUIEKTHBIX CHCTEM BeJEeT K 0ojee BBICOKOW CTENEHH aBTOMATH3aLWU IS
CJIOXKHBIX, TJIOXO CTPYKTYPUPOBAHHBIX IMPOIECCOB M B Psijie CIy4yaeB COKpAIlaeT
BpeMsi pa3pabOTKH TEXHUYECKUX cHCTeM. MHTeNIeKTHOe yIpaBieHUE OKa3bIBaeTCs
MOJIE3HBIM B CIIy4asiX, KOIJIa TEXHOJOTUYECKHUE IMPOIIECChl SBISIOTCS CIUIIKOM
CJIOKHBIMU JIJIS1 aHAJIM3a C TIOMOIIBIO OOIIETTPUHSITHIX KOJTUYECTBEHHBIX METOI0B WIIH
KOT/Ia JJOCTYITHbIE HCTOYHUKHA WHGOPMAIIMN HHTEPIPETUPYIOTCS HETOYHO HIIA HEOTI-
peneneHHo.

MHuorue ymnpapisieMble OOBbEKThI YIPABICHUS B CHIIy CBOEH NUHAMHKHU TpE]I-
CTaBJISIIOT COOOM pazNUYHbIE BUJbI MAITHUKOBBIX YCTAHOBOK (2 B HEKOTOPBIX Cllyda-
X U UX KOMOHWHAIIMIO), COOIIOJICHUE YCTOMUMBOCTHU I KOTOPBIX SBISIETCA 00s3a-
TEJIBHBIM TPeOOBaHWEM WX JKCIUTyaTalnu. J{MHaMUYecKue MOJENU MEPEeBEPHYTOTrO
MasiTHUKA UCIOJIB3YETCS B 3a7a4ax YIPaBICHUS TEXHUYECKUMU CPEJICTBAMU C TUPO-
CKOIIMYECKUM YCTPOWCTBOM, B POOOTOTEXHHUKE, B PAKETOCTPOCHUH. MHOI03BEHHBIE
NEPEBEPHYTHIE MAATHUKHU CIYXKAT YIPOUIEHHBIMU MPUMEPAMH IIAraroiux poOOTOB.
B cBs3u ¢ MHOTOOOpasuem puusnueckux 3(pPeKkToB, HECTAITMOHAPHOCTHIO O0OBEKTA U
HAJTMYUEM HEKOHTPOJIUPYEMBIX BO3MYIIAIOIINX BO3IACHCTBHUI MPOIIECCHI, MPOTEKAIO-
M€ B MasTHUKOBBIX CHCTEMax, B PSJIE CIIy4aeB SIBISIOTCS CIIOKHBIMU JIJISI TIOJTy4e-
HUS UX aJICKBATHOTO MaTEMAaTUYECKOTO OMMCAHMS C MOMOIIbIO KIACCUYECKUX METO-
70B MozenupoBanus [22]. [{ns perieHus TaHHONH HaydHOW MPOOJIEMBI CYIIECTBYIOT
MOJIXO/IbI, 0A3UPYIOIINECs Ha MpaBUiIax JOTHIECKOTO BHIBOJA U JIOTHUYECKOM PETryisi-
TOpE, CHHTE3UPYEMOM [JIsl cTadmin3auuu cuctembl. B onHoM u3 HaubOoiiee >3dek-
TUBHBIX MOJIX0I0OB TOCTPOSHUE MOJIETU YIPABIISIEMON CUCTEMbI OCYIIIECTBIISIECTCS TIPH
HaJIMYUU XOTs OBbI IPUOIMKEHHON MaTEMaTHYECKONH MOJICNIH, 3aJIaHHOW B BHJIe AU(-
dbepeHIManbHBIX WM PA3HOCTHBIX ypaBHeHUH. C TIOMOIIBI0O YHMBEPCAJIBHOW arf-
IPOKCUMAITUU UCXOHAS MOJIEIb IPUBOANTCS K BUay Mojaenu Takaru—Cymkeno (TC-
monenn) [24, 103, 105]. Basupyromuecs Ha mpaBUIax JOIMYECKOIO BHIBOJIA U HEYCT-
Kkux peryistopax TC-moenn HaxoIAT MPUIIOKEHUS B 3a/1a4ax yIpaBIICHUS] MEXaHU-
YECKUMH TPAHCIIOPTHBIMU CPEACTBAMH, YMPABICHUS MOJBEMHBIMH M MOCTOBBIMU

KpaHaMH, yIPABJICHHS] pOOOTaMU-MaHUITYJISITOPAMH.
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OOmeit naeelt OOJTBIIMHCTBA MCCIEIOBAHUN MO YCTOWYMBOCTH W CTabWMIiIM3a-
uu TC-monenelt sBisieTcsi UCMOIb30BaHKue MeTo/la GyHKIUN JIamyHoBa U CBelleHHE
penieHus: Bonpoca o0 YCTOMYMBOCTH K aHAIM3y CBOWMCTB JIMHEWHBIX MATPUYHBIX He-
PaBEHCTB, K KOTOPBIM ITPUMEHUMBI METOJbl YHCICHHOTO pelieHusd. JInHelHble MaT-
pUYHBIE HEPABEHCTBA TPEOyeMOTo BUJIa OOBIYHO MOJYYaOT HA OCHOBE JI0CTATOYHBIX
YCJIOBUH YCTOMYHMBOCTH (ACHMMTOTHUYECKON YCTOWYMBOCTHU) B TEpPMHUHAX (PYHKIIMIMA
JIsnyHoBa. Byl IMHEMHBIX MATPUYHBIX HEPABEHCTB 3aBUCHUT KAK OT CTPYKTYpPHI MPH-
MeHsieMol ¢GyHKuuu JISmyHOBa, TaKk M OT OrpaHUYEHUM, HAKIAJBIBAEMbBIX Ha ITY
¢ysk1r0. OCHOBHBIE TPYTHOCTH B KOHKPETHBIX 33/1adyaX YCTOMYMBOCTH, PEIIaEMBIX
C TIOMOIIIBIO TIPSIMOTO METOJa, BO3HUKAIOT IPH MocTpoeHUH (yHKumi JIsmyHosa, u
Ha ocnabyieHnu TpeOOBaHUM K yKa3aHHBIM (YHKIMSIM Oa3UpyeTcss OIUH U3 MOJIXO-
JIOB K JlajbHEHIIel pa3paboTke yciaoBuit ycroitunBoct. HecMoTpst Ha O0JbIIoi WH-
TEpec UCclieoBaTeNeil K JaHHOW 001acTh pa3BUTHE CUCTEMAaTUYECKUX METOJIOB H3Y-
YEHUSI YCTOMYMBOCTH JUHAMHUYECKHUX CUCTEM C JIOTMYECKUMH PETYJIATOPAMH OCTACTCS
MAJIOM3YYEHHBIM HANIPaBJICHUEM B TEOPHUH YIIPABIISIEMBIX CUCTEM.

B [25] oxapakTepu3oBaHbl U3BECTHBIE U pa3pabOTaHHbIE aBTOPAMU MOIXObI K
VICCIIEIOBAHUI0 YCTOMYMBOCTH JUHAMUYECKUX CUCTEM C JIOTUYECKUMU PEryisTOpa-
mu. [logxoael 6a3upyroTcss Ha pa3BUTUU MeToja QPyHKIui JIamyHoBa, TUBEpreHTHO-
ro, CIEKTPaTIbHOT0-OU(PYpPKAIMOHHOTO U JIPYTMX METOJOB. a TAK)Ke Ha IMpejCTaBIie-
HHUM HEJIMHEWHBIX cUCTeM ¢ momoupio TC-Monenei. s pana Ki1accoB HETUHEMHBIX
YOpPaBISIEMbIX CHUCTEM C JIOTHYECKUMH peryisitopamu, npeacrtaBieHHbix TC-
MOJIeIsIMU, B [22, 24] Ha OCHOBE TOJIYYEHHBIX YCIOBHI YCTOMYMBOCTH pa3pabOTaHbI
QITOPUTMBI UCCJIEIOBAHUS CTAOWIIM3allUU, peain3alisi KOTOPhIX BO3MOXKHA C TIPH-
MEHEHUEM COBPEMEHHOTr0 MPOrpaMMHOro obecrnedeHus. OTMETUM, YTO MEPCIEeKTH-
BOM NAJIBHEMIINX HWCCICAOBAHUM SIBJISIETCS CUHTE3 W aHanu3 ycronumsoctn TC-
MOJEJIEl ¢ IEpEMEHHBIMU MMapaMeTpamu, B yactHoctd, TC-moneneld mapamerpuye-
CKMX MasTHHUKOB. J[JI yKa3aHHBIX 1ejeil moTpelyercs manbHelmas pa3padoTka Ha-
YYHOTO TPOTPaMMHOTO oOecredeHus. Psi mepCrneKTHBHBIX HANMpaBICHUA OTMEUYEH
Takke B [22, 24, 25].

PaccmoTpeHHbIe MOAX0bI TEMOHCTPUPYIOT A(DPEKTUBHOCTh MPUMEHEHHUS METO-
noB JlamyHOoBa B COYETaHWM C JAPYTMMH METOJAMH Ul AaHAIN3Aa YCTOWYHUBOCTH
VOPABJSIEMBIX CUCTEM C JIOTUYECKUMHU PETYJISATOpaMH, a Takke d(PQPeKTUBHOCTH HC-
MOJIb30BAHUS TTOJYYEHHBIX HAa OCHOBE ITUX METOJAOB KPUTEPUEB YCTOWYHMBOCTHU U

AJTOPUTMOB CTaOWJIM3AIIUH.
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§ 2. Meroa ¢pyukumii JisnmyHosa

2.1. Teopembl 00 YCTOMYMBOCTH U 00 ACHMITOTHYECKON YCTOMYHMBOCTH.
B knaccuueckom Tpyne «OOmas 3amada o0 ycroMuumBOCTH JBHkKeHUs» (1892)
A.M.JIAmyHOBBIM Hapsily ¢ METOJIOM XapaKTEepPUCTUYECKUX MOKa3aTenel ObLT pas-
BUT TPSMOU (MM BTOPOH) METOM, KOTOPBIA Tak)Ke HA3bIBAIOT METOJAOM (DYHKIIUH
JIsimyHOBa, — METO/ HCCIIEIOBAHUS YCTOWIMBOCTH, KOT/Ia 00 YCTOMYHUBOCTH CYISAT TIO
M3MEHEHUSM B BO3MYIIICHHOM JBW)KCHUH CHCTEMbI HEKOTOPBIX (DYHKIIUN €e KOOpIaH-
HaT. [Ipsmoit meton JlsmyHoBa siBisieTcst HanOosiee OOIIKMM, OJHAKO MOAOOpP (PyHK-
unii JIsSsmmyHOBa BO MHOTHX CIIy4asiX IOBOJIBHO CJIOKEH.

Oynkus V(Xy, Xy, ..., X,) Ha3BIBACTCS NOIONCUMENbHO onpedeneHiol 6 H-ok-

n
pecmHocmu (fo <H) nauana xoopounam, ecii OHA TOJOKUTEIBHA BO BCEX TOY-
i=1
KaxX 9TOH OKPECTHOCTH, 32 HCKIIIOYCHHEM Hauaia KOOPAWHAT, T/Ie OHA paBHA HYIIIO:
n
2 —
V(Xy, X, -, X,) >0, ecmm Y xi>0, V(0,0, ...,0)=0.
i1
2 2 2 o

Hanpumep, dyHkuma V =X+ X, +X; OyAeT MOJIOKUTEIBHO OMNPEACICHHOM
(yHKIMEl B IPOCTPAHCTBE TIEPEMEHHBIX Xy, Xp, X3. PyHKIMS U = X: + X5 Oy/eT JUIIb
3HAKOIMOCTOSIHHOM B 3TOM MPOCTPAHCTBE, HO HE TOJOKUTEIBHO OMPEICICHHON, TaK
Kak OHa oOpaiaercs B HyJb Ha Beeil ocu OX;, a He Toabko B Touke (0, 0, 0), 1 oHa ke
Oy/IeT MOJIOKUTEIILHO OIPEACICHHOW B MPOCTPAHCTBE X;, X, Ecimu V(X, X5, X3) <0

n
npu Z Xi2 >0 u V(0,0,..,0) =0, To pyakuus V(Xy, X, ..., X,) Ha3bIBACTCI ompuya-

i-1
MelbHO ONpeoeneHHOU.

Oynakmus  V(Xy, Xy, ..., X,) HA3BIBACTCS  NOJIONCUMETbHO ONPeOeNeHHOU 6
H-oxpecmnocmu nauana xoopounam npu t=t,, eciu CyumiecTByeT Takas HE 3a-
BUcsIas oT t momoxkutenbHO onpeneneHHas ¢GyHkmus W(Xy, Xy, ..., X,), UTO
V(t, X, Xy .00y X)) ZW (L, X, X, ..., X)) TIPH BCEX YKa3aHHBIX 3HAYCHHUSX apr'yMEHTOB
uv(t,0,0,..,0)=0.

[lpu3Haku 3HAKOOMPENEICHHOCTH (YHKIIMH MOXKHO BBISBUTH C TTOMOIIBIO

kpumepus Cunveecmpa. Paccmorpum matpuily Kod(DQPHUIIMEHTOB KBaAPaTUYHOM

(GopMbl, IPEICTABUB €€ B BUE

40



\Y; :lZcijxixj.

CocrtaBuM sl HEE n TJABHBIX JUAroHAIbHBIX MHUHOPOB. B anredpe nokasbiBaeTcs
cnenyromuii kputepuii CuibBecTpa: sl TOro 4ToObl KBajapaTH4Has Gopma c Bere-
CTBEHHBIMHU KO3(uiimeHTaMu Oblj1a ONpeneeHHO-TION0KUTETbHON, HE00X0IUMO U
JI0OCTaTOYHO, YTOOBI BCE TJIaBHBIEC JAMArOHaJIbHbIE MUHOPHI MATPHIIbl KBaJpPATUYHOU

opmel [C;;] ObLIM MOTOKUTENBHBL:

A=c,>0, A,= G >0,...,
C21 C22
Cy Cp ... Cp
A= C,y Cpy ... Gy, 0
Cu Cpp - Cpp

Hanpumep, 115 GyHkunu
1
V= 5(3)(12_ 2%, X, + xzz)

Matpuia Ko3p(HUIIHMEHTOB UMEET BUJL

3 -1
C.)= ,

a TJIaBHBIE JMArOHAJIbHBIE MHHOPHI COOTBETCTBYIOIIETO ONPENCTUTENS] UMEIOT BUJ
A1=3>0,A,= =[31-(-1)(-1)] =2 > 0. CnenoBatenbHo, (GyHKIUA V SBISCTCS
IIOJIO’KUTEIIBHO OIPEICIIEHHOM.

Ecmu gynknus V(X) monoxurensHo onpenenenHas, To ¢pynkmus —V(X) Oyzaer
OTpPULATENILHO ompeaeneHHon. B stom cnydae ycmoBusi kputepus CuibBecTpa

JIOJDKHBI 3aIUCBIBATBCS [T MATPHUILBL —(C;;) . DTH YCIIOBHS UMEIOT BHJL

A1<0, A,>0, A3<0, ...,
T.€. 3HAKU OMNPEACIUTENEH JOJHKHBI MOCIEA0BATEIBHO YEpPEIOBaThCS, MPUYEM 3HAK
C11 IOJDKEH OBITH OTPUIIATEIbHBIM.

PaccmoTtpum cuctemy nuddepeHnmaibHbIX ypaBHEHUN

dx, _
E: f.(tx, X,...X,), 1=1,2,..,n, (2.1)
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rire Bce f u i HENpepbIBHBl B OKPECTHOCTH Hayaja KoopauHat, t>t,,
j

f.(t,0,0,..,0)=0, u myctb V(t, Xy, Xy, ..., X,) — HempepbiBHO IuddepeHnmpyemas

¢GyHKIMSA cBoux aprymeHToB. [losHas mpousBoaHas mo t pyakmum V(t, X;, Xy, ..., X,)

B city cuctemsl (1) (BIOJb MHTETpaIbHBIX KPUBBIX), paBHA

dv. ov oV dx oV oV
— = L=——+ > — f.(t, X, X, 00, X)) 2.2
dt ot ;axi dt ot ;axl |( 11 A2 ) ( )

Ecnu npaBbie yactu cuctemsl (1) He coaepkar siBHO t, TO Takasi cucTeMa Ha3bl-
BAETCS A8MOHOMHOU, UTTA CIMAYUOHAPHOU.

®dyHnaMeHTanbHbI pe3yiabTaT A.M. JlsmyHoBa 00 yCTOMYMBOCTH COCTOMT B
CIIEyIOIIEeM: eci cucrteMa auddepeHuanbHbIX ypaBHennid (1) TakoBa, 4to cyie-

ctByeT Qynkusa V(t, Xy, X, ..., X,), TIOJOXKUTENBHO ONpeeNieHHas pu t >t B HeKo-
Topoit H-oKpecTHOCTH Haudajia KOOPAUHAT, MPOU3BOHAS KOTOPOU Ty B CUJIy CHC-

Tembl (1), HENmoJIOXKUTEbHA, TO HYJICBOE pelreHrne cucteMsl (1) yctoriunBo. Y caoBus
A.M. JIsnyHoBa 00 aCUMNTOTHYECKOW YCTOMYMBOCTH HYJEBOI'O PELIECHUS MPUBEIEM

JJIA ABTOHOMHOM CHCTEMBbI: €CJIM CUCTEeMa

dx; _
d—t': f(%, X0 ey X)), 121,200, (2.3)
TaKoBa, 4To cymiectByeT QyHKIuUs V(Xy, Xy, ..., X,), TOJOXKUTEIBHO ONpEACICHHAS B

HEKOTOPOW FH-OKpECTHOCTH Hayajaa KOOPIHWHAT, MPOM3BOJHAS KOTOPOHU EB CHILY

cucteMbl (3), OTpUIATENBHO ONpeneNieHa, TO TpUBHANbHOE pemenne X, =0,

1=1,2,..,n, acuMIOTOTHYECKH ycTOH4HMBO. [lamee chopMylIupyeM MPHBEIACHHBIC
pe3yJIbTaThl B HECKOJIBKO MHOM BHJIC U TIPUBEIEM KPaTKUE JI0KA3aTeIhCTBA.

Oynkun V(L Xq, X5, ..., X,) 1 V(Xq, Xy, ..., X,), QUTYpHpYIOIIHE B MPHBEICH-
HBIX BBIIIC YCIIOBUAX, Ha3bIBAIOTCS (hyHKyusimu Jlanynosa.

Cuctemy (1) 3anmuiiemM B BEKTOPHOM BUE

dx
E: f(t,x), (2.4)

rae XeR", f e R". Banumem npou3BoAHYIO B CHITy CHCTEMBI (4):
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A A AL A LAY (2.5)

dt |, E ax1 ax
roe Vu f,... f 3aBucar ort, x,...,X, . @opmyna (5) nmo3BossseT HAUTH MPOU3BOJ-
HYIO CJIOKHOM (PyHKITHH

V(t, x®) =V (¢, x(1),...,x, (),
rae X(t) — moboe pemrenue cucreMbl (4). I[lo Teopeme 0 MPOWM3BOIHOM CIOXKHOU
GyHKIIMN ©MeeM

d oV 8V d oV dx
UCRICI O S RRA R

ot ax1 at e Tdt

n

Tak kak X(t) = (x(t),..., X, (t)) — pewenne cucremsr (4), To dx, /dt = f,(t, x,...,X,) u

(2.6)

cymma B (6) paBHa (5).

Teopema 2.1 (Teopema A.M. JIsnyHoBa 006 ycroiiuuBocTH). /Iycmo X(t) =0
— pewenue cucmemvt (1), u nycmo npu ‘X‘ <p(p>0) cywecmeyem pynxyus
V(x)eC!,  yoosremeopsiowmas  ycnosusm  V(0)=0, V(X)>0 npu x=#0,
dv/ dt‘ @S 0. Toeoa nynesoe pewenue X(t) =0 cucremsl (4) ycmotiuugo.

JeiictBuTensHo, pacemotpuM oboe €>0 u g =min{e, p}. HenpepsisHas
GyHKIMSA V(X) Ha MHOXCCTBE S(‘X‘ =¢g,) JIOCTUraeT B HEKOTOPOH Touke X €S cBO-
ero HauMeHbIIero 3Hadenms mMiNV(X)=v(x). Tak xak V(X)>0 Ha S, TO
v(X)=m>0. ®dynxmus V(X) nenpepsisHa, V(0)=0, modToMy Haiimercs Takoe
6>0, uro V(X) <m mpu ‘X‘ <9.

[Tpenmonokum, uto pemenue X(t) c ‘X(to)‘ <0 WJIH CYIIECTBYET HE Ha BCEM
uHTepBaie t) <t <oo, uam He ocraercs B 00IACTH ‘X‘ <g,. Torna B cuily TeOpeMsI 0
NpOJOJDKEHUM peleHuit [79] naiinercss takoe t >t,, uro ‘X(tl)‘ =g, ‘X(t)‘ <g Tmpu
t, <t<t. Torma V(x(t,)) <m, V(X(t)) =m B cury BeiOOpa M u 5. ITO HEBO3MOXKHO,

IMOCKOJIbKY
dv (x(t)) dv
dt dt |,

u V(X(t)) He Bo3pacraet. MTak, npeamnojoxeHne HEBEPHO, U TeopeMa JJoKa3aHa.

Teopema 2.2 (Teopema A.M. JIsimyHOBa 00 aCHMIITOTHYECKOH yCTONYNBO-

cTH). [lycmob evinonnenst yciosus meopemul 2.1 ¢ 3ameHoU nocieoHe2o0 HEPABEHCTBA
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Ha dV/dt| <-W(x)<0 npu 0<|X|<p; byakuus W (X) HempepblBHA mpu [X|<p.
(4)

Toeoa nynesoe peutenue cucmemul (4) acumnmomuuecku yCmouyugo.,
JlelicTBUTENBHO, U3 TEOPEMBI 2.1 ciienyeT, 4To HyJIEBOE PEIICHUE YCTOMYHUBO U

yto nr00oe pemenue X(t) ¢ ‘X(to)‘ < ocraercs B mIape ‘X‘ <g, mpu t,<t<oo. Jlo-
kaxeM, 9to X(t) >0 npu t —oco. B nmpoTHBHOM cilydae HaILIUCh OBl TaKWe YUCIIa
n>0 u t,t,,...>00, 4rO ‘X(ti)‘Zn,izl, 2,.... B 3amkHyTO# 00NacTH nS‘X‘Sal
umeeM V (X)>p >0, mostomy V(X(t))=>pu>0(i=12,...). Tak kax dV/dt‘(l) <0, To
V(X(t)) He BO3pactaer; mostomy V (X(t))>=p mpum Bcex t>t,. Ecim Obl ObuI10
V (X(t)) <p mpum HexotopoMm t, To mpu Bcex t, OGompmmx 3TOro t, TOXE OBUIO OBI
V (X(t,)) <M, a 3TO IPOTHBOPEUUT MPEATIOT0KEHHIO.

Paccmotpum takoe 8, >0, uro V(X) <p B obmactu ‘X‘ < 9,. Pemmenne x(t) e
MOJKET BOITH B 9Ty 00J1aCTb, IOSTOMY OCTaeTCsl B 3aMKHYTOH oGnactu §, <|x|<g,. B

310t 06mact W (X) >B >0, dV/dt‘(l) <—B <0, mosTomy

V(x(0) -V (x(t)) = j g

T<—B(t-t,) > —oo,t >0,

HO V (X) > 0. [IpoTuBopeune mokas3pIBaeT, 4To npeamnoioxerue X(t)-0 HeBepHoO.

OtMernuMm, uro A.M. JlsmyHoB qoka3zan Oosee oOmue TeopeMbl — ¢ QyHKIHEH

V(t, X) BMecTo V (X), YIOBIETBOPSIOIICH COOTBETCTBYIOIIMM OIPaHUUCHHUSIM.
Ipumep 2.1. PaccMoTpuM ypaBHEHHE
X'=sinX—X.
1 BeIOGEpeM B KauecTBe GyHKimy JlsmyHosa V = X°. VimeeM

d—V:2xx':2x(sin X—=X)<0 mpu x=0.
dt
[Io Teopeme JlsimyHOBa 00 aCHMIITOTHYECKON YCTOMYMBOCTH HYJIEBOE pEILIECHHE
ACUMIITOTUYECKH YCTONYHBO.
Jli1s cucteM BUa
X _ £ (x), x<R". 2.7)
dt
gacTo ucnoisdyercs teopema E.A. bap6ammna—H.H. KpacoBckoro. Ota Teopema B
AHTJIOA3BIYHON JINTEPATypPe M3BECTHA TAKXKE KAK MpUHUWIN WHBapuaHTHOcTH JlaCan-

JIA.
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Teopema 2.3 (Teopema E.A. bapoamuna—H.H. Kpacosckoro). /Iycms B (7)
feC, f(0)0=0 u nycmv npu ‘X‘ <p(p>0) cywecmeyem maxas @yuxyus

V(x)>0(x=0), dV/dt‘(S) <0, a mroocecmeo N mex X, npu komopwix dV /dt| =0,

2~
He codepacum yenvix mpaekmopuii, kpome X =0. Toeda nynesoe peutenue cucmemol
(7) acumnmomuuecku ycmotiuugo.

JIeHCTBUTENILHO, ITPU JAHHBIX YCIOBHUSIX BBIMOJHEHBI TAKKE YCIOBUSA TEOPEMBI

JIsmyHOBa 06 yCTOWUMBOCTH, HOITOMY HYIEBOE PENIEHHE YCTOMUMBO U BCE PEIIeHHS
¢ [x(0)| <& ocrarorcs B mape S(|X|<¢). Y moGoro taxoro pemenms X(t) cymectsy-

eT ®-TpeeabHOe MHOXKECTBO (2 C S, cocrosiiee U3 Ienablx TpackTopuid. M3BecTHO

[59; 79, tn. 4, §17], 4TO ecnu MOTYTPACKTOPUS OTPAHUYEHA U BMECTE CO CBOECHU

€-OKPECTHOCTBIO COJICPXKUTCS B 00J1acTH, B KOTOpoii Bce f. u g—)?, HETPEPBIBHBI, TO
j
®-TIpeJeIbHOe MHOKECTBO HEITyCTHO, OTPAaHMYEHO, 3aMKHYTO, CBSI3aHO U COCTOUT U3
nenbix TpackTopuit. dynkiusa V (X(t)) He Bo3pacTaeT U CyIIECTBYET !LrEV (x(t)) =1.
JIto6as Touka beQ ects limx(t,) mis HekoTopiio mocienoBarensHOCTH t, — 0. B
cuity HenpepeiBHOCTH QyHKIuu V u3 X(t,) > b caenyer V (b) =limV (x(t,)) =1 . Tou-
ka b e Q npousBonbHa, mosToMy Ha QQ Beroay V (X) =1. B cuny cBoiicTB MHOXKECTBA
Q cymectByer pemenne Z(t)eQ ¢ z(0)=b. Torma V(z(t))=|, u Ha TpackTopHun

z(t)

av| _dv®) _,
dtls —dt

3Haunt, Tpacktopus Z(t) comepkurcs Bo MHOxecTBe N, HE coaepiKalleM MEbIX
tpaekTopuii, kpome Touku X=0, To Z(t)=0,b=0. Tak kax b — mobas Touka u3 Q2,
TO MHOXECTBO () cOCTOUT U3 oJHON Touku X =0. 3HAUWT, BCE PEIICHUS C ‘X(O)‘ <0

CTPEMSATCS K HYJIIO NpU t —> 00, U HyJIEBOE PELICHHE ACUMITOTHYECKHA YCTOWYHUBO IO
JlanyHoBYy.
IIpumep 2.2. UcciienoBath yCTOWYHUBOCTH HYJIEBOTO PEIICHUS] CUCTEMBbI
X=y,y=-x-ay. (2.8)
B ciysae a=0 u3 (6) crenyer dy/dx=—x%/y,2y? +x*=c. Paccmarpuas

V =2y* +x*, noxyuaem dV/dt| =0. ITo Teopeme JlsiyHOBa 06 yCTORIMBOCTH HY-

)
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JIEBOE PEUICHUE YCTOMYMBO. ACUMIITOTUYECKON YCTOMYMBOCTH HET, TAK KAK JJISI JIEO-
6oro menynesoro pemenus X(t), y(t) mmeem 2y*(t) +x*(t) =const. CnenoBarens-
HO, HET CTPEMJICHUS K HYJIIO IpU t — 0.

B ciyuae a> 0 taxxe pacemotpum V =2y° +x*. Torna

v —4ay* <0.
dt | g

PaBenctBo nmocruraercst Toyibko Ha mpsmoit Y =0. Ha aToif mpsimoit nmeem

y'=—x>#0 nmpu Xx#0. CrenoBaTenbHO, BCE PENICHHS, MPOXOAANINE Yepe3 TOUKH
npsimoit Y =0, KpoMme HYJIEBOTO peleHus, TyT ke cxoast ¢ Hee. [lo Teopeme bapba-
murHa—KpacoBCKOro HyJI€BOE PENIEHNE ACUMITOTHYECKH YCTOMYHUBO.

B ciaygae a<0 cucrema (8) 3amenoii t m y Ha —t U —Y CBOJIUTCSA K CHUCTEME

X'=y,y'=—x’+ay, ormmuaromeiics oT (8) TONBKO 3HAKOM Tlepes a. Bce pemrenus

3TOi HOBOI CHCTEMBI M3 HEKOTOPOil oOmacTu X + Yy’ <p’ cTpeMaTcs K HyJO HpH

t —oo. 3HaumuT, AN cucTteMbl (8) pelieHus cTpeMarcs K Hyio npu t——oo. He-
TPYJIHO TIPOBEPUTH, MPHU HATUYUU XOTS OBl OJHOTO PEIICHUS, CTPEMSIIEIOCs K HYIIO

npu t — —oo0, HyJIeBOE pellieHNe HEYyCTOMYUBO.

2.2. Teopemsbl 0 HeycTolUMBOCTH. A.M. JIssyHOBBIM OBLIT M3y4EH BOIPOC HE
TOJIbKO 00 YCTOWYMBOCTH, HO M O HEYCTOMYMBOCTH HYJIEBOTO perieHus. Mwm mokasa-
HO, yTo eciu  GyHkuus V(X) Takosa, uto V(0) =0 1 Bce yacTHBIC IPOM3BOIHBIC MEP-
BOT'O MOPS/IKA HEIPEPHIBHBI B OKPECTHOCTH HAYANa KOOPIAMHAT, H eclii V — MOJI0XKH-
TEIbHO ONpeAesieHHas (PYHKIHUSA, & CKOJb YroAHO OJM3KO OT Hayajlla KOOPAMHAT
UMEIOTCS TOYKH, B KOTOPhIX (PpyHKIMs V(X) MPUHUMAET MOJOXKUTCIbHbIC 3HAYCHHS,
TO HA4aJI0 KOOPAMHAT HEYCTOMUYHUBO. B 3THX yCIIOBUSAX HEYCTOMYMBOCTH PE€UYb UAET O
BCel 001aCTH OKPECTHOCTH Haydajia KOOpAWHAT. Y TBEPKIEHUE, OXBATHIBAIOIIEE TEO-
pemy JlsmyHOBa, HO HCHONB3YyIOIee Ooyiee y3KylH0 00JIacTh, MOJYyYWJI B Hadale
H.I". Yeraes (30-e roasr XX Beka).

Teopema 2.4 (teopema H.I'. UeraeBa o HeycToiiunBocTn). /lycms X(t)=0 —

pewenue cucmemvl (4). I[lycmv obnacme D npocmpancmea X nexcum 6 wape
S(‘X‘ <g),aeeepanuya I'=I,Ul,0el,, ‘X‘ <gmHal,, ‘X‘ =¢ na I'}, mnoowcecmso

I', mooicem 6vimob nycmoim. Ilyemv ¢ DUT cywecmeyem nenpepuvienas ¢hynkyus
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V(X),V(X)=0 na I'y, a 6 D umeem V € C*,V(x) >0, dV/dt‘M) >W (x) >0, W nenpe-

puisna 6 DT, Toeoa nynesoe pewenue cucmemol (4) neycmoiiuugo.

HpGI[HOJIO}KI/IM, 4dTO HYJICBOC PCIICHHC YCTOI\/'I‘II/IBO. Toma HaﬁﬂeTCH TaKoC

d>0, uro moboe pemenne X(t) ¢ HaganeHBIM ycnoBueM X(t,) € D, ‘X(to)‘ <d, ocTa-
ercst B mape S npu t, <t <oo. IIpu X(t) € D mmeem dV (x(t))/dt >0, 3unaunt V (x(t))
Bo3pactaet u V (X(t)) >V (x(t,)) =V, >0. Ta yacte D, mHOX)ecTBa D UI", B KOTOpOI
V (X) 2V,, — orpaHUYeHHOE 3aMKHYTOE€ MHOXECTBO (B €r0 IpeIeIbHbIX TOUKAX HMe-
eMm Toxe Xe DUT,V(X) >V, Bcnenctsue HenpepsiBHOCTH V(X) ). Pemenue X(t) e
MoxxeT BeIiTH U3 D,, Tak kak Ha I, V(X)=0, a na I', pemenue He momanaer, mo-

CKOJIBKY ‘X(t)‘ <e.Ha D, mmeem W(X) 23>0,
%V (x(®)) =W (x(t)) =B,V (x(t)) -V (x(t,)) = B(t —t,) > o0, t > 0.

310 npoTrBOpeunT orpanndeHHoct Gynkuun V(X) B D,. CrienoBarensHO, HyleBoe

pelIeHne HEYCTOMYUBO.

CornacHo teopeme UeraeBa O HEyCTOMYMBOCTH, HYJIEBOE PEIICHUE HEYCTOM-
YUBO, €CJIM JJIsi cucteMbl (3) cymectByeT QpyHkuus V, obOianaromnas CieayromumMu
CBOMCTBAMU:

1) mpu CKOJb YrOAHO OOJIBIIMX 3HAYCHHSAX t B CKOJb YrOIHO MalloW OKPECTHOCTH
Hayajia KOOpAWHAT CcyIiecTByeT obmacts V > 0;
2) B oOmactu V> 0 ¢yskims V orpaHudeHa;

dv .
3) B obmactu V > 0 mpousBoaHas P COCTaBJICHHAs B CUJTy CUCTEM ypaBHEeHUH (3),

MOJIOKUTENIbHO ompeneneHa. [lox obnacteio V > 0 moHuMaercst kKakas-HUOYIb 00-
JIACTh OKPECTHOCTH Hauaja KOOPAWHAT MPOCTPAHCTBA MEPEMEHHBIX Xq, Xy, ..., X, KO-
TOpasi orpaHndeHa nmoBepxHoctbio V = 0 u B kKotopoi ¢hyHKIug V mMpUHUMAET TOJIO-

ZKHUTCJIbHBIC 3HAYCHM .

IIpumep 2.3. PaccMOTprM aBTOHOMHYIO CUCTEMY

LI
dt y
2.9)
ay _ Y2+ X
dt '
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Brioepem s cuctemsl (9) B kauecte V(X, y) dyHkIuio V = %X3+ Xy + % y®. O6na-

cteto V> 0 sBusiercs, Hanpumep, ooiacts x>0, y>0. B o6mactu V>0 umeem
d_V:&%_F&ﬂ:(XZ_Fy)Z
dt ox dt oy dt

Cormacao teopeme UeraeBa o HeycTOHYMBOCTH, pemenne X =0, Yy =0 cucremsI (9)

+(x+y?)*>0.

HEYCTOMNYUBO.

IIpumep 2.4. PaccmoTpumM cuctemy
X'=ax+by—y?, y'=cx+dy —x°, (2.10)
rae a,b,c,d >0. [Ipu mansix X, Y B mepBoii uerBeptd umeeM X' >0, y'>0, 3Hauur,
Tam pemeHust ynansotcs oTr  Toukd (0,0). Bwibepem V =Xy B o0nactu
(x>0,y>0, x*+y*<g?). Torna

O(Ij—\t/ =X'y+xy'=axy+by* —y* +cx® +dxy — x> =W(x, y).
(10)

Ipu manom € 1 0<Xx<g 0<y<e umeem Y’ —Yy®+cx’ >0, mosromy W(X, y)>0

ykazaHHoi oOsactu. [lo Teopeme UeraeBa HyneBoe pelieHHE HEYCTONIMBO.
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§ 3. YcroiiunBocTh 10 NepBOMY NPUOJIMKEHHIO

3.1. YpaBHeHusi nepBoro npudamxenus. JuddepeHuuanbabie ypaBHEHUS,
3a/1al0lMe MAaTEMAaTUYECKUE MOJICNIA TUHAMUYECKUX CUCTEM, OOBIYHO OBIBAIOT HEJHU-
HEUHBIMM, U JJIS UCCIEAOBAHUSA YCTOMYMBOCTU WX PEIICHUIN MPOBOJAT JUHEAPU3A-
yuto ypaerenuti. B 0CHOBe JIMHEapu3allMi HEJIMHEUHBIX YPaBHEHUH JIGKUT MPEIo-
JIO’KEHHE O TOM, YTO BO3MYIIEHHUS KOOPJUHAT U CKOPOCTEH BO BCE BpPEeMs ABUKCHUS
OCTAIOTCSl MaJIbIMU, U TI03TOMY B Au(depeHIIuaIbHbIX YPaBHEHUAX YIEPKUBAIOTCS
TOJBKO YJIEHBI MEPBOTO MOPSIAKAa MAJIOCTU. UleHaMu BTOPOro M 00jiee BHICOKHUX IO-
PSAKOB MaJNOCTH mpeHeOperatoT. Takum oOpa3om, nTuHeapu3oBaHHbIe nuddepeHiu-
aJbHbIC YPABHEHHUS SIBIIIIOTCS JIMHEHHBIMUA OTHOCUTEIBHO BO3MYIIIEHUN KOOPJUHAT U
ckopocTel. JInHeapu30BaHHbIE YPaBHEHUSI HA3bIBAIOT TAKXKE YPAGHEHUAMU NEPEO2O
NPUOIUICEHUSL.

PaccmoTpum cuctemy nudpepeHnraibHbIX ypaBHEHUN

dx, _
—=f(t, X, Xy X)), 1=12,...,1, (3.1)
dt

rie f. — nuddepennupyemMble B OKpEeCTHOCTH Hadana KOOPAMHAT (DyHKIHH,

f.(t,0,0,...,0)=0. PaccmoTpum Bompoc 00 yCTOHYMBOCTH MOJIOKEHUST PABHOBECHUS

;=0 (i=1,2,..n cucremsl (1). C momompto pazinoxeHus mpasbix yacteit (1) mo

dbopmyne Telmopa mo creneHsIM X B OKPECTHOCTH Hadajga KOOPJAWHAT IPEIACTaBUM

cuctemy (1) B Buze

n
%:Zaij(t)xj+(pi(tl X1! XZ""’Xn)’ i:]" 2""’n’ (32)
dt j=1
€ (p; UMCIOT NOPSAOK BBIIIC IEPBOrO0 OTHOCUTEIBHO. JIunelHas cucrema
dx. < .
e 20%, i=12..n, (3.3)

]
Ha3BIBACTCS CUCMEMOll prIBHeHUI;l nepsoco leu6]lu9fC€HUﬂ uiau JZMHBCIPUS‘OGGHHOZZ

cucmemott ons cucmemsl (1). B ciyuae, xorna koapduuuentst a;j (t) B (3) nocross-

HBI, TOBOPST, YTO cUCTeMa (2) cmayuoHapra 6 nep8om npudIuUNCeHUU.

N3BecTHO, YTO B OOIIEM cllydae yCTOWYUBOCTh (HEYCTOMYMBOCTD) TIOJIOKCHHUS
paBHOBecUsI CUCTeMBbI (3) HE BIE€YET YCTOMYMBOCTH (HEYCTOMYMBOCTH) MOJIOKEHUS
paBHOBecust MCXOJHOM cucTeMbl (1). To ecTh B yKa3aHHOM CMBICIIE CTPOTOW CBSI3U

Mexy cucremami (1) u (3) Her.
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Hanpumep, 1711 HEMMHEWHOTO YpaBHEHUS

dx_ X —x%' (3.4)
dt
JIMHCAPU30BAHHOC YPABHCHHUC UMCCT BU ]
dx
—=X 3.5
m (3.5)

Pemenrie X(t)=0 ypaBHeHus (5) HEYCTOHYMBO, TaK KaK KaI0€ PEIICHHUE 3TOTO
ypaBHEHUS UMECT BHU]T

x(t) =Ce'
1 o4eBHIHO, 4TO | X(t) | > +00 npu t —+oo0. C nmpyroii croponsl, pemieane X(t)=0

ypaBHeHUs (4) sABIsSETCA aCUMOTOTUYECKH YCTOMYMBBIM. B camoMm nene, oOmiee pe-

IMCHUC 3TOI'0 YPAaBHCHUSA UMECT BU
2 -1/2
x(t)=Ce' [1+ §C2(e3t —1)}

Y, OYECBUJIHO, CTPEMUTCS K HYJIIO IIpU T —> +00.

B Teopemax 06 yCTOMYMBOCTH IO TIEPBOMY MPHUOIMIKEHUIO YKA3bIBAIOTCS YC-
JIOBUSI, IPU KOTOPBIX MO YCTOWYHUBOCTH CUCTEMBI MEPBOTO MPUOTUKEHUSI MOKHO CY-
JUTh 00 YCTOWYHMBOCTH UCXOHON HETUHEUHONU CUCTEMBI.

VYcnoBus yCTOMYMBOCTH MO TIEPBOMY MPUOTUIKEHUIO MOKHO CHOPMYJIUPOBATH
cienyromuM obpasom. Eciu cucrema ypaBHeHuit (2) cTanmpoHapHa B IIEPBOM IIPH-
ONM>KEHUH, BCE WIEHBI (o, OrpaHMYEHBbl N0 { M pasnararoTcs B psAAbl M0 CTENEHAM

n
Xy, ...y X, B HEKOTOPOH obmacTé ) Xj <H , mpudem pasnoeHus: HAYNHAIOTCS die-
i=1

HaMH HE HUKE BTOPOTO MOPSAJIKA, @ BCE KOPHU XapaKTEPUCTUUECKOTO YPaBHEHUS

ay— k Ay A
a21 a'22—k e a2n _ O (3 6)
ay Ay, Ay, — k

UMEIOT OTpHLATEIbHbIC ICHCTBUTENbHBIE YacTH, TO HyneBoe pemenune Xj =0
(1=12,...,n) cucremsl (2) aCHMITOTUYCCKHA YCTOMIHURBO.

Kpome Toro, ecnu cuctema ypaBHeHu# (2) cranimoHapHa B TIEPBOM MPHUOJIIKE-

HUM, BCE (PDYHKLUU @, yJIOBJIETBOPSIOT YKa3aHHBIM BBIILIE YCIOBUAM U XOTs Obl OJUH
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M3 KOPHEH XapaKTEepUCTUYECKOrOo ypaBHEHUS (6) MMEET MOJOKUTEIbHYIO JIEUCTBU-
TENBHYIO 9acTh, TO HyneBoe pemenne X; =0 (i=1, 2,...,n) cucremsl (2) HeycTOWYH-
Ba.

Ecnu nelcTBUTENBHBIE YaCTH BCEX KOPHEH XAapAKTEPUCTUYECKOTO YPABHEHMS
(6) HEMOJOXKUTENBHBI, TPUYEM JACHUCTBUTEIbHAS YaCTh XOTS Obl OJHOTO KOPHS paBHA
HYJII0, TO MCCIIEIOBAaHUE HA YCTOMYMBOCTH 1O MEPBOMY MPUOIMKEHUIO, BOOOIIE T'O-
BOPSI, HEBO3MOXHO (B 3TOM CJIy4ae HAYMHAIOT BIUSITh HEIIMHECITHBIC YJICHBI).

Jlanee chopmyaupyeM YCIOBHUS YCTOMYMBOCTHU IO MEPBOMY MPHUOIMKEHUIO B
HECKOJIbKO Oosiee 0o0ImeM BUJE, MPUBEIEM KpPaTKOE T0KA3aTEIbCTBO U PACCMOTPHUM

pSI IPUMEPOB.

3.2. Teopema 00 yCTOHYHMBOCTH 110 IEPBOMY NPHUOJTHKEHUIO. 3ANIAIIEM U3Y-

YyaeMble CUCTEMbI B BEKTOPHOM Buje. IIyctb X =X, = (X,---, X,y) — [IOJIOXKEHUE PaB-
HOBECHS CHCTEMBI
X'=f(x),
rae XeR", npudem X=X, =(Xyq,...,X,,) — HOJOKCHHE PABHOBECUS CUCTEMBI, T.C.
f(X,)=0. Paznmaras f(X) BOmm3m TOukm X =X, Mo ¢opmyne Teitnmopa 10 WieHOB
NIEPBOTO TOPSIKA MAIOCTH, ITOJIy9aeM CUCTEMY
X'=a, (% —Xg)+...+a, (X, =X, )+ (X),i=L...,n,

rae g; =of; /0x, ‘x:xo ,0;(X) =0(Xx—X,|) mpu X —>X,. C yderom nepenoca Hauana

KOOPJAMHAT B TOUKY X, 3aMEHOM X = X, + Y, IOJIy4HM B BEKTOPHOU 3aIIUCU
y'= Ay +,(¥), @5 (y) =0(y)) mpn y -0,
rae A=(a;); ., ABISAETCS NOCTOSHHON MATPUIIEH.

Teopema 00 ycTONYMBOCTH MO NEPBOMY HNPUOIMKEHUIO. Paccmompum

cucmemy
X"= Ax+o(t, X), xe R". (3.7)
Ilycmo npu t >0, ‘X‘ <p, pynxyus ¢ C, ‘(p(t, X)‘ < y(X)‘X‘, 1(X) >0(x—>0).
1. Ecau mampuya A umeem ece Rek; <0, mo nynesoe pewenue acumnmomu-

YyecKu yCmouyuso.
2. Eciu mampuya A umeem xoms 61 00no A ¢ Reh >0, mo nynesoe peutenue

HeyCmouyueso.
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3. B «kpumuueckom» ciyuae, m.e. koeoa MaxReA; =0, naruuue ycmoiiuuso-
CMU UIU HEYCMOUYUBOCMU 3ABUCUM He MOIbKO om mampuysl A, HO u om @yHKyuu
o(t, X) .

Jlokaxem Teopemy B city4ae, korja Bece Red; <0. OueHnum cTonbupl MaTpHIbl
e”. Dra Marpuna sBisercss GyHIAMEHTAIBHOM g cucTeMbl Y' = Ay, a ee CTOJIOIbI
v'(),...,y"(t) — pemenus oToif cucTeMbl. Kaxmoe pelieHne uMeeT BHJ
X =P (t)e" +...+ P, (t)e'", rme P;(t) — muorounen crenenu ue Boime k; -1, k; —
pa3Mep HaubOIbILIEH U3 JKOPAAHOBBIX KIETOK, comepxkammx A ;. [lycts o >0 Takoe,

uro Bce ReA;<-a<0. Torma Rer;+a<—u<0 pmns Bcex j. Hmeem

‘Pj (t)e(xjm)t < ‘Pj (t)/e“t‘ — 0 npu t — oo, 3nauwur, |P, (t)e(x"m)t <C; (0<t<m),u
‘PJ. e =|P, e e <c e
[ToaTOMY IpY HEKOTOPOM € = const UMeeM OLIEHKY
v @)f<ce k=1...n. (3.8)
®yukuuto JlsmyHoBa BeIOEpeEM B BHJIE
V(x) = [le*x dr. (3.9)
0

Pemenue cucremsl Y = Ay ¢ HauanbHbIM yenopueM Y(0) = X = (X,,...,X,)" ecTb

y(t) =e"x =xy (O +...+ xy" (1),
nockombky Y« (t) — pemennue, y kotoporo y*(0) ects k-if cTon6er; exMHNYHOM MaT-

punbl. Ciie10BaTeNbHO,

eTAX‘Z = |Y(T)|2 =y-y= Zn: dij (T)Xixj’ dij (1) = Wi (T)\Vj (7).

i,j=1

B cuny (8) ‘dij (r)‘ < c’e*. C yueToM 9TOro HepaBeHcTBa U3 (9) momydaem

ij NN Mij

V(0= 0%, b, - [d,(9dr=b,. (3.10)

i,j=1
B cuny onenku Gpynkumii d; (T) HHTErpankl OT HUX, & 3HAYMT, U MHTErpat B (9), cxo-

JISITCSL.

Haiinem dV/dt B cuy cucremsr y' = Ay. Umeem
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dv (x)
dt

_dv(y()

w , (3.11)

t=0

— %T ef‘\y(t)‘2 dr
t=0 0

y'=Ay

rae  Y(t) — pemenue cuctemsl Y’ = Ay ¢ HadanbHbIM yciaoBueMm Y(0) = X, To ecTh

2 2
y(t) = e”x. [TogpIHTErpabHOE BEIPAKEHHUE PABHO eTAetAX‘ = e(”t)AX‘ . [lepexons ot

TK S=1+1t, nomyyaem, uro Beipakenue (11) paBHo

i_[ es‘\x‘2 ds :—‘et‘\x‘2 =—|x|". (3.12)
dt < o t=0
Teneps naitnem dV /dt B cuty cucremsi (18)
dV (x)
pran (gradV (x)) - (Ax+¢(t, X)) = (gradV (x)) - Ax +(gradV (x)) - ¢(t, X) .
(7)

ITepBoe ciaraemoe ectp dV/ dt‘x,= a > 3HAYHUT, PaBHO BbIpakeHHIO (12). BrinonHum

OIICHKY BTOporo cinaraemoro. Ilonw3ysce HepaBeHcTBoM Kommm [17, 79] u cuurtas

‘bij‘éb, I, j=1,...,n, u3 (10) noayuum

i S i 2
3—:(/i = ZJZ:;bijxj , [E—ZJ < 4j2=;b§j2=;xf <4b?n|x[*, [gradV (x)|" = Izl:[g—:(/lj <
< 4b*n? |x|2 ot X)| < v(x)|x].
[TosTomy
dVv (x)
dt

1
< —|x|2 + 2bn|x|- y(x)|x| < ——|x|2
(18) 2
B TO# o0nactu, rae y(X) <1/(4bn) . Kpome toro, u3 (9) umeem V (0) =0,V (x) >0 npu
X# 0. CnenoBarensHo, V(X) — dyrkmus JlsmyHoBa st cucteMbl (7), U HYJICBOE

pelieHrue aCUMNTOTUYECKH YCTOMYHMBO MO 00 aCUMITOTUYECKON YCTOWYMBOCTH (CM.
naparpa¢ 2 Hacrosiero nocoous). /loxazarenbctBa yTBepxkAeHHUA 2) U 3) MOXKHO
HaWTH, Harpumep, B [17, 50].

Paccmorpum crnenyromumii npumep. MccinenyeM yCTOMYHMBOCTH MOJIOKEHUS
paBHoBecus X=0, y=0 cucremsl

6

X=—X+Yy+2x"'—vy°
y=xXx-3y+11y”.
(3.13)
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Henunelinbie 4ieHbl YIOBICTBOPSIOT YCIOBHUSAM TEOPEMBI 00 YCTOMYMBOCTH TIO TIEP-
BOMY IIpUOIMKeHUI0. PaccMOTpUM cucTteMy mepBOro mpuOIMKEeHHUS
X=—x+Y,
{y =x—-3y.
3anuiineM XxapakTepUCTUUECKOE YPaBHEHUE
-1-k 1
1 -3-k

(3.14)

‘:o.

OHO uMeeT OTpHIaTeIbHBIE KOPHH k1:—2+\/§ , k2=—2—\/§ . CiemoBaTennHO, Ha

OCHOBaHUU TEOPEMBI 00 YCTONYMBOCTH MO MEPBOMY MPUOIMKEHHUIO TOJI0KEHUE PaB-

HoBecusi X=0, y=0 cucrem (13) u (14) acuMOTOTUYECKH YCTONYHBO.

Jlanee, B KauecTBE NpUMEpPA PACCMOTPUM ypaBHEHHE KOJIEOaHUSI MasTHUKA

X+ax+bsin x=0. (3.15)
3/1ech X — yroj OTKJIOHEHUS MasTHHKA OT BEPTHKAJIHU.YpaBHeHUIO (15) cOOTBETCTBY-
€T CUCTEMa

X=Y,
{. oo (3.16)
y =—ax —bsin x.

[TonmosxeHussMU paBHOBECHSI CUCTEMBI (16) SIBISFOTCS TOUKU
x=km (k memoe), y=0. (3.17)
Hccnenyem Ha ycToiunBocTh Touky X =0, y =0, momygaromyrocs u3 (17) mpu k =0.

Hcnonb3ys paznoxeHue

) X3
SiNX=X——+...,
3!

3aMuIlIeM CUCTEMY TIEPBOTO PUOIMKEHUS

X=Y,
{y =—px—ay,
(3.18)
XapaKTEpUCTUYECKOE YPaBHEHUE KOTOPOH
A +ar+b=0.
(3.19)

Ecmm a>0, b>0, To xopan ypaBHeHHs (5.15) UMEIOT OTpHUIIATEIHHBIC BEIIECTBCH-

HBIC YaCTH, W, CICAOBATEIIbHO, TOJIoKeHHEe paBHOBecuss X =0, y=0 ycroiunBo 1o

NEePBOMY MPUOIHKEHUIO.
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Hccnenyem Ha yctoitunBocTh Touky (7, 0), uro coorBercTByeT K =1. Mcmosnb-

3ysl pa3joKEeHUE

(x=m)°

sinx=—(x—m)+

3!
" IICPCHOCA Ha4aJ 10 KOOPANHAT B TOUKY X=1T, y = 0 , IOJIYYUM CUCTEMY
X=y,
{ =Y (3.20)
y =bx — ay.

Xapakrepuctuyeckoe ypaBHeHue s (20) umeeT Bua

A +aA-b=0. (3.21)
[lpu a>0, b>0 kopHH 3TOTO ypaBHEHHS OYyAyT ACHCTBUTEIBHBIMU M Pa3HBIX 3Ha-
koB. CrienoBatenbHo, Touka (7, 0) sBIsieTcs HEyCTOWYMBON TOYKOW JJISI CUCTEMBI
(20).

Jlanee paccMOTpHUM CIIEIYIOIIMN MPUMEP UCCIEIOBAHUSI YCTOMYMBOCTU. Tpe-
OyeTrcsi MPOBECTH aHAJIM3 YCTOWYMBOCTH IOJIoKeHHs1 paBHOBecuss X =0, y=0 cuc-
TEMBI

{X= y—xf(x,y),
y=—x=yf(xy),
(3.22)
rae pyukuus f(X,y) pasnaraercs B cxomsimuiics crenernoi psaa f(0,0) =0.

.HI/IHeapI/ISOBaHHaﬂ CHCTCMaA NMCCT BU/J

X=Y,
y=—X.

(3.23)
XapaKkTepUCTUUECKOE YpaBHEHHUE CUCTEMBI (23)
-k 1
1 =0, wm k*+1=0 (3.24)

uMeeT YucTo MHUMBIE KOpHH K, ,==%i. Touka mokos (0, 0) cucremsl mepBoro mnpu-

onmkenus (23) ycroitunBa (ueHTp). Tak Kak AeHCTBUTEIbHbIE YAaCTH KOPHEHW Xapak-
TEPUCTUYECKOTO ypaBHEHMsI (24) paBHBI HYIIO, TO COTJIACHO 3aMEUaHUIO BOMPOC 00

ycToiunBocTd TOYKU 1OKOs (0, 0) TpeOyeT MOomoTHUTENBHOTO HccienoBanus. Jlis
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HCCIICIOBaHMS Ha yCTOMYMBOCTE HyJieBoro pemenus (0, 0) cucremsr (22) nmpuMeHHM
y 1 y
BTOpOi Metox JIsmyHoBa. Beidepem V (X, y) = 5 (x*+ y?), 3aTeM Haiinem

dv 2 2
—=—(Xx f(x,y).
it (X +y?) f(xy)

Ecmu f(X,y)>0 B mocraroyHo Mayioil OKPECTHOCTHM Haydaja KOOPIHMHAT, TO
touka 1mokos (0, 0) ycroitunBa; ecim f (X,Y) — HMOJOKUTEIBHO onpe/ieieHHas (QyHK-
M B HEKOTOPOUM OKPECTHOCTH Hadaja KOOpAWHAT, TO Touka mokos (0, 0) acumriro-
THYeCKU yctorumBa; ecim f(X,y) <0 B JOCTAaTOYHO MaJIoW OKPECTHOCTH Hadajia Ko-
opauHat, To Touka mokost (0, 0) HeycToluMBa. DTOT NPUMEP HLIIOCTPUPYET TOT
¢dakT, 9TO B HEKOTOPBIX CIydasx HENb3sS CYAUTh 00 YCTOWYHUBOCTU TOUYKH ITOKOS IIO
epPBOMY MPUOIMKEHUIO.

CymiecTByOT ajlredpandyeckue KpUTEPUM YCTOMUMBOCTU JIMHEHHBIX CHUCTEM,
KOTOpBIE YAOOHO MCIIOIB30BaTh B 3aja4yax yCTOMUMBOCTH. HekoTopbie anrebpaunde-

CKHE KPUTEPUHU PACCMOTPEHBI B §5 HACTOAILETO MMOCOOHS.
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§ 4. MeToabl uccjieJ0BaHUA YCTOMYMBOCTH 10 7KyKOBCKOMY

4.1. Heo0XxoauMble U JOCTATOYHbIE YCJI0BHUS YCTOMUMBOCTH N0 KyKOBCKO-
My. YcroilunBocTh mo JKykoBckoMy OyaeM H3ydaTh C MOMOIIBIO OPTOrOHAIBHOU
penapamMeTpu3alnu. YKa3aHHasi OpTOrOHAJIbHAS penapaMeTpU3alns CYIECTBYET JJIst
C’-ramKoil cucTeMsl nuddepeHnanbHbIX YpaBHEHUHN, ONpPECICHHON Ha OrpaHu-
YEHHOM MHOXKECTBE EBKJIMJIOBA NPOCTPAHCTBA R, €CIIM HAa 3aMBIKAHMH MHOXKECTBA
OTCYTCTBYIOT COCTOSIHUSI PABHOBECHS. Y CTAHOBJICHHE YCIIOBUM CYIIECTBOBAHUS Op-
TOTOHAJIBHOW penapaMeTpHu3aluy MO3BOJIUIO PAa3BUTh METOJ UCCIEAOBAHUS yCTOM-
yuBOCTH MO JKYyKOBCKOMY TpaeKTOpUid C MOMONIbIO YPAaBHEHUU B BapHaIUsAX
H.E. XXyxoBckoro [21]. DTOT MeTOa SIBIAETCS pacHpOCTpaHEHHUEM METOJa UCCIEI0-
BAHUU JISAAIIYHOBCKOM YCTOMYMBOCTH C MOMOILBIO ypaBHEHUN B Bapuauusax [lyankape
Ha CIIy4ail UCCIEN0BaHUs YCTOMYMBOCTH 110 JKyKOBCKOMY.

Paccmorpum C 2-rnam<y}0 cucteMy auddepeHInanbHbIX YpaBHEHUH, KOTOPYIO

3amnuileM B BUJIC YPaBHEHUS B BEKTOpHOU (opme

dx =
a:g(x), geC?*(X ->R", g(X)#0, VxeX, (4.1)
rae X < R" — orpanndeHHOEe MHOKECTBO, Ha 3aMBIKAaHUH KOTOPOTO ypaBHeHwHe (1) He
MMEET COCTOSHUN PABHOBECHSI.

OproronanbHas penapamerpusarus h(t) momyrpaexropuit C'(p) ypapnenus (1)
MO3BOJIAET OMPEJIEIUTH HOBOE PACCTOSHUE MEXKITY N300pakaroIMMU TOYKaMH HEBO3-
MyIeHHo# noyTpaekTopun C'(p) 1 Bo3MyIueHHOi nonyrpaekropun C' () paccmar-
puBaeMoit quddepeHIanbHON cucTeMbl, mpudeM ¢GyHkus h(t) mpuHaIEKUT MHO-
KECTBY Xy U OOECIEYNBAET OPTOTOHAIBHOCTD TOJIYTPAEKTOPHH C"'(p) u BekTOpa
@(h(t), @) - o(t, p).

B kauecTBe pacCcTOSIHUS IPUMEM JITHHY

Fon(t, P, ) ::= l(h(t), a) — o(t, )| (4.2)
sekTopa Y(t) ::= o(h(t), q) — o(t, p), opToronansHoro k noayrpaekropuu C"(p) B Tou-

ke ¢(t, p), roe ¢pynakmms h: R{Or — RtJOr , h(t,) =t,, sBIsieTCS HETOKIECTBEHHBIM TOMEO-

MOpPHU3IMOM Rt+0 Ha ce0s TaKo, 4TO MPHU BCEX 3HAUEHUAX 1 >1; BBITIOMHACTCS YCIOBHE

y*(®) 9(e(t, p)) = 0. (4.3)

Nmeetr mecTo crenyroiiee yrepxacaue [21].
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Mpemnoxenne 4.1. ITycms 1) f(X) 1 X > R" — gymryus knacca C* na ozpanu-
uennom muoxcecmese X < R" maxas, umo

*(X) g(x) 20 Vxe X, (4.4)

2) o(t, p) Vte Rtg , o(to, p) = p, — pewenue ypasnenus (1). Toeoa ons nobozo

yucna ©>0 cywecmeyem uucno & =9(t, t) >0 maxoe, umo 0ns Kaxcoou mouxu
qeBs(p) umeemces cranspuas ynkyus h(t)eZ, ons komopou npu ecex te[ty, to+t)
BbINOTHEHO
y*(t) f(o(t, p)) = 0. (4.5)
W3 npennoxkenus 4.1 BeiTekaeT, uro npu f(X) =g(X) Ha KOHEYHOM OTpe3Ke Bpe-
MCHH MOXKHO M3MEPATh PACCTOSHUEC MEXIy OJU3KMMU B HAYaJbHBIH MOMEHT IIOJIY-
TPAEeKTOPUSAMH TPHU TIOMOIIH JIMHBI MEPICHINKY/IApa, OCHOBAaHHE KOTOPOIro HeEmpe-
PBIBHO JBHYKETCS TI0 OJJHOM M3 MOTYTPACKTOPHIA.
Mpennoxenne 4.2. [lycmo norympaexmopus C'(p) pewenus ¢(t, p), ¢o(to, p)=p,
ypasuenust (1) yemouiuusa 6 cmvicie JKykosckoeo. Toeoa cywecmeyem uucio 5=93(tp) >0

maxoe, umo 0ns kaxcoou mouku qe€Bs(p) umeemcs napamempusayusn h(t)eZy,, oz

KOMOpOU umeem Mecmo COOMHOULEHUE
y*(t) 9(e(t, p)) =0 Vit (4.6)
JleficTBUTENHHO, HA OCHOBAHUH MpeIoKeHUs 4.1 BO3MOKHO OIMPEACIIUTh YnC-
70 &; > 0 takoe, Mg KoToporo cymiectByer pyukuus h(t), ymosaerBopsromas (10)
npu te[ty, to+t]. B cuny cBoiicTBa ycroitunBocTr mo JKyKOBCKOMY MOJTyTPacKTOPHH
C(p) ypaBuenus (1) cymiecTByet Takoe 4yuciio o > 0, 4to

[lo(ha(), @) — @(h2(t), P)Il <81 Vi=1o, (4.7)
pu HEeKOTOphIX hy, €y u npowmssonbHol Toukn eBs (p). Paccmorpum Bo3My-

menHoe apwkenue ¢(t, q) ypasaenus (1), rae qeBs(p). Mmeem
H(P(hl(hgl (to + T))’ Q) - (P(to +7, p)H <3,.
[MTomosxxum h(t) ;= hl(hgl(t)). OuesnjiHo, uto heZy,. MmeeT MecTo onenka

Fon(totT, P, ) < 34, (4.8)

rae Fon(t P, 0) = o(h(t), a) — o(t, p)l.
[To mpemnoxenuro 4.1 u3 HepaBeHcTBa (8) cieayer, yro mapamerpusaius h(t)
MOET OBITh MOCTpOoeHa Ha oTpe3ke [ly, to+21]. Tak kak (7) BBIMONHAETCS TPU BCEX

t > 1, TO 114 MPaBOro KOHIIA IIPOMEXYTKA UMEEM
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Foh (P((t0+2T! p)! C+(q)) < 8y.
IToaTOMy MOKHO HPOAOILKUTH HocTpoeHue h(t) u, 3Ha4MT, I, HAa OTPE3OK
[to, to+37]. AHasOrMYHBIM 00pa3oM MOKHO mocTpouTh GyHKIHoo h(t) co cBoiicTBOM

(6) nuis Bcex 3HadeHM te[ty, 00) 1 TeM caMbIM ONPENEIUTh PACCTOSHUE [, COOTHO-

+
menneM (2) na muoectse R, . Takum o0pasom, npessioxkenue 4.2 10Ka3aHo.

0

Mpennoxenne 4.3. [na moeco umobvr nonympaexmopus C'(p) pewenus

o(t, p), teR., o(to, p) = p, ypasuenus (1) o6vi1a 1) ycmotiuusoii no JKykoseckomy, ne-

00X00UMO U docmamouno, Ymoobwl a) 011 106020 uucia €>0 cywecmsosano uucio

&= 8(g) >0 makoe, umo ona xasxcoou mouku q<Bs(p) Pynxyus ron(t, P, ) onpedene-

Ha npu ecex '[eRt*O u gvinonneno nHepagencmeo ryn(t, P, q)<e Vit 2) acumnmo-

muvecku ycmouyugou no Kykoeckomy, Heob6xX00uMo u 00CMaAmo4Ho, 4moodwvl ObLIO
8LINOJIHEHO BblULEYKA3AHHOe YCa08ue a) u ycaosue 0) cywecmeyem uucio A>0 maxkoe,
umo Ton(t, p, ) — 0, t —> oo, VqeBa(p).

JlelicTBUTEILHO, HEOOXOAUMOCTh ciieayeT u3 mnpeninoxkeHun 4.2. JlocraTou-
HOCTh BBITEKAET U3 onpeneneHus 1.12 maparpada 1 nacrosiiero mocoous.

Mpenaoxenne 4.4. /{na mozo umobwsl nonympaekmopus C'(p) pewenus ¢(t, p),

te R;; , 0(t, P) =P, ypasuenus (1) 6vira neycmoiiuusoti no Kykosckomy, HeobxXo0umo

U 00CmMamo4HoO 8bINOHEHUEe YCa08us. cywecmsyem uucio €>0, npu komopom 04
06020 uucaa &> 0 natioemes mouxa q<Bs(p) maxas, umo npu nexomopom 3naue-

HuW T >t OyOem 8bINOIHEHO HEPABEHCMEO I, i (t . P, q) >g.

CrnpaBeIMBOCTh Tipeniokenus 4 .4 cnenayer u3 npenioxenus 4.3 u Toro ¢ak-
Ta, UYTO CBOMCTBO HEYCTOMYMBOCTH ITOJIYTPACKTOPUH SBJISETCS OTPULIAHUEM CBOMCTBA
€€ YCTOMYHUBOCTH.

N3 npennioxennii 4.3, 4.4 BBITEKAET, UTO ONPEAECIEHUS PA3JIMYHBIX TUIIOB yC-

TONYUBOCTH 110 JKYKOBCKOMY MOXXHO C(OPMYJIUPOBATH CIICTYIOIIUM 00pa30M.

Ounpenenenne 4.1. [onyrpaexropus C"(p) pemenus ¢(t, p), teR, o(t,p) = p,

ypaBHeHHs (1) MPOM3BOJIBHOTO Kjlacca TJIaJAKOCTH Has3bIBaeTcs 1) ycmouiuueoi no
JKykosckomy, ecnu uist aoboro umcia €>0 cymectByer uncio O = 8(g) >0 Takoe,

uTO JUIs KakI0U Touku € Bs(p) cymectByeT ynkums r,p, onpenenennas na RY, u
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MpU KaKIOM teR; BBINONHEHO HEPABEHCTBO Iy (t, p,q)<e vi>t, 2)acumnmo-

muyecku ycmoudugou no Kykoeckomy, ecnm oHa ycronumsa 1o JKykoBCKOMY U Cy-
mectByeT A>0 Takoe, uTo l,h(t, P, q) > 0, t— +oo, VQqeBa(p), 3) reycmotiuusoii
no /Kykoeckomy, €Clii OHA HE SIBIAETCS YCTOMYMBOU 110 JKyKOBCKOMY.

Tak kak ¢yakmus (2) ectb Hopma BekTop-¢yHKIUHU Y(t), TO ycoBus 2) BbIIIe-
[IPUBEACHHOTO OIPEICIICHUS SIBISAIOTCS YCIOBUAMU aCUMIITOTUYECKON YCTOMYMBOCTH
B cMbIcie JISIyHOBA HyJIEBOTO PELIEHUS! HEKOTOPOI'O BCIIOMOTaTEIbHOTO YPABHEHHSI.

[TpownsBoHas ot h o t MoXeT OBITH IIpeICTaBICHA B BHJIC

L o1-Tg*(a0)f (mﬂ)]{g (00 500) ]+

4 f *(wl(t))%(cpl(t))}y(t)+O(\y(t)\2), (4.9)

C nomompto paBerctBa (7) npu f(X) = g(X) HeTpymHO MOKa3aTh, YTO MPO-
n3BojHas Y(t) Bekrop-¢yukimu Y(t) B cry ypaBuenwus (1) npu ycnosuu (3) paBHa
dy
i Alt)y+R(t,y), (4.10)

rae matpuna A(t) umeeT Bua

A® =2 (ot »)-la(ott, P))| " g(ott, P))g" (ott )

0 o )
x{é—i(cp(t, p))+[a—§(cp(t, p))j } (4.11)

npudeM Bektop-GyHkims R(t, Y) ynoBieTBopseT ycIoBusM BUIa

R y)| = 0y®), g*(o(t PR, y(©) =0. (4.12)

Tax kak |y(t)] = ron = p(o(t, ), C'(p)), TO M3 ACUMNTOTHYECKON YCTOWUUBOCTH HyJIE-

Boro pemieHus Yy = 0 ypaBHenus (10) BeITEKaeT B CUITy BBINICTIPUBEIECHHOTO OIpese-

JNleHMsl aCUMIITOTHYECKas ycToiumBocTh 10 JKykoBckomy mosyTpaextopuu C(p)

ypaBHeHus (1), ecnu TONbKO HayaidbHble 3HaUYeHUS (o, P) BO3MYILIEHHBIX PEUICHUN
YIOBIIETBOPSIIOT CBOMCTBY Y*(to)g(p) = 0.

Jns acuMnTOTHYECKOW yCTOMYMBOCTH MO JKyKOBCKOMY MOJyTPAacKTOPUHU

C"(p) ypaBuenus (1) nocTaTouHo, 4yToOBl HyNEeBOe pelieHue Y =0 IMHEHHOro ypas-

Henust dy/dt=A(t)y ObL1O SKCIIOHEHIIHAILHO YCTOHUNBBIM, €CIIH TOJBKO BBIMOJHEHO

ycnosue Y*(1)g(o(t, p)) = 0 npu Bcex 3HaueHusx t >ty [21, 46].
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4.2. Ypasnenne B Bapuanusix. O6osHauum uepes o¢(t, p), t er;, pemienue

ypaBHeHus (1), mpoxopsiiee yepe3 ToUuky peX, a uepes ¢(t, ) — peuicHue ypaBHe-

Hus (1), mpoxoasiee yepe3 TOUKY (| B MOMEHT BpeMeHHu t, t € R;(r) . JIBmxeHue, onu-

CbIBACMOC IICPBBIM PCIICHUCM, HA30BEM HE603MYUIE€HHbIM (5&306bl]l/l), a JIBHUIKCHHC,
OIIMCBIBACMOC BTOPBIM PCIICHUCM — 803M)ULEHHbIM (OKOJZbelM).

Oo6o3naunm yepe3 h(t) pemapamerpusanuio BpeMeHH B ypaBHeHuu (1), rme

. + + _ o o
h: RtO — RtO , N(ty) = to, — HETOXKIECTBEHHBIN TOMEOMOP(HHU3M R; Ha ce0s Tako, 4To

y*g(o(t, p)) = 0 ms moboro t >ty m y(t) ::= e(h(t), ) — o(t, p) — BekTOp, OpTOrOHAIB-
Hbl K nonyTtpaektopuu C'(p) B Touke ¢(t, p).
W3 npennoxenns 4.1 BeITEKaeT, 4YT0 TUPPEpEHIMATBLHOE YPaBHEHUE I BEK-

Topa Bo3MmymeHus Y(t) MOKHO 3amucaTh B BHJIC

%:g(@(h(t)’q))h(t)_g(@(t, p)). (4.13)

[Tocne npeoOpazoBanuii ypaBuenue (13) npumer BuU
dy _o(o(t.p)) - 9" (e(t. p))(Pa(elt, p))) ¥(t)
a 9" (o(h(t).a))g(o(t. p))
<g(o(n(t).a)) - o(elt.p)). (414)

O003Ha4YMB NpaByIo YacTh ypaBHeHus (14) uepe3 O(t, y), momyunm

d
d—?[/:(D(t,y). (4.15)

VYpaBuenue (15) Ha30BeM ypasHenuem 803MYUWEHHOU NOIYMPAEKMOPUU, COOT-
BercTByromuM pasnocta ¢(h(t), q) —o(t, p) Bo3MylIEeHHOr0 penapamMeTpU30BaHHOTO
nswxerns @(h(t), q) u 6azooro aemxeHus ¢(t, p).

[Ipennonaraercs, yTto mpaBas yacTh (15) ompeaeneHa Ha MHOXKECTBE R'xD,
D cR", u pemenne y = y(t), yaosiaerBopsiomiee yeaoBuio y(ty) = 0 — P, He BBIXOIUT
u3 obnacrtu D.

Pasnaras npaByto yacts B psia Teisopa, 3anuiieM ypasHeHue (15) B Buze

%zA(t))HR(t, y), va(e(t p))=0, (4.16)

rac
A(t) :=Alo(t, p)), (4.17)
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npudeM omeparop A(X) ompexemsercs ciaemyroumm obpasom: A(X) = gy —|g | x
x99 [0« + g:]. JIuneitnoit actu ypasrenus (19) COOTBETCTBYET N-MepHOE JIMHEIHOE

HEaBTOHOMHOE YPaBHEHHUE

% =A(t)y (4.18)
C YYETOM YCJIOBHSI, YTO BEKTOP Y meprneHaukyisaper Bekropy g(o(t, p)):
y*9(e(t, p)) = 0, y* = (Y1, ... Yn)™ (4.19)
Henunelinplil uieH B ypaBHeHHH (16) yIOBIETBOPSIET YCIOBUAM
Rt y)I =0(y ), (4.20)
g*(e(t, P)R(L, y(1)) =0. (4.21)

PaBenctBo (21) cneayeT u3 Toro, uTo HelnMHEHHOE ypaBHeHue (19) u nuHeHoe
ypaBHeHue (18) ob6manaroT nmepesiM HHTErpasioM Buaa y*g(o(t, p)) = const.
Jluneiinoe N-mepHoe ypaBHenue (18) nmpu ycnosuwu (19) HabiBaeTCsl ypasHenuem

6 sapuayusx JKykosckoeo Bnoab nBrwkeHus: @(t, p) OTHOCUTEIBHO permapaMeTpu3a-
uu h(t).

4.3. llpunnun cBenenus. Paccmotpum auddepennmansHoe ypaBuenue (1) u
ypaBHCHHE BO3MYyIlIeHHOW moayTpaekropuu (15). ChopMmyaupyeMm mpeioKeHue,
CYIIIHOCTh KOTOPOTO COCTOWT B YCTAHOBJCHHMM TPHUHIMIIA CBEACHUS 3a7add 00 yc-
ToiunBOCTH 10 JKYKOBCKOMY K 3a/1aue 00 yCTOMYUBOCTH 110 JISTyHOBY.

Ipennoxenne 4.5. Ilycmo y(t) ecmov pewenue ypasnenus (15) ¢ nauanvuviv
yenosuem y(to) = q—p. Ecu mpaexmopus C'(p) ypasnenus (1) ycmoiiuusa (co-
OMBEMCMBEHHO ACUMNMOMUYECKU YCIMOUYUBA HEYCMOouuuea) no JKyKkoeckomy, mo
pewenue () ypasnenus (15) sozmywennoit mpaexmopuu ycmoiuugo no Jlanynosy
(coomeemcmeenno acumnmomudecku yCmouyugo, Heycmouuyuso no Jlanynogy). U
obpamno, eciu pewenue \Y(t) ypasnenus (15) eosmywennoti mpaekmopuu ycmoudu-
60 (coomeemcmeeHHO acuMnmMoOmuyecku yCmouyueo, Heycmouuuso) no Jlanynosy,
mo mpaexmopusi C'(p) ypasnenus (1) yemoiiuuea (coomeemcmeenno acumnmomu-
YecKu YCMouyusd, Heycmouuusa) no JKyKkoeckomy.

JelicTBUTENBHO, NpeasiokeHue 4.5 ciielyeT U3 onpeaeaeHud yCTOHYMBOCTH 10
JIsmyHOBY 1 ycToitunBocTH 10 JKyKOBCKOMY, a TakKe U3 paBeHCTBa Iy n(t, P, ) = Y(t)
u npejyioxennii 4.1 u 4.2.

CrnenctBueM mnpeioxkenus 4.5 spisieTcs

62



Ipennoxenne 4.6. I[Iycmv 1) cocmosinue pasnosecusi y =0 uenunetinozo
ypasuenusi (16) ycmotiuueo (coomeemcmeenno acumnmomuyecku yCcmouyueo, He-

yemouuueo) no  Jlanynogy, 2) HauaivHvle OaHHble YOO0BIEMEOPSIOM  YCIOBUIO

Y (t)g(¢(to, p)) = 0. Tozcda nonympaexmopus C*(p) pewenus o(t, p), t € R. , ypase-

nus (1) yemotiuusa (coomseemcmeeHno acuMnmomuiecky yCmouyusd, Heycmoudusa)
no Kyxosckomy.
PaccmoTpuMm Teneps apyryro pernapamerpusanmio H(t) Ha Bo3MylneHHON Tpa-
extopun C () Takyro, 4To
(o(H(1), 9) - o(t, p)) f(o(t, p)) =0, (4.22)
rie f:X—>R" — mexoropas mBaxasl auddepeHimpyemMas (QYHKIHS Takas, duTO
f (X)g(x) 20 VxeX. Ilo mpemnoxennio 4.2 cymectByer pemapamerpusamus H(t)
CO CBOMCTBOM
f)g(x) =0 VxeX, (4.23)
npudem H(t) mMoxer ObITh mOCTpoeHa iss Bcex naBmxkeHud o(t, ) ¢ HavaIbHBI-
MH TOYKaMHU (], JTOCTATOYHO OJM3KUMH K TOYKE P Ha JIFOOOM BPEMEHHOM OTpE3Ke
[to, totT] mmHBl T. PenmapameTrpu3zoBaHHOMY Bo3MyieHHOMY aBrkeHHo @(H(t), Q)
IIOCTAaBUM B COOTBETCTBHE CKaJsIpHYI0 GyHKuuio ron(t, p,q)::= |e(H(1), g)—o(t, p)l,
KOTOpasi COOTBETCTBYET PACCTOSHUIO MEXAy H3o0pakaromein Toukoit {o(t, p)} He-
BO3MYIIeHHOM monyTpaektopun C'(p) u  Bo3MymeHHOI nomyTtpaekropueit C'(Q).
Amnanornuno 3amenoit U = @(H(t), q) —¢(t, p) moay4yum HelMHEHHOE ypaBHEHHE BO3-

MYLIEHHOU TPAaeKTOPUHU

du
P F(t,u), (4.24)
sBISTIOLIeecs aHaioroM ypasrerust (15). OGo3HaunM depes  (t) pelicHie ypaBHe-
Hust (24) ¢ HadaabHBIM ycioBHeM ¥ (to) = q—p.

IIpennoxenne 4.7 (0600mmeHne TpUHIMNA CBeNeHus). [lycmb peuieHue \|/*(t)

ypasnenus (24) yemotiuuso (coomeemcmeeHno acuMnmomu4ecKu yCmouyueo, Heyc-

moiuiuueo) no Jlanynosy. Tocoa mpaexmopus peutenus ¢(t) = o(t, p),t e Rt; , ypaehe-

nus (1) yemoituusa (acumnmomuuecku yemouuusa, neycmouuusa) no XKykoeckomy.
U obpamno, nycmo mpaexmopus pewrernus O(t) ypasuenus (1) yemotiuuea (coomeem-

CMBEHHO ACUMNMOMuU4ecKu ycmouuusa, Heycmouuusa) no Kykoeckomy. Tozoa pe-
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wienue \y (t) ypasnenus (24) yemotiuuso (coomeemcmeenHo acumnmomuuecku yc-
MOU4UBO, HEYCMOUUUB0) no JLnynosy.

JlokaszaTeabCTBO MpeIoKeHHsl 4.7 BBITEKAaeT U3 MPEUIOKEHUS 4.5 U COOTHO-
menuit (22), (23).

Pa3znaras npaByto yactb ypaBHeHus (24) B pan Teisiopa, moaydum
W =B(tu+R(tU), B(t):=B(o(t, p)), (4.25)
uf(e(t, p)) =0, (4.26)

rie matpuna B(X) umeet Bua

*

B(x) ::=Z—i(x)—[g*(x)f(x)]_lg(x)x{f*(x)a_g(x)+g*(x)%(x)}, (4.27)

OX

a ¢yakuus R ynosnerBopsiet yciaousim (20), (21).

Jluneitnoe n-mepHoe nudepeHnnanrbHoe ypaBHEHHE BUIA

du _
4t =B0Ou, (4.28)
u” f(o(t, p)) =0, (4.29)

Ha3bIBACTCS ypasHeHUeM 8 apuayusix KyKo8cKko2o OmMHOCUMENbHO Penapamempusa-
yuu H(t).

ITpu f(X) =g(X) ypaBHenue (28) coBmagaer ¢ ypaBHeHHEeM B Bapuarusax (18),
MOCKOJIbKY B 3TOM citydae A(X) = B(X) ms mrodoro XeX.

CnencrBuem npeanoxenus 4.7 sBaseTcs

Ipennoxenne 4.8. [Tycmob 1) cocmosinue pasnosecust u =0 nenuneiino2o ypas-
nenust (24) yemoiiuugo (coomeemcmeeHno acuMnmomu4ecky yCmouduso, Heycmou-

yueo) no Jlanynosy, 2) Hauaivhvle  OaHHbIE — VOOGLEMBOPSIOM  VCIOGUIO

u"(to) 9(o(to, p)) = 0. Toeda norympaexmopus pewenus ot, p), te RtJ; , ypaenenus (1)

yemouuusa (coomeemcmeeHHO aCUMNMOMUYECKU YCMOUYUsa, Heycmouuusa) no Jy-
KOBCKOM).
HeTpynHo mokasaTh, YTO PacCTOSHUSA loh U Iy TOIOJOTMYECKH DKBHBAJICHT-
HbI. J[EHCTBUTENBHO, PACCTOSHHUA [y U I'p 00JAJAIOT CIETYIOIIUM CBONCTBOM:
3c>0 rent, p, q) < reu(t, p, g) < cren(t, p, 9),

TJI€ ¢ ONpeeIAeTCs PABEHCTBOM

min (g"(x) f (x))

C= ’
max (|g(x)| f (x)])
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r1¢ MUHUMYM M MAKCUMYM BBIYMCIISIIOTCA JUISL TOUCK X € X . Tononorunueckas SKBH-

BaJICHTHOCTb HOPM [, U [, TIOKA3BIBAET, YTO XapaKTep yCToiuuBocTH 1o JKyKoB-
CKOMY HEBO3MYUIEHHOW TpaeKTOPUU HE 3aBUCUT OT BbIOOpAa HOPMAJIbHOM pemnapa-
MeTpH3aliy. YKa3aHHbIH (PakT JaeT OCHOBAaHHME HA3bIBATh YPaBHEHHS B BapHaIUsIX
IIPU Pa3IMYHOM BbIOOpPE HOPMAIbHOW penapameTpU3aluu IPOCTO ypasHeHuem 8 6a-
puayusx Kykoeckoeo ommnocumenvHo nesosmyweHnou mpaekmopuu (HE yKa3blBas

UCIIOJIB3yEMYIO perapaMeTpu3aliuio).

4.4. Yca0BHA YCTOMYMBOCTH 0 NEPBOMY NpHOJIMKeHUI0. PaccMoTpuM n1a-
Jiee BOMPOC O PEeayKUMU N-MEPHOTO ypaBHEHHsA B Bapuanusix JKyKOBCKOTO K 3K-
BUBaJICHTHOMY (N—1)-MepHOMY ypaBHEHHIO. B crily Hamuuusi mepBOro WHTErpaja
y g(p(t, p)) =const mopsmok ypaHeHHs B Bapuammsx YKykosckoro (18) MOxHO mo-
HU3UTh Ha equHuiy. [loatomy Nn-mMepHoe nuHeiHOe ypaBHeHue (18) MoxkeT ObITH

cBe/ieHO K (N—1)-MepHOMY JIMHEHHOMY ypaBHEHHIO BHIQ

-%:G%hmz,zERW{ (4.30)
rae Gy n(t) —HexkoTopas MaTpudHas QyHKIMS, alTOPUTM NOTyUSHUS KOTOPOil onucaH
HIDKE.

[Toctpoum matpuiry Q(X) pazmepos (n—1)x(n—1) creayromum obpazomM. B ka-
YeCTBE CTOJIOLOB ATOW MATPHIIBI TPUMEM OPTOHOPMHPOBAHHBIN 0a3uC, MPUYEM KO-

OpIIMHATBI TEPBOTO CTOJOIA COBNANAKOT € KOOPAMHATAMH BEKTOpa g(X)/|g(X)|
(c oTGpachIBaHHEM OIHOI KoopauHaThI). Jlerko mpoBeputb, uto Q (X) = Q7 Y(X) u

s Beex Y, Y g(X) =0, nmeer mecto Q(X)y = (O, Z)*, zeR" Kpome Ttoro, mmeem
Q9909 = (1), 0, ..., 0)"
Hcnonszyem B (18) 3ameny
Z=Q (o, p))y, ZeR". (4.31)
Nmeem
dz _

-0 (o(t ) A(o(t, PQ(o(t P))-Q"(o(t, P)) 5 Q(o(t P)7.

dt
7’| Q@ (o(t. ) g(o(t. p))|=0. (432

CooTtHomieHue (32) BBITIOIHSAETCS TOTA U TOJIBKO TOT/Ia, KOTJa BEKTOP Z MPe.-

* -1
craBuMm B Buze Z = (0, 2) , zeR" .
65



Jlerko moka3zath, 4To (NxN)-mMarpuna ypaBHeHus (18) mpemcraBuMa cliieayro-
muM obpasom: HepBbiii cronben — Bextop a(e(t, p)) = (ai(e(t, p)), axo(t, p)), ...,
an(oft, p)))*, OCTaBIIAsICSA TOAMATPHUIIA COACPKUT HYJICBYIO CTPOKY W MATPHILY
D(o(t, p)) pasmepos (n—1)x(n-1). ITostomy ypaBuenue (18) paBHOCHMIBHO (N—1)-
MepHOMY JnuHelHoMy ypaBHeHHio (30): ecmu Yy =Y(f) ects pemeHue N-MEpHOTO
ypaBHeHus (18), To z = z(t) ectb pemenue (N—1)-mepuoro ypasuenus (30). 1 oOpart-
Ho, eciu Z = Z(t) — pemenue ypaBaenus (30), To y(t) = Q(o(t, p))(0, Z(t))* eCTh pellie-
Hue ypaBHeHus (18).

Urak, (n—1)-mepHoe ypaBaenue (30) u N-mepHoe ypaBHeHue (18) B Bapuaiusix
JKykoBckoro sxBuBaienTHsI, mpuueM G, n(t) = D(o(t, p)).

AHaNOrMYyHO MOKHO TMOKa3aTh, YTO JUHEIHOE N-MepHOE ypaBHEHHE (28) mpu
ycnoBur (29) MOXKET OBITh PEAYIMPOBAHO K 3KBUBAJICHTHOMY (N—1)-MepHOMY JHU-

HEWUHOMY YPAaBHEHHIO

% =G, ,(t)z, zeR", (4.33)

rae G, n —HeKoTopask HempepbIBHAs MaTpuna pa3mepos (N—1)x(n-1).

Jis m3ydeHuss ycTOWYuBOCTH 1O JKYKOBCKOMY IO TIEPBOMY TPHOJIFIKEHUIO
paccMaTpuBaeTCs 3a/laya 0 COXPAHECHUU 3aJIaHHOT'O CBOWMCTBA MPHU MAaJIbIX BO3MYIIIE-
HUsAX. IMeroTest pa3inmyHble TIOCTAHOBKHU 3a7a4d O COXPAHEHUH 3aJaHHOTO CBOWMCTBA

(cm. [21]) nuHEWHOTO HEABTOHOMHOTO YPaBHEHUS

dx _
at =C(t) x. (4.34)
Hapsany ¢ ypaBHenueM (34) paccmaTpuBaeTcs BO3MYILIEHHOE JTMHEHHOE ypaB-
HEHHE
dx _
a—(C(t)+ D(t))x. (4.35)

CgoiictBo P ypaBHeHUs (34) Ha3bIBACTCSI COXPAHAECMbIM OMHOCUMENILHO 803-
mywenuit D(Y)X, obnadarowux ceéoticmeom Q, ecnu cBoiicTBOM P 00iamaeT ypaBHe-
Hue (35).

BBenem aHasior JaHHOTO ONPEAETIECHUS JJIs1 HEJIMHENHBIX BO3MYILIEHUM OIpeie-
nenHoro tuna Q. Hapsiny ¢ ypaBaenuem (34) paccMOTpUM BO3MYILIEHHOE HETUHEH-

Hoe auddepeHImaibHoe ypaBHEHUE

‘;f —C(0)x+R(, x). (4.36)
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CpoiicTBO P ypaBHeHUs (34) Ha3bIBACTCS COXPAHAEMBIM OMHOCUMENLHO Helu-
HelHblx 6o3myujenuti muna T, €CIU dTUM CBOMCTBOM oOJjianaeT ypaBHeHHE (36) s
BCSIKOTO HETMHEWHOTo BO3MYyIleHus Tuma 7. B yacTHOCTH, IpU BO3MYLICHHUSX THIIA
R(t, X) = O(|x|*) paBHOMepHO Mo t cBoiicTBO P ypasHeHus (39) GymeM Ha3bIBaThb Co-
XPaHAEMbIM.

Ipennoxkenne 4.9. Ilycmo 1) cocmosinue pasnosecuss z =0 (n—1)-meprozco
ypasnenus 6 sapuayusax Kyxoeckozo (30) omuocumenvno ocpanuuennoco peuieHus
o(t, p) ypasnenus (1) acumnmomuuecku ycmotivueo no Jlanynosy, 2) ceoiicmeo
acumnmomuueckoti ycmouyusocmu cocmosnus pagnosecusi z = 0 ypagnenus (30) co-
xpansiemo. Toeoa mpaexmopus pewenusi ¢(t, p) ypasuenus (1) acumnmomuuecku yc-
motuiuusa no Kykoeckomy.

C nomomplo mpennoxkeHuss 4.9 M U3BECTHBIX PE3YJIbTATOB O COXPAHEHUU
CBOMCTB yCTOMYMBOCTH (HEYCTOMYMBOCTH) MO JIAMIyHOBY NpH HEJIMHEWHBIX BO3MY-
[MICHUSIX MOXHO TOJYYHTh YCIOBHUS YCTOWYMBOCTU (HEycTOH4YMBOCTH) MO JKyKOB-
CKOMY IO TIEpPBOMY IPHOIIKEHUIO.

B wactHocTH, ecnu cocTosiHue paBHOBecus Z=0 ypaBHeHus B Bapuanusax XKy-
KoBckoro (45) oTHocuTenbHO orpanmdeHHoro pemenus ¢(t, p) ypaBaenus (1) skc-
MOHCHIIMAIBHO yCTOiunBO 1o JIsmyHOBY, TO Tpaekropus pemenus ¢(t, p) ypaBHe-
Hus (1) acuMITOTHYECKH ycToidrBa 1o JKyKOBCKOMY.

OTHOCUTENBHO HEYCTOMYMBOCTU MOXXHO C(HOPMYIHPOBATH CIEIYIOIIME YCIIO-
BUsi: ecin 1) coctosiaue paBHoBecus Z = 0 ypaBHeHus B Bapuanusix JKykosckoro (30)
OTHOCHUTEIJIbHO orpanudeHHoro pemenus ¢(t, p) ypaBuenus (1) HeycronuuBo mo Jls-
MyHOBY, 2) cymiectByeT penienne ypaBHeHus (30), kotopoe mpuMbIkaeT t — —oo K
COCTOSIHUIO paBHOBecusi. Torna momyrpaekropus pemrenust ¢(t, p) ypasuenus (1) He-
ycTonunBsa 1o JKyKoBCKOMY.

B mpemnoxennn 4.9 MCNoOIb30BaHO PACCTOSHUE [y h. AHAJIOTHYHBIM 00pa3oM
(GopMynupyroTcs yCI0BUS yCTOWYNBOCTH, TA€ PUIYPUPYET PACCTOSHUE [, 1.

B nactosmem maparpade paccMoTpeHa yCTOWYMBOCTH MO JKyKOBCKOMY ISt
aBTOHOMHOTO ypaBHeHHs (1). Pe3ynbTarsl, momydeHHBIE 3/1€Ch, CIIPABEIUBBI U IS
HeaBTOHOMHoOTO ypaBHeHus dx/dt = g(t, X), ecnm Ha mpaByro 4acth g(t, X) HaJIOKHUTH

psLA OTpAaHUYECHUM.
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4.5. Konkperu3zanus ycJ0BHil yCTOHYHUBOCTH. B HacTosem paszaene u3yda-

I0TCA YCJIOBHSI yCTOMYMBOCTH 1O JKYKOBCKOMY TpPaeKTOpPUM HEIMHEHHOW CHCTEMBI

YPaBHEHUI BTOPOrO NOpPsAJKAa Ha OCHOBE YCTOMYHMBOCTH MO JIAMYHOBY JMHEHHOIO
HEAaBTOHOMHOTO U depeHIInanIbHOro ypaBHeHus. PaccMoTpuM cuctemMy ypaBHEHUIH
% = 2a(x1,x2)X2+UX1(x1,X2),

X, ==2a(x,%,)% +U, (X, %),

rae a(Xy, X2) U U(X1, Xo) — 3a1aHHbIe QYyHKLIUM OT X1 U Xz, Uy, — 4acTHast IPOU3BOJHAS

(4.37)

orUmnox;, i1=1,2.

K cucremam Buma (37) mpuBOAAT pasIudHBIC 33/1a4u HEOCCHONW MEXaHHWKHU H
KocMouHamMuku. Hanmpumep, Kk Takum 3a7ayamM NpUHAAJIEKAT: KIacCUUYecKas 3ajaya
IBYX cheprUuecKuX Tel; 3ajlaya JBYX HEMOJIBHKHBIX IIEHTPOB U TPEThEH MOABUKHOMN
TOYKHW; OTPAaHUYCHHAsI KPYroBas 3ajadya Tpex Tell; 3a/ladya ABWKECHHS TOUYKH IO Jeii-
CTBHEM HECKOJIBKMX MAaTE€pPHUAJbHBIX KOJIEL M JIBYX TOYEK, ABMKYIIUXCS MO Kpyram
BOKPYT OOIIETO LIEHTpa MHEPIMU; OTPAaHUYEHHAsI KpyroBas 3ajaya TpeX TeJl B TpaBU-
TUPYIOLIEH Cpelie; 3ajaya JBIXKCHUSI TOYKH BHYTPHU T'PaBUTUPYIOLIECTO KOJIbIlAa TUIIA
konbla CaTypHa u npyrue 3anadu [53, 58, 91].

[ycts X; = @i(t), 1 =1, 2, — perienue cuctemsl (37), He ABJSIOIICECS COCTOSHH-

eM paBHOBecus. YpaBHeHHs cucteMmbl (1) mmsa pemenus X; = @i(t), onpenensromnue
Bo3myitienue Y(t) = (yi(t), y2(t)), umeror Bux
2
Y, — Za[t]yz = Z 'A\ (t) Yi
b (4.38)
Vo +2a[t]y, = > B;(t)y;,
i=1

rae aft] ;= a(e.(t), e2(t)), a koapdumuentsr Ai(t) u Bi(t) onpenensirorcst cooTHoIIe-
HUSIMA

At) = Usx [t]+ 2a><1 [t]py, A(D) = Uy, [t]+ 2aX2 [t]o,,

B,()=U, [t~ 2a, [tly, B,®)=U,, [t]-2a, [tl¢,

rjae apryMeHT [t] dyHKIMU 03Ha4YaeT, 4yTo 3Ta (PYHKIUS BBIUUCIICHA MPU 3HAYCHUSIX

X1 = @1(t), X2 = @2(b).
Cuctema nuHeHbIX ypaBHeHui (38) mpenacramisier coboi cuctemy SkooOwu.

Dra cucrema 00JIaaeT IEPBBIM HHTErPAIOM BHIA
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OueBuIHO, YTO
Xi = @i(t) +i (4.40)
OynyT pemieHusIMA cucTeMbl (1) ¢ TOYHOCTBIO /10 WIEHOB BTOPOTO MOpPsiAKAa OTHO-
CUTENBHO Y1 M Y, TOTZIa M TOJILKO TOTJa, Koraa (GYHKIMH Y SBISIOTCS PEIICHUSIMU
cuctembl ypaBHeHui (38). [Toaromy Y; = 8X; m uaTerpai (39) ypaBuenuii (38) Mmoxer

OBITh TIOJIYYE€H U3 UHTETpajia KHHETUHISCKOU SHEPTUuu cucTemsl (37)
1.2, .
S+ %)=V, %) =c;, (4.41)

€CJIM ITOJI0XKUTE h = 8Cy.
[Ipeanonoxum, 4To
O (DY (1) + 9o ()Y, (1) U, [t]y (1) —U [tly,(1) =0 vt. (4.42)

C yuerom (42) nmoctosiHHas uHaTerpupoBanus h, durypupyromas B (39), onpe-
JeneHHas HadanbHbeIMU 3Hadenusmu perrenus Y(t) = (yi(t), yo(t)) ypasuenus (38),
paBHa HYJIO.

Eciu pemenue X = @(t) moacraButh B (37) u B (41) 1 pe3yIbTaThl MOJACTAHOBKH
npoauddepernmposats 1o t, To momyunm (38) u (42), Tae Y; IpeACTaBICHBl € Yepes
¢; (t), T.e.

yi=@¢;(t), i=12. (4.43)

[TosTomy BenmuuHbl Y(t) ABISIOTCS M309HEPTETHYCCKUMHU BO3MYILCHHUSIMU Be-
anauH @i(t), 1 =1, 2. Tak kak permenue X; = @i(t) cucremsl (1) He SIBJIIETCA COCTOSHU-
€M paBHOBecHs, TO peuieHue (43) ypaBHeHuid SIkoou (38) HE paBHO HYJIO TOXKAECT-
BeHHO. CieoBaTensHO, BCeTAa BO3MOXKHO BeIOpaTh Haudano t =0 Ha t-ocu Tak, 4To
1T U3ydaeMoro perieHus X; = @i(t) Oyaem umeTsb

¢;(0)=0, ¢0)=0,i=12. (4.44)

[Tockonbky (39) siBisieTcst uHTErpajgoM ypaBHeHui (38), To BO3MyIlEHUE, Ope-

JIeIEHHOE HaYaJIbHBIMH JTAaHHBIMU
¥i(0), ¥;(0), 1=12, (4.45)
SBIISICTCS MU309HEPTETUUECKUM BO3MYIIEHUEM TOTAAa M TOJBKO TOTJA, KOTJA BBHITION-

HEHO YCJIOBHUE
01 (0)y1(0) + 0, (0)y,(0) ~U, [0]y;(0) U, [0]y,(0) = 0. (4.46)
N3 (44) u (46) BhITEKAET, UYTO MHOKECTBO M303HEPreTUUECKUX BO3MYIICHUMN pelle-

HuUst @(t) 3aBUCHUT JIMIIB OT TPEX MOCTOSHHBIX, GUTYPHUPYIOIINX B (45).
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[Ipoekuus z(t) Bosmymenus Y(t) = (yi(t), y2(t)) Ha opuenTHpOBaHHYIO HOPMAIL
K Tpaduky pemeHus X; = ¢j(t) mpu puxcupoBaHHOM 3HaueHHH t onpenensiercs: Gpop-

MYJIOU

1= 220y 20y @.47)
o7 (t) +95(t) JO2 (1) + p3(®)

Onpenenenne 4.2, CxansgpHas yHkuus Z = Z(t) Ha3bIBACTCS OPMOSOHANbHBIM
sosmywenuem perieHus X; = @i(t) cucremsr (37), eciu CyImECTBYET 10 KpalHel Mepe
oxHo pemierue Y; = Yi(t) cucremsl ypaBHenu#t (38) takoe, uro ¢pynkmus Z(t) npeacra-
BHUMa B Buje (47).

Paccmotpum GyHKIHIO

u=u(t):= (1) Yo (t) =9, (1) 1 (1) , (4.48)
CBsI3aHHYIO C Z = Z(t) COOTHOIICHHEM
2 .o\V2 . .
u=(92+03) "z, d=¢yt), D=,(0). (4.49)
Ipenyoxenne 4.10. Jroboe OpPMO2OHANbHOE 803MYUeHUE

~1/2
z(t) = ((p12 - (p%) Y x x U(t) pewenus (o1(t), @1(t)) cucremsr (1) sersemes pewenu-

eM TUHEeUH020 UG GepeHyuaIbHo20 YpasHeHUs 6Mopo20 NOPOKA 8U0d
Al)tU+B()u+C(t)u=0, (4.50)

u obpamno, noboe pewenue U(t) ypasnenus (50) ecmv opmoconanvhoe 6o3mywenue

peutenus (1(t), 1(t)) cucmemur (1). Ilpu smom rosppuyuenmor A(t), B(t) u C(t)

ypasnenus (50) onpedensiomes popmyramu
A =2 (630 + 330)), (451)

B() = 1 (D) 1(1) + () 6, (1), (4.52)

C(t):= 2a[t](('pl(t)c'@z(t)—cpz(t)cpl(t))—(epf(t)+¢§(t))+%(¢f(t>+¢§(t))x

x| ~4a%[]+U ., [11+ U0 It (@D, [0 -0, (03, [t])} .

BaxHo 3aMeTuTh, 4TO B pe3ysbTaTe MojacTaHoBKU (49) B (50) moaydum ypas-

(4.53)

HEHUE
Z+D(t)z=0, (4.54)
rae koadoumuent D(t) ogHo3HauHO ompeneneH cuctemor (1) m ee pelieHHUEM

Xi = @i(t) u ompeaenseTcss COOTHOMICHHEM
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D (t) = D, (t) + D, (t), (4.55)

rae
D, (t)=v=2(5v—202), v=[2(U[t]+h), (4.56)
D, (t) =202 (U2 [t]+UZ [t]) + 40 2a[t] (U, [t]6, -V, [1]6y ) -
2 .
- 4a2[t]+ U, [t]+U, . [t]. (4.57)
[TpuBeneM KOHKPETHU3AIMIO ONPECICHUs YCTOMUNBOCTH 0 JKyKOBCKOMY st
ciydas cucteMbl (37). Pemenume Xj=@i(t), 1=1,2, cucremsl (1) Ha3bIBacTCA

1) yemotiuuevim no Kyxosckomy, eciu ajis ar000ro uncia €>0 CymecTByeT YUCIO
d = 8(¢) Takoe, 4TO
()| < 8= |z(t)| <&, Vixt,
rae Z(t) — oproroHanpHOe Bo3MyineHue pemeHus X =@j(t), 1 =1,2, cucremsr (1),
2) acumnmomuuyecku ycmouuusvim no Kyxkosckomy, ecnmm oHO ycroiunBo mo XKy-
KOBCKOMY M, KDOME TOTO, HIMEET MECTO
|z(t)] > 0 mpu t — +oo.

OTMeTuM, 9TO OIpeesIeHue MOHATHS yCTOMYMBOCTH 1o JKYKOBCKOMY pere-
uus (Yi(t), y2(t)) ¢ ncnons3oBanneM OpTOroHaNBLHOrO Bo3MyIneHus Z(t) paBHOCHILHO
MOHATUIO  YCTOWYMBOCTH 1O JISMyHOBY penapaMeTpu30BaHHOTO — PEIICHHUS

N3 npennoxennss 4.10 u onpeneneHuss ycTomunBoCcTH 1o JKyKkoBCKOMy cie-
ayet, uro perienue X = Xi(t), i =1, 2, cucrems! ypaBHenwuii (1), yctoiunBo (acumMnTo-
THUYECKU YCTONYMBO) 1o JKykoBckoMy, eciu pemieHue U(t) ypaBHEHHsI BTOPOTO IO-

psnka (50) ycToHunBO (aCUMNOTOTUYECKHA YCTOMYMBO) 10 JISTTyHOBY.
y _lr o022y
Paccmorpum ciydaii, korma U(Xg, Xp) = ks (X{ + x5)“+h| (mBmxkenue mo

MHEPLIMY B PaBHOMEPHO Bpaujarouieics cucreme koopaunar). Cucrema (37) umeer

BUJT
% — 200%, — ©2% =0, %,+ 20% — 07X, =0. (4.58)

31ech UX1= o)le, UX2= O)2X2, UX1X1= o, Uy . =0, Uy = 0 D2(t)=((p12+ ¢,)». Ilpu

X1%2 %o
h>0 Bce TpaekTopun ypaBHeHus (58) ycroiuussl o JKykoBckomy.
B [91] npu paccMOTpeHUM ypaBHEHUI KeIiepoBa JIBMKEHUS BBEJECHA HOBas

HE3aBUCHMAasl TIEPEMEHHAsI C MOMOIIBbI0 cooTHomeHus dt/dS=r, cocTaBieHsl perysis-
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pusoBaHHbIe AuddepeHimanbabie ypaBHeHus. B [21] BBeneHbl GUKTUBHOE BpEeMsl U
000011IEeHHAas] IKCLIEHTPUUYECKas aHOMAJIUS KaK HE3aBUCHMbIC IIEpEMEHHbIE, 3allCcaHa
COOTBETCTBYIOIIAsl BapHallMOHHAs 3a/laya U IMOJIY4YEHbl YCIOBUS YCTOMYMBOCTHU IO
XKyxosckomy. B paccMoTpenHoMm crnocobe nccienoBanusi ycToHduBoCTH 110 JKyKoB-
CKOMY pellieHuil ypaBHeHUH (37) He MCHOJb3YEeTCsl MOHITHE BPEMEHHOTO 3JIEMEHTA.
OTOT c10cod MOXKET ObITh NPUMEHEH HE TOJBKO Ul OOBIUHBIX KOOPIMWHAT, HO U KO-

opaunat Kycraanxerimo—IlItudens (KS-koopaunar) [91].

4.6. Craduwim3anus no Kykosckomy. [lycts 3amana cucrema nuddepeHiu-
AJIbHBIX YPABHEHHI BTOPOrO MOPSIKA

d?x,

dt?

=0, (X, %), 1=1. N, (4.59)

U TyCcTh 3amaHo pemeHue X =@;i(t) cuctemsr (59), KOTOpOe HEYCTOMYUBO B CMBICIIC
JIanyHoBa.

[IpousBenem 3ameHy BpeMeHu B cucteme (59)

dt = p(xy, ..., Xy)ds, (4.60)
r7ie S — HoBas He3aBUcHMas nepeMeHHas. Toraa cucrema (59) npumer BUJ
d?x, :
= f(x, ... %), 1=1.., N. (4.61)
ds
PaccmoTpum cucremy
d®x dt
=X, L X)) — = s e X 4.62
ds? 164 N) ds (X, N) ( )

11 onpenenenus GpyHkuui X(S) u t(S).

Bo3nukaer crnenyromnuid Bonpoc. CyIIecTBYET JIM MOJIOKUATENbHAS CKaJIspHAs
byHKIHsS (Xy,...,Xn), ONMPEACIAIONIAs HEMPEPHIBHOS B3aMMHO OJTHO3HAYHOE COOTBET-
CTBUE MEXIy S M t, Takas, yToObI ¢ MOMOIIbIO IUDPEPEHIHATBHOIO COOTHOIIECHHUS
(60) cuctema (59) 6nu1a 661 IpeoOpazoBaHa B cuctemy (61), o6amarony0 ycTonyu-
BbIM B cMbIciie JIsimyHOBa penieHrem

vi(s)::= @i(t(s)), i=1, ..., N.

Ecnu Takas ckanspras (yHkiwms p(Xy,...,Xy) CYIIECTBYET, TO TPaeKTOPHsS pe-
mrenus X; = @i(t) cuctemsr (59) Oyaer ycroiumBoii B cmbicie JKykoBckoro. B atom
cityvae cKaysipHas (yHKUMS [ OyJIE€T HAa3bIBAThCSA CMAOUNUSUPYIOUUM MHONCUNETIEM

Kyroeckoeo, a cucteMa (62) — cmabunuzuposauroti no Kykoeckomy cucmemoti.
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PaccMoTpum Hapsiay ¢ pacCMOTPEHHON MOCTAHOBKOW BTOPYIO MOCTaHOBKY
3amauyn 0 crabmimmsanuu B cMbiciie JKykoBckoro. [Tycte 3amana nuddepenimanpaas
cuctema Broporo nopsaka (59) u 3agano pemrenne X; = @i(t) cucremsl (59), koTopoe
HeycToiunBo B cMbicie JlsmyHoBa. [IpousBeneM B cucteme (59) kak 3amMeHy Bpeme-

HU 1, Tak 1 HEOCOOYIO 3aMEHY KOOpAHHAT

Xi = Fi(y, v Yn), 1=1,2, ..., N. (4.63)
Torna nuddepenmanpaas cuctema (59) npumer BU

d?y. .

ds{I =f(y,....¥y) 1=L..., N. (4.64)

Crnenyromuii BOIpoc NpeAcTaBiIsieT UHTEPEC sl TPUIOKEHUI B 3aa4ax -
HamukH. CyIIecTBYeT JH MOJOXKUTeIbHass QYHKIMS [(Xy,...,Xn), ONPEACIISIONias B3a-
UMHO OJTHO3HAYHOE HEIPEPHIBHOE COOTBETCTBUE MeXAy S M t, Takas, 4TOOBI C IO-
MolIbio auddepeHuanb,Horo cootTHomeHus (60) u 3aMeHbl 3aBUCUMBIX MTEPEMEHHBIX
(63) cuctema (59) ObL1a ObI IpeoOpazoBana B cucteMy (64), 00s1a1at0IyI0 YCTONYH-
BbIM B cMbIcie JIsimyHOBa pemennem? Eciau CymecTBYIOT CKalsipHAs HEOTPULIATENb-
Has QyHKIUA W(Xy, ..., Xy) H HeocoOoe mpeodpazoBanue (63), TO TpaCKTOPHS PEIICHHS
Xi = @i(t) cuctemsl (59) Oynet ycroiunBoii B cMbiciie JKykoBckoro. CkanspHas QyHK-
st [U(Xq,...,Xn) OYZET HA3BIBATBCS CMAOUIUUPYIOWUM MHOMICUmMeleM, TIpeodpa3oBa-
Hue (63) — cmabunuzupyroweti 3amenou nepemennsix, a updepeHIanpHas cucTemMa
(64) — cmaburusuposannoil no Kyko8ckomy cucmemotl.

Hekoropsie 3agaun crabuimzarnuu no JKyKoBCKOMY JIBUKEHUN CHCTEM Hebec-
HOM MEXAHUKH PACCMOTPEHBI B [21], ¢ y4eTOM B3aMMOCBSA3M HOBBIX MEPEMEHHBIX C
npeoOpazoBanueM JleBu-Uusura u KS-mpeobpazoanuem [91]. Otmerum, 4to pac-
CMOTPEHHBI  moaxox K  crabwmmsanuu 1o JKyKOBCKOMY — Hapsijay C
KS-nipeoOpazoBanriemM MOXKET HAaWTH MPUMEHEHUE NPU YHUCIECHHOM HHTETPUPOBAHUU

OOBIKHOBEHHBIX U PEepeHIINATBHBIX YPABHCHUM.
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§ 5. Kputepuu ycToilunBOCTH YNIPABJIsiEMbIX CHCTEM

5.1. Hexoropble o0mue nmoHaTusa. B HacTosmem naparpade paccMOTpeHbI
BOIPOCHI YCTOMYUBOCTH 110 JISIMyHOBY HETIpephIBHBIX CHCTEM yrpaBieHus. Kak Ob110
OTMEYEHO B § 1 HacTosAIIEero NnocoOusi, OCHOBHBIMU 3a7jauaMHi TEOPHH YIPABICHUS SIB-
JIOTCS 33a4M aHAJIM3a JUHAMAYECKMX CBOMCTB aBTOMATHYECKMX CHUCTEM M 3a/a4u
CHHTE3a aJITOPUTMA YIPABJICHUs, QYHKIMOHAIBHON CTPYKTYphl aBTOMAaTHYECKON CHUC-
TEMBI, PEATU3YIOIIEH 3TOT AIITOPUTM, a TAKXKE 3a/1a4¥ aBTOMAaTUYECKOIO IPOEKTUPOBA-
HUS CUCTEM YIIPABJICHHUA.

ABTOMAaTHYECKHE CUCTEMBI YIPABICHUS MPUMEHSIOTCS JJI1 PEUIECHUs, B 4acT-
HOCTH, TaKMX THIIOB 3ajad, Kak cTaOwin3anus, T.€. MHOJJEpKaHHE 3aJaHHOTO
pexuMa paboThl, KOTOpPBIM HE MEHSAETCS JJIUTENIbHOE BpeMs; IPOrpaMMHOE
yOpaBJICHUE — YOPABJICHUE IO 3apaHee M3BECTHOM NPOrpaMMe; CIEKEHHE 3a
HEU3BECTHBIM 33a0IIUM CUTHAJIOM.

[Io xonu4ecTBYy BXOJOB M BBIXOJOB pa3ziMYyalOT OJHOMEPHBIE CHCTEMBI, Yy
KOTOPBIX OJIMH BXOJ M OJWH BBIXOJ (OHM paccMaTpHUBAIOTCS B TaK Ha3bIBa€MOM
KJIACCUYECKOW TEOpUU YINPABIEHUS) W MHOTOMEPHBIE CHUCTEMBI, HMEIOIINE
HECKOJIbKO BXOJIOB W/WJIM BBIXOJOB (TJIaBHBIM HpeIMET HU3Y4YEHHUs] COBPEMEHHOMU
TEOPUU YIIPABJICHHUS).

[To xapakTepy CUTHAJIOB CUCTEMbI MOTYT OBITh @) HEMPEPBIBHBIMU, B KOTOPBIX
BCE CUTHAJIbI — (DYHKIMU HENPEPHIBHOTO BPEMEHH, ONpEEICHHbIE Ha HEKOTOPOM
UHTEpBajie, 0) NUCKPETHBIMU, B KOTOPBIX MCIOJB3YIOTCS JUCKPETHBIE CUTHAJbI
(mocenoBaTeNbHOCTH YMCEN), OIPEACICHHBIE TOJIBKO B OTAEIbHBIE MOMEHTHI
BPEMEHH, B) HENPEPBIBHO-IUCKPETHBIMU, B KOTOPBIX €CTh KaK HEMpPEPHIBHBIE, TaK U
JUCKPETHBIE CUTHAJIBI.

Jlis ympaBieHHs Ba)XXHO, M3MEHSIOTCS JIM XapaKTEpUCTHKU OOBEKTa CO
BpeMeHeM. CuhcTeMbl, B KOTOPBIX BCE€ MAapaMETPbl OCTAIOTCA IOCTOSIHHBIMH,
Ha3bIBAIOTCS CTAlMOHAPHBIMH, YTO 3HAYUT «HE H3MEHSIOIIHUECS BO BPEMEHN».
Cucrembl, B KOTOPBIX MapaMeTpbl OOBEKTa WJIM PEryjsiTopa HU3MEHSIOTCA CO
BPEMEHEM, Ha3bIBAIOTCS HecTalmoHapHbIMU. B §6 HacTosiero mocobust OyayT pac-
CMOTPEHBI BOIIPOCHl YCTOMYMBOCTH JIMHEWHBIX HECTALMOHAPHBIX CUCTEM YIpPABIIE-
HUSL.

Mogenu peanbHBIX CHCTEM B OOJIBLIIMHCTBE ClydyaeB HeJNMHeWHble. MeTo/bl

HCCJICA0OBaHUA HEJIMHECHHBIX oneparopoB OYCHb CJIOXHBI MATEMATUYCCKU, B TCOPHUH
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HEJIMHEMHBIX CUCTEM TOYHBIE PEIIEHUS U3BECTHBI TOJBKO JJIS1 JTOCTATOYHO Y3KOIO
Kpyra 3agad. [loaTtoMy cHayana NOpoBOJAT JMHEAPU3ALUUI0 HEJIWHEWHOW MOJIEIU
00BEKTa, TO €CTh CTPOAT MPUOTMHKEHHYIO JIMHEHHYIO MOJIEIb. 3aT€M Ha OCHOBE ATOU
MOJICJIM TPOCKTHPYIOT 3aKOH YNPABICHHS, IMPUMEHSS TOYHBIE METOJBI TEOPUHU
JIMHEMHBIX CcHCTEM. HakoHel, mpoBEpAIOT MOJYYECHHBIM PErYJISTOP € MNOMOIIBIO
KOMITBIOTEPHOT'0 MOJICIIMPOBAHUS Ha MOJHOW HEITUHEHHON Moaenu. Eciin 00beKT min
IPUBOJ MMEIOT TaK HAa3bIBAEMYIO «CYIIECTBEHHYI0» HEIMHEHHOCTh, TOT MOJXOJ
MOXXET He cpaborarb. Torja MPUXOAUTCS UCHOJIB30BaTh METOMbl HEIUHEHHON

teopuu [11, 16, 36], a Takke KOMITBIOTEpHOE MOAeTUpoBanue [22].

5.2. Ilepeparounnbie ¢pyHkuuu. Kak oTMe4eHO BbIlIe, B TEOPUH YIPABICHUS
IIPY aHAJIU3€ U CUHTE3€ CUCTEM YIIPaBJICHUS UMEIOT J€J0 C UX MAaTeMaTUYeCKON MO-
nenplo. MatemaThueckas MOJENb MPEACTaBIseT COOOW ypaBHEHMs, MEpPEIaTOUHbIE
WM BpEMEHHbIE (DYHKIIHUH, KOTOPhIE ONMUCHIBAIOT MPOLECCHI, MPOTEKAIOIIUE B CUCTE-
Me yrpasiieHus [35].

Cucrema ypaBHEHUS U JIIO00W €€ 3JIEMEHT MPOU3BOAST NpeoOpa3oBaHUs BXOJHO-
ro curHana X(t) B Beixomnoi curHan Y(f). C maremarndeckoil TOYKM 3pEHUS OHU
OCYIIECTBIISIIOT OTOOpakeHHE

y(®) = Ax(1),

COTJIACHO KOTOPOMY KaxKaoMmy 3iieMeHTy X(t) 13 MHOXKECTBa BXOJHBIX CHTHAJIOB CTa-
BUTCSI B COOTBETCTBHE HEKOTOPBIN BIIOJIHE OINpe/eNieHHBIH teMeHT Y(t) 3 MHOXKeCT-
Ba BBIXOJHBIX CUTHAJIOB. B MpHBEIEHHOM COOTHOLIEHUH A Ha3bIBAETCS ONEPATOPOM.
Omneparop, onpeaensonuil 0TOOpaXxeHNe MEX Ty BXOJHBIM U BBIXOJHBIM CUTHAJIAMU
CUCTEMBI yIpaBJICHUS (AJIEMEHTA), HA3bIBAECTCSA ONEPATOPOM ITOU CUCTEMBI (IJIEMEH-
Ta). 3a7aTh OMEPAaTOpP CUCTEMBI — 3TO 3HAYMUT 337aTh MPABWIIO ONPEIEICHUS BbIXO-
HOTO CUTHaJIa 3TOW CUCTEMBI 10 €€ BXOAHOMY curHaiy. Jlanee Oyaem paccmaTpuBaTth
CUCTEMBI, ONepaTOpbl KOTOPBIX MOTYT OBITH 3aJaHbl C MOMOUIbIO OOBIKHOBEHHBIX
auddepeHnnanbHbIX ypaBHeHUH. MaTemaruueckas MOJEIb CHCTEMbl YIpPaBIICHUS
MOET OBbITh MPEJICTABIICHA B BUJE COCAMHEHUS 3BEHHEB. 3BEHO — 3TO MareMaruye-
CKasi MOZIeJIb CUCTEMbI WUJU JII0OOH ee 4acTH, OmpeneisieMOoil HEKOTOPbIM MapameT-
poM. B yacTHOM citydae 3B€HO MOKET ObITh MATEMaTHYECKOW MOJIETIBIO AJIEMEHTA.

Cucrema WM 3BEHO C OJHUM BBIXOJOM Y U JIBYMs BXoJaMu U U V B 00IIeM

CJIydac OIMMCBhIBACTCA YPABHCHHUCM
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(a,p" +a,p" " +...+a,)y=(0,p" +bp" " +...+b Ju+(c,p' +c,p' "t +...+¢)u

WIH
Q(P)Y =P (p)u+ P, (pu, (5.1)

rae p o6osHauaer oneparop xuddepennupoBanus ( p“x =x%),

Q(p)=a,p" +a,p" " +...+a,, Py(p) =byp" +b,p" " +...+b,,
P,(p)=c,p' +c,p' ™t +...+C,.

Hapsny ¢ nuddepeHnmanbHpIMA YpaBHSHUSMH TIPA OTMUCAHUH JIMHEWHBIX CHC-
TEeM ITUPOKO HCTIOIB3YIOTCS MepeaaTouHble GyHKIIUA B ONEPATOPHOM BHUIE U Tepe-
JTaTo4YHbIe PYHKIIMM B M300pakeHusx Jlarmaca.

[Tepenatounoit ¢yHKIHMEH B omepaTopHON (opMe Ha3bIBAaCTCS OTHOIICHHUE
oriepaTopa BO3JIEUCTBUSA K COOCTBEHHOMY omepaTopy. Otmerum, yto auddepeHiu-
abHBIN onepaTop Q(P) MpH BBIXOIHOW NMEPEMEHHOM HA3bIBAETCS COOCTBEHHBIM OITC-
patopom, a auddepenuuansusie oneparopsl P (P)u P, (p) mpu BXomHbIX mepeMen-
HBIX U M V — oniepaTopamMu BO3JCUCTBUS.

CreneHpb MOJMHOMA 3HAMEHATENSI MEPeAaTOUHON (PYHKIIMM HA3BIBAIOT MOPSJI-
KOM, a pa3HOCTh MEXJY €€ CTCICHSIMU 3HAMEHATEI U YUCIUTENSI — OTHOCUTEIbHBIM
MOPSIIKOM HJIM OTHOCHUTEIBLHOM CTENEHBIO IMepenaTouyHol (YHKIIMH U COOTBETCT-
BYIOILIEH €l CUCTEMBI.

Hynssmu u nosrocamu niepenatounoit ¢pynkmmu W(p) = P(p)/Q(p) HasbiBaroT
HYJIM €€ YHCIUTENS W 3HaAMEHATENsI COOTBETCTBEHHO, T.€. KOpHH ypaBHeHus P(p) =0
u Q(p) = 0, rue p paccMaTpuBacTCs Kak IIepeMeHHas, a He Kak oneparop.

Cucrema (1) ompenensercst 1ByMsi epelaTOYHBIMUA QYHKIUSIMH: TepeaaToy-
HOU PyHKITHEH
_B(p) _byp" +bp" " +...+b,

T Q(p) a,p"+apt+..+a

OTHOCUTEJILHO BXO/a U U TIepeIaTouHON PyHKITEH

W, (p)

P,(p)  cp' +c,p' .+
Q(p) a,p"+ap"t+...+a,

OTHOCUTEIHHO BXxoxa V. [Topsmok aTux mepeaaroyHbix GyHKIUNA paBeH N, a OTHOCH-

W, (p) =

TeNbHO Topsiaka — (N - M) mis nmepenatounoi ¢pynkuuu W, (p) u (n - ) ans nmepena-
tounoi Gpyuxuuu W, (p).

C nomol1ipio nepeaaTouHol GyHKIUHA ypaBHEHUE PacCMATPUBAEMON CHUCTEMBI

YIPAaBJIICHUA MOXKHO 3al1MCaTh B BUAC
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byp™ +bp™" +...+b_ Ut Cop +c,p' T+t
a,p"+a,p"t+...+a, a,p"+ap"t+..+a,

y =W, (p)u+W,(p)v=

[TepenaTounoil ¢hyHKIMEH cUCTeMBI (3BeHA) B m300paxeHusx Jlarmaca Ha3bl-
BAlOT UMEIOLIEE HAaUMEHBIINM MOPAJOK OTHOIIEHUE M300pakKeHUN €€ BBIXOJHOW U
BXO/JHOW MEPEMEHHBIX, BBIUMCIICHHBIX IIPU HYJEBbIX HAYaJbHBIX YCIOBUAX, Ha3bIBa-
ercs. B cooTBEeTCTBHM C OINpeAeNeHHeM MNepenaTouyHas QyHKUUS B M300paKEHUSIX
Jlamyaca HE MOXET UMETh paBHBbIE MEXIY COOOW HYJIH U IMOJIOCA, TaK KaK B ATOM
clly4ae ee MOpSAOK MOYKET ObITh NOHM)KEH IyTEM COKpAILEHUS YUCIUTENS U 3HaMe-
HaTels Ha OO MHOKUTENb.

[lepenaTounas GyHKIUS CUCTEMBI yIIpaBIeHUs B m300pakeHusx Jlammaca W(S)
MOJKET OBIThH OTIpeIeNIeHa TI0 e¢ MepelaTOYHON PyHKIUU B onepaTopHoi hopme W(p)

CIEAYIOIIMM 00pa3oMm:
W(s) =W (p) I, -
Ecin mepenarounas ¢ynkius W(P) colepXUT OJUHAKOBBIC HYJIH W ITOJIOCA,
TO 3JIEMEHTAPHBIE MHOXUTEIN, COOTBETCTBYIOIIUE 3TUM KOPHSM B YUCIUTENE U 3HA-
MeHaTeJIe, MOCye MOJCTAHOBKU P = S JIOJKHBI OBITH COKPAIIICHBI.

IIpumep 5.1. Onpenenuts nepenarovyHble (PyHKIMN 3BEHBEB, ONMHCHIBAEMbBIX

ypaBHeHUEM Y+ Y =U.

B cuMBonMuecKoil Gopme ypaBHeHHe 3anuckiBaercs B Buae PX=X", rae p —
onepatop muddeperimporanus. Tormaa
py+py=u,
(p+Dy=u,
Q(p)y =P(p)u.
[Tepenatounas pyHkIMs B onepaTopHOi (OpMe UMEET BUI:

P(p)
W =—", = 1P =1.
(p) ) Q(p)=p+1 P(p)

Torma W(p) = Ll [lepenatounas ¢pyHkums B n300paxeHusix Jlamnaca umeer BUL:
p+
W(s) =W(p) |, -

Torna

1,1
p+1"" s+1°

W (s) =
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5.3. AnredOpanyeckue KpUTepUM yCTOMYHUBOCTH. AreOpandecKuMu KpUTe-
pUSIMU YCTOMUYMBOCTU HA3BIBAIOTCSl TAKUE YCJIOBHSI, COCTABIEHHBIE U3 KOA(hPUIreH-
TOB XapaKTEPUCTUUYECKOTO YPABHEHUs, MPU BBHIMOJHEHUU KOTOPBIX CHUCTEMa YCTOU-
YHBa, a IPU HEBBITIOJHEHUH — HEYCTOWYHNBA.

[Ipu mpoBeneHHsI UCCIEN0BAHNS YCTOMYMBOCTH € IMOMOIIBIO anreOpandecKkux
KPUTEPHUEB CIEAYET, MPEXKIE BCEro, 3alucaB XapaKTEPUCTHUECKOE YpaBHEHHUE, MPO-
BEPUTH BBITIOJIHEHHE HEOOXOAMMOTO YCIOBUSI YCTOMYUBOCTH, TaK KaK €ro MpoBepKa
He TpeOyeT HUKAKUX BBIYUCIICHUI U B TO K€ BPEMs IPU €ro HEBBINIOJHEHUU HE HA/I0
MPOBOANTH JATbHEUIIUX HCCIEAOBAHUM, MOCKOJIBKY CTaHOBUTCS M3BECTHBIM, YTO
CUCTEMa HEYCTOWYMBA.

Jlis Toro 4ToOBI MCCIIEOBATh YCTOMYMBOCTH C IMOMOIIBIO aIreOpanveckux
KpUTEpUEB, HEOOXOUMO MMETh XapaKTEpUCTHUUECKUN MONMHOM. PaccMoTpum, Kak
OH OIIpPENEIIACTCS.

Kak oTMevanock paHee, XapaKTepUCTUUECKUI MMOJIMHOM IOJIy4YaeTcs U3 coOCT-
BeHHOro omeparopa Q(p) mpocroii 3aMeHo omepaTopa P Ha KOMIUIGKCHYIO Tiepe-
Mennyio A. Ecin maHo ypaBHEHHE CHCTEMBI YIIPABICHUS B CHMBOJIMYECKON (opme,
TOo AuQQepeHnnanbHbIl ONepaTop NPy BBIXOJHOM NMEpeMEeHHON u Oyner coOCTBEH-
HbIM onieparopoM. Ecnu nana nepeaarounas pyHKIMsI, TO COOCTBEHHBIN oneparop (¢
TOYHOCTBIO /10 0003HAYEHUS IEPEMEHHO) COBIIAJIa€T C €€ 3HAMEHATEJIEM.

[Ipu ucciaegoBaHnuu 3aMKHYTOM cucTeMbl (puc. 5.1 a) HeT HeoOXOAUMOCTH Ha-
XOJIUTh €€ NepelaTouyHyr0 (YHKIHIO, €CIM HW3BECTHA IepeAaToyHas (QyHKUUS
W(p)=R(p)/S(p) pazomkHyTOI#i cuctemMsl (puc. 5.1 6).

]

&

% B =

g W _f

a) 0)

Puc. 5.1. 3amKkHYTBIE 1 PA30MKHYTBIE CUCTEMBI

Ee cobOcTBennbIit onepatop Q(P) paBeH cymMme OnepaTOpOB YHCIMTENS U 3Ha-

MeHaTeJIs nepeaaToyHoi GpyHkimu pasoMkayToi cucremsl: Q(p) = R(p) + S(p).
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N3 k03 dutineHToB XapaKTepUCTUIECKOTO MOJIMHOMA
— n n-1
Q)=aA"+aA™ +..+a,

COCTaBJIACTCA ONPECACIUTCIb N-20 MOPsAKa

a a a .. O

a a, a, .. 0
A,=10 a a, .. 0},

0 0 .. .. &

KOTOpBIﬁ CTPOUTCA CIICAYIOIIUM O6p330M. Ha rnaBHOM JuaroHalii BBIITHMCBIBAIOTCA

OJICMCHTEI ai, 3.2, vy an. 3aTCM, ABUTI'aJCh OT 3THX J3JICMCHTOB BBCPX, IMOMCHIAIOTCA

KOB(l)(l)HHI/IGHTBI B IIOpAAKC BO3paCTaHUA HHACKCOB, BHU3 — B IIOPAIOKC Y6BIB3HH5L

Hanpumep, pu MocTpoeHuH i-ro cTojI011a, IBUTAsICh OT JIEMEHTa a, BBEPX, 3aIKChHI-

BAaIOTCS KOOPPULUUEHTH! @, ,, &, ,, ..., BHU3 — KOOQPPHULUHUEHTHI &, ;, &, ,,... lIpu 3TOM,

i+1?
CCJIM MHACKC IIPCBLIIIACT n uiam IIPUHUMACT OTPHULATCIBbHOC 3HAYCHUC, TO BMCCTO

COOTBCTCTBYIOLICTO KOB(l)(i)I/IHI/IGHTa 3aIllUChIBACTCA HYJIb. OHpGIIGJII/ITGJIB An n €ro

I'IaBHBIC MUHOPLBI

&4 & &
AlzavAz:Zlo Zg’Aszao a ’
i 0 a a

HA3BIBAIOTCS ONpeaenuTensaMu [ ypBuiia.

CornacHo kpumeputo I'ypsuya [35], 11t Toro, 4To0bI cucTeMa Obla YCTONYH-
Ba, HEOOXOAMMO M JOCTATOYHO, YTOOBI BCE ompeaenuTeau [ 'ypBuila, cocTaBICHHBIC
u3 KOd(PGUIIMEHTOB €€ XapaKTePUCTUUYECKOTO YpaBHEHUS, IpU a, >0 ObuIH OOJbIIe
HYJIS:

a,>0, A >0, A,>0,...,A, >0.

Kak oTmevanocs Bbllie, TPU UCCIIEIOBAHUN YCTOMYMBOCTH C TTIOMOIIBIO anre0-
pPanvYEeCKUX KPUTEPHEB HYKHO TMPEXKJIEC BCETO MPOBEPUTH HEOOXOIUMOE YCIOBHUE YyC-
ToitunBocTH. ECciin HE0OX0AMMOe YCIIOBHE YCTOMYMBOCTH BBITIONHSACTCS, TO OKa3bIBa-
€TCsI, YTO JUIsSl ONPENICICHUSI YCTOMYMBOCTH, HET HEOOXOAMMOCTH BBIYHCIIATH BCE OTI-
penenurenu [ 'ypeuua.

Kpumepuii Jlvenapa—Illunapa cocTOUT B CIEAYIOUIEM: MPU BBHIMOJIHEHUU HeE-

obxoxumoro ycinosus a, >0, a >0, ..., a, >0 I yCTOHYMBOCTH CUCTEMBI yIIpaB-

JIEHUS1 HEOOXOAMMO M JIOCTATOYHO, UTOOBI BCE ee ornpeaenutenu ['ypBulia ¢ Y4eTHBIMU
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MHJCKCAaMH WUJIU BCE €€ oIpenenuTenu ['ypBuiia ¢ HeYETHBIMU MHJIEKCAaMU OBLITU T10-
JIOKUTEIIbHBIMU
A,>0, A,>0, A,>0,... (5.2)
WIn
A, >0, A, >0, A,>0,... (5.3)
JlJis yMeHBIIIeHHUs] BBIYUCIICHUN 11eJIeco00pa3HO MpU HEYETHOM N HCHOIB30-
BaTh yCJIOBHE (2), a IpU HEUETHOM N — ycnoBue (3).
Boinumiem HeoOX0uMBbIE U JOCTATOYHBIE YCIOBHS YCTOWYMBOCTH Juist N=1, 2, 3:
n=1: a >0;
n=2:a,>0, a >0 a,>0;

n=3:a,>0, a >0, a,>0, a,>0, A,=aa,—-a,a,>0.

Ipumep 5.2. C nomompro Kputepus l'ypBuma uccienoBaTh yCTOWYHBOCTH
CUCTEM YPaBHEHMS, Y KOTOPBIX XapaKTEPUCTUUECKOE YPABHEHUE UMEET CIICIYIOIINN
BUJL:

A" +3A° +5° +TA +4=0.
Nmeem
a,=1>0,a =3>0,a,=54a,=7>0,a,=4>0,
CJIEIOBATENIbHO, HEOOXOIUMOE YCIOBUE YCTOMUYMBOCTH BBITIOJIHSAETCS.

CocTtaBuM onpenenuTens 4-ro nNopsiaka:

a a 0 0 37 00
A &% a a 0] 1 5 40
*10 a a 0| [0 3 7 0
0 a a a| 0 1 5 4
I'maBHBIC MHUHOPBI UMCIOT BU/I:
A1=a1=3>0,A2:‘a1 613:alaz—a0a3:3*5—1*7:8>0,
% 8
a a 0 3 70
A,=la, a, a,|=|1 5 4=20>0
0 a a 0 3 7
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0O 0 37 00
% 3 70
a, a, a, 0 1 5 4 0
A“:O ol 3 7 O:4*1 5 4/=4*20=80>0.
%% 0 3 7
0 a a a| [0 1 5 4

[Tockoneky a,>0 u A >0, A, >0, A;,>0, A, >0, TO cucrema no kpureputo I'yp-

BHIIA YCTOWYMBA.

Ipumep 5.3. Ilpu xakux a u b xopuu ypaBHeHus A*+22° +al” +31+b=0
MMCIOT OTPHUIIATEIIbHBIC BEIICCTBCHHBIC YaCTH.

Ycnosus JIbenapa—lllunapa umeroT BUa:

2 1 0
a>0, b>0, A;,=[3 a 2=6a-4b-9>0, A, =2>0.
0O b 3

Otcrona nojiyyaem yciioBus b >0, 6a>4b+9.

IIpumep 5.4. [lepegatounas GyHKIMS pa30OMKHYTONW CUCTEMBI UMEET BUJ

k
W _
(®) p’+0,5p° +4p+1

,k=0,5; 2.

HccnenoBats yCTOMYMBOCTH PA3OMKHYTOU U 3aMKHYTOM CHCTEMBI.

XapakTepUCTUYECKUI TTOJIMHOM Pa30MKHYTOW CHCTEMBI UMEET BHUI:
A +0,50° +4A +1.
Bce xoaddutinenTts 00bIne HYIS:
a,=1>0,a=05>0,a,=4>0, a,=1>0.
Hanee, nonyuyaem, 4ro A, =a,a, —a,a, =1>0. CnenoBarensHo, IO HEOOXOOUMOMY H
JIOCTaTOYHOMY YCIIOBHIO ycToWunBocTU mipu N=3 (1o kputeputo JIbenapa—Illumapa)
Pa30OMKHyTasl CUCTEMA yCTOMYMBA. XapPAKTEPUCTUUECKUN MTOJIMHOM 3aMKHYTOM CHC-
TEMBbI IMEET BUJL:
Q(A)=A°+0,5A* +4A +1+Kk.
IMpu k=0,5 umeem
Q(A)=A°+0,50* +4A +1,5;
a,=1>0,a =0,5>0,a,=4>0,a,=1,5>0,

AZ :a1a2 _a0a3 :O,5>O,
CJICO0BATCIbHO, II0 KPUTCPHUIO .HbeHapa—HlHHapa 3aMKHYTasd CUCTCMa IIpH k:0,5 yC-

TOUYHBA.
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[Tpu k=2 numeem
Q(A)=A®+0,5A> +4A +3,
a,=1>0,a =0,5>0,a,=4>0,a,=3>0,

A, =-1<0,
clefj0BaTeNbHO, 10 KpuTepHio JIbenapa—Illunapa 3amMkHyTas cucTeMa HeyCTOWYUBa

npu K=2.

5.4. YacToTHBIE KPUTEPUU YCTOMYMBOCTH. YaCTOTHBIMU KPUTEPUSIMU YC-
TOWYHUBOCTH HA3bIBAIOTCS YCIOBUSI YCTOMYMBOCTH, OCHOBAHHBIE HA MTOCTPOEHUH YaC-
TOTHBIX XapaKTEPUCTHUK U TAK HA3bIBAEMOW KpuBOW Muxaisosa.

Bripaxxenue

Q(jo) = ag(jo)" + as(jo)" ™ +...+ ap,
KOTOPOE TOJIYYaeTCs MPH MOACTAHOBKE A = J® B XapaKTEPUCTHUCCKUHN MOJUHOM, Ha-
3BIBAETCS XapaKTEPUCTHUYECKUM BEKTOPOM; IIEPEMEHHAS (0 HA3bIBAETCS YACTOTOM.

['omorpad xapakTepuUCTHUECKOTO BEKTOpA, T.€. KPUBYIO, KOTOPYIO OMHUCHIBACT
XapaKTepUCTUUECKUN BEKTOP MPU U3MEHEHUHU YacTOThI OT () 10 00, Ha3bIBAIOT KPUBOU
Muxaiinosa. IIpu a, > 0 kpuBass MuxaiinoBa HAUMHAETCS B MOJOKUTEIIBHON BEIIECT-
BEHHOW moisiyocu. Ecnu Bce HynM XapaKTepUCTHUYECKOTO MOJMHOMA JIEBBIE, TO MPHU-
pallleHHe apryMeHTa XapaKTepuCcTHYeCKOro Bektopa ecth A arg Q(jo) = n w/2. Or-
CIOZIa BBITEKAET CIECAYIOLINN KPUTEPUM YCTOMIUBOCTH.

Kpumepuii Muxatinoéa cOCTOUT B CIAEAYIOLIEM: JJIsl TOTO, YTOOBI CUCTEMA ObI-
Jla yCTOMYMBA, HEOOXOIUMO U I0CTaTOYHO, UTOOKI MpH dy > 0 ee kpuBass Muxaiiyiona,
HAYMHASCh C MOJOKUTEIHHOM BEIIECTBEHHON TOJYOCH, TTOCIIEIOBATEIHLHO 00X0a1Ia
N KBaJpaHTOB B MOJOKUTEIHLHOM HAIMIPaBJICHUH (IIPOTUB YaCOBOU CTPEIIKH).

Kpusble MuxaiioBa yCTOMYMBBIX CUCTEM HE IMEPECEKAIOT HAYaJI0 KOOPAMHAT
U YXOJAT B 0ECKOHEYHOCTh B N-M KBaJpaHTeE.

Hpyras (3xBUBaJIeHTHas) (popmMyInMpoBKa Kputepuss Muxaiiosa: s yCTOM-

YUBOCTHU HEOOXOIUMO U JOCTATOYHO, YTOOBI a,a, , >0 ¥ 4TOOBI KOPHU MHOT'OUYJICHOB
2
p(":) =a, — an—zé: + an—4§ T

am) =a,, —a, ;7 + an—5772 ...
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ObUIM BCE TOJIOKUTENBHBIMU, PA3IMYHBIMU U YEPEIYIOIIUMHUCS, HAUMHAS C KOPHS &,
T. €.
O0<&<m <&, <m, <...

IIpumep 5.5. C nomoupro kputepuss MuxaiisioBa ncciaeaoBaTb yCTOMYUBOCTh
CUCTEMBbI YPaBHEHHS, Y KOTOPOW XapaKTEPUCTHUYECKOE MHOTOYJIEH MMEET CIEAyIo-
muid Bua: f(1)=A +22"+72° +84* +104+6. 3nech a, =6>0, a,, =10>0, a MHOTO-
qIeHBl p(&) =6-85+2£%, q(n7) =10—71+n° UMEIOT KOpHU & =1, &, =3, n, =2, n,=5.
3Hauut, 0< ¢ <n, <&, <n,. [lo xputepuro MuxaiinoBa Bce KOpHU MHOrowieHa f (1)
UMEIOT OTPULIATENbHBIE BEIIECTBEHHBIE YACTH.

PaccMoTpeHHbBI€ BBILLIE KPUTEPUU MO3BOJISIIOT U3y4aTh BOIPOCH YCTOMYUBOCTH
KaK pa30MKHYTBIX, TAK U 3aMKHYTBIX cucTeM. [IpuBenennbii nanee kpurepud Hank-
BHUCTA MCMOJB3YETCS ISl UCCIENOBAHUS YCTOMYMBOCTH 3aMKHYTHIX cucTeM. OH mo-
3BOJISIET MO aMIUIUTYAHO-(a30BOM XapaKTEpUCTHUKE PA30OMKHYTOM CHCTEMBI CYyAWUTb
00 yCTOMYMBOCTU 3aMKHYTOM CHCTEMBI.

Kpumepuii Hatikéucma cOCTOUT B CHEAYIOIIEM: JJISI TOrO, YTOOBI 3aMKHYyTast
cucrteMa (C oTpuUaTeIbHON 00paTHOM CBA3bI0) ObLIa YCTONYMBA, HEOOXOIUMO U JOC-
TaTOYHO, YTOOBI aMIUIUTYAHO-(pa3oBasi yacToTHas xapaktepuctuka (ADPUYX) pa-
30MKHYTOW CHCTEMBI OXBaThiBasa |/2 pa3 B MOJOKUTEILHOM HANpaBICHUU TOYKY (-
1, j0), rae | — unciio mpaBbIX KOPHEH XapaKTEPUCTUUESCKOTO YPABHEHHUS Pa30MKHYTOM
CUCTEMBI.

Ecnu pasomknyTas cucrtema yctoruuBa (I = 0), 1 ycTOWYMBOCTH 3aMKHYTOM
CUCTEMBI HEOOXOJIMMO M JI0CTaTOYHO, 4YTOOb ADYUYX pa3zoMKHYTON CHUCTEMBI HE OX-
BaThIBasa Touky (-1, jO).

PaccMoTpum cityyald Hamuuusi HYJIEBBIX KOpHEH. ECIM XapakTepUCTHYECKOE
YpaBHEHUE PA30MKHYTOM CHUCTEMbl MMEET HYJEBbIE KOPHH, T.€ €€ MepelaTOuyHas

(yHKUHS MOXET ObITh IPE/ICTABIIEHA B BUJIE
K
W(p) = FWO(pL WO(O) :1’ v 211

To ADUYX mpu @ — 0 yxoaut B 6eckoHe"uHOCTh (puc. 5.2). B atom ciygae AOUYX
JIOTIOJTHSETCS Tyroil —v(1/2) OKpy>KHOCTH OOJIBIIOro paauyca (Ha puc. 5.2 — MyHK-
TUPHAS JIMHUA), U I YCTOWYMBOCTH 3aMKHYTON CHCTEMBI JOJDKHA OXBaThIBaTh /2

pa3 win npu |=0 He oxBaTeiBaTh TOUKY (—1, j0) qomonHennas ADPUX.
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U(w)

Puc. 5.2. AOYX pa3oMKHYTOI cHCTEMBI

IIpumep 5.6. MccnenoBaTth yCTOMYMBOCTD 3aMKHYTOM CUCTEMBI, €CIIA IIEpea-

o 5
TOouHasl QYHKIUS pa30MKHYTOU CUCTEMBI UMeeT BUA: W (p) = —
p —
YacroTHas nepeaatoyHasi (QyHKIMs, BEIIECTBEHHAs U MHUMAasl (PyHKIUU UMeE-
10T BUI:
5 5(-jo+l)

= =@V (),

W(jw) =-
J

5m
1+w?

U(w)z—%,wm):—

Jns noctpoennss ADOUX Hy»KHO ONpeneauTh KOOPAUHATHI TOUEK €€ Iepeceye-
HUSL C OCSIMU KOOPJMHAT M COCAMHUTH 3TH TOYKHU IUIaBHOW KpuBoil. HeoOxomumebie

pacueTHbIe JaHHbIE TPUBECHBI B Ta0. 5.1.

Tabm. 5.1.
® 0 0< ®<oo 00
U(o) -5 <0 0
V() 0 <0 0

Ha ocHoBe nanHbIX Tabi. 5.1 MoxHO noctpouth ADYUYX (puc. 5.:

V(w)

-5 A V(w)

S

B

Puc. 5.3. A®UX s npumepa 5.6
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B paccmarpuBaeMoM mpEMepe 3aMKHYTas CHCTEMa YCTOWYHMBA, MOCKOJBKY |=1 m
ADUX oxsatbiBaeT Touky (—1, jO) 1/2 pa3 B 0J0KUTEIHLHOM HalpaBICHUH.

IIpumep 5.7. UccnenoBats yCTOMYUBOCTh 3AMKHYTOW CUCTEMBI, €CIIA MEpEIa-

. . 10
To4HAs GYHKIIUS PA30MKHYTOM CUCTEMBI UMeeT BUIT: W (p) = W
p+
Nmeem
. 10 10 10(1-3w* - j(Bw—o’
W(jo) = — 3 . 3 2 . = ( 2\2 i 32)’

(jo+1)® —jo’-30°+3jo+l (-30°) " +Bo-w’)
—3m? 2
U (o) = 10(1-3w°) V(o) = 100(3— ")

(1-30°)° +(Bo—0°)> (1-302)2+ (Bo-0°)
® ot 0 70 +o0.

PacuerHble maHHBIC IPUBEACHBI B TA0I. 5.2.

Tabn. 5.2
Q 0 0< <13 N3 | 1V3< <3 V3 o>V3
Uw) | 10 >0 0 <0 -1,25 <0 0
V(o) 0 <0 -6,6 <0 0 >0 0

Ha ocHoBe nanHbIX Ta0i1. 5.2 MoxkHO noctpouTh ADUX (puc. 5.4).
V(w)

-1,25 10, Viw)

_si

Puc. 5.4. A®YX nnsa npumepa 5.7

B paccmarpuBaeMoM npuMepe 3aMKHYTasi CUCTEMA HEYCTOMUYMBA, TaK KaK PA30MKHY-

tas cucrema ycroiumba (I = 0), a ADUX oxpareiBaeT Touky (—1, jO).

5.5. Onpenesienne 00acTH yeTOMUMBOCTUH. CTPYKTYypa CUCTEMBI ONPENEHS-
€TCS COCTAaBOM 3JIEMEHTOB 3BEHBEB U CBS3SIMU MEXIQy HUMHU. [lo3TOMY HM3MEHUTH
CTPYKTYPY CHCTEMBI O3HA4ae€T U3MEHHUTHb COCTaB €€ AJIEMEHTOB WM CBSI3H MEXKIY
HuMU. [Ipu 3agaHHONM CTPYKType Kakue-i1uOo mapaMeTpbl MOTYT OBbITh HE (PUKCHUPO-

BAHHBIMHU, T.€. UX MOXXHO U3MEHSATh. Takue nmapaMeTpbl Ha3bIBAIOTCS 8APbUDYEMBIMUL.
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[Ipu Hamu4uKM BapbUPyEeMBIX MTapaMEeTPOB BO3HUKAET MpoljIemMa onpeneseHus oomac-
T YCTOMYUBOCTH.

Obnacmyvio ycmouuugocmu B MPOCTPAHCTBE MapaMeTPOB HA3bIBAIOT MHOMKECT-
BO BCEX 3HAYEHHUM BAPBUPYEMBIX MMApPaMETPOB, MPU KOTOPBIX CUCTEMA YCTOWYMBA.
Ecimu cymectByer 06acTh YCTOWYMBOCTH B MPOCTPAHCTBE MapaMETPOB, T.€. TAKHE
3HAYEHUSI BAPbUPYEMBIX apaAMETPOB, IIPU KOTOPBIX CUCTEMA YCTOMYUBA, TO CUCTEMY
HA3BIBAIOT CMPYKMYPHO YCMOUYUBOL OMHOCUMENbHO 3A0AHHbIX 8aAPbUPYEMbIX napa-
Mempos. B IpOTUBHOM ciydae, T.€. €CJIM HET TaKUX 3HAYCHUW BapbUpPYEMBIX Iapa-
METPOB, IPU KOTOPBIX CUCTEMA YCTOMYMBA, OHA HA3BIBACTCS CHIPYKNLYPHO HEYCMOU-
YUBOU OMHOCUMENILHO 3A0AHHBIX 8APLUPYEMBIX NAPAMEMPOS.

B psine ciiydaeB 0651acTé yCTOMYMBOCTH YJIOOHO HaXOAUTh C TIOMOIIBIO anred-
panveCKuX KPUTEPUEB YCTOMUYNUBOCTH.

K
(Tp+1°*
Onpenenuth 06J1aCTh YCTOMYUBOCTH 3aMKHYTOM CUCTEMBI Ha TNIOCKOCTH MTapaMeTPOB
(k, T).

XapakTepUCTUUECKAN MOJIMHOM 3aMKHYTOM CHUCTEMBI UMEET BHU]I
QM) =T>X > +3T*A*+3TA+1+k.

IIpumep 5.8. [lepenarounas GpyHKIUs pa3oOMKHYTON cucTeMbl W (p) =

ITo xkpurepuro JIsenapa—Illunapa nmeem
T°>0,3T*>0,3T >0,1+k >0,
A,=3T?.3T -T° - (1+k)=T3*@8-k) >0.
OueBHIHO, PTH HEPABEHCTBA OYAYT BBIMOJIHATHCS, €CIIH

T>0-1<k<8.

VYkazaHHas cucTeMa HepaBEHCTB OMpeessieT 00J1acTh yCTOWYUBOCTH.
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§ 6. JInHeliHble HeCTAIIHOHAPHBIE CUCTEMBbI

B ciiydae TMHEWHBIX CTAaMOHAPHBIX CUCTEM X = AX YyCTOMYHMBOCTH HYJIEBOTO
pElIEHNs] SKBUBAJIEHTHA T'YPBULIEBOCTH MATPUIBl A, T.c. BBIIOJIHEHUIO YCIOBHSA

Re(4) <0 mms Beex i=1,...,n, 4 — cobcTBeHHbIe yncia MaTtpuisl A. Ecin xe cuc-

TeMa JIMHEWHas ¥ HeCcTallMoOHapHasl, T.€. OMUChIBaeTCs AU QepeHnanbHbIM ypaBHe-
HUEM
X =A(t)x, (6.1)

TO ee ofllee pelleHue, yAO0BJIETBOPSIONIee HadyalbHOMY ycloBHIO X(ty,1,,X,) =X, ,
umeet Bua X(t,t,, x,) =D(t,t,)X,, rie d(t,t,) — dbynaaMeHTanbHas MaTpula perie-
HUIl cuctembl. Bompoc 00 acUMOTOTHYECKOW YCTOMYMBOCTH HYJIEBOTO PEILICHUS
CTaHOBUTCS Oo0Jiee CIOKHBIM M HE CBOJUTCS K 3HAaKy BEIIECTBEHHON dacTu
COOCTBEHHBIX YHCEIL.

6.1. YcroiiuuBocTh 1o JIANyHOBY JIMHEHHBIX HECTALMOHAPHBIX CHCTEM.
CnpaBe BBl CIEAYIOMME TIPEIIIOKEHNUS.

Ipennoxenne 6.1. Hyresoe pewenue cucmemot (1) ycmoiiuuso no Jlanynogy

mo2oa u moibko moz0a, ko2oa 0is nobozo t, natioemcs makoe yucio a,>0, umo

BbINOIHACMCS YC0BUE
HCD('[, tO)H <, Oonamoboco t>1,. (6.2)

JIefcTBUTENBHO, €CIH yCIIOBUE (2) BBIMOJIHEHO, TO BBINOJHAETCS HEPABEHCTBO

Hx(t,to,XO)H<H<D(t,tO)HHXOH<aOHXOH U JUIsL JTF000T0 £ MOMKHO BBIOpATh 5(¢9,t0):ai .

0

4! onuéé'(g,to) B cwiry (2) Oyaer ciemoBarth Hx(t,to,xo)Hgg, 9TO JIOKa3bIBACT

yCTOMUYHUBOCTh 10 JlsmyHoBy. Temepp MPEANogokKUM, 4YTO HYJIEBOE pEIICHUE
ycToiunBo 1o JIsmyHOBY W ycioBue (2) He BbINoJHAETCA. Torna Halgercs Takas

MOCJIEA0BATENbHOCTD {t. } —> 00, 1 — 00, uTO

HCD(ti,to)H—MO npu i — oo
U, CJeNoBaTelibHO, Ha €IUHMYHOU cdepe HXHzl MOHO BBIOpaTh TaKyr
TOCNIEIOBATENBHOCTE  {X,;}, 4TO ||CD(ti,t0)X0,i||=||d)(ti,t0)||—>oo. Bribpas 13
OTPaHMYEHHON IOCNENOBAaTENbHOCTH {X;;} CXOAANIyOCs MOANOCIENI0BATENBHOCTD

{%o;. 3 %o, nomyunm H(I)(tik ,tO)XOH —oo. Torga anst m000ro Kak yrogHo Majaoro o
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MOXKHO BBIOpaTh TakOe HavyalbHOE YCIOBHE Y, =0X;, 4to X(t ,t;,Y,) —>o0. Oro0

IPOTUBOPEUYUT YCTOMUMBOCTH HYJIEBOTO PEIICHUSI.
Ipennoxenne 6.2. Hyresoe pewenue cucmemwt (1) acumnmomuuecku ycmoii-

yueo no JIanynogy moz0a u monvko mozoa, kozoa Ons n0bo2o t, evinonnsemcs
yenosue

!i_)rQHCD(t,tO)H:O. (6.3)

JleficTBUTENBHO, U3 BBITOJHEHUS (3) U HEpaBEHCTBA Hx(t,to, XO)Hg“CI)(t,tO)HHXOH

OYEBUIHO CJIEAYET ACUMIITOTUYECKAass YCTOMYMBOCTH HyJeBOro pemenus. I[lycts

teneps (3) He BbIIONHsETCA. Toraa HalgyTcs Takue uucia t,, 8, >0 u HeorpaHu-
YEHHO BO3pacTarolasl MocieaoBaTeabHOCTh {t,}— o0, uTo Hq)(ti,tO)H>ao. Ho torma

Ha €JMHUYHOU cepe HXH =1 MOXHO BBIOPATh TaKyIO IOCIEA0BATEILHOCTD {X;;}, YTO

||d)(ti,to)xoyi||:||CD(ti,t0)||>a0. BbIOpaB 13 OrpaHHYCHHON MociIenoBaTenbHOCTH {Xy;}
CXOIALLYIOCS MOANOCIEAOBATENBHOCTD {X;; }—> Xy, MOMydnm Lim“(b(tik’to)xo“>a0’
, s

4TO IIPOTHUBOPCUUT aCUMITOTUYECKOM YCTOI}JI‘IHBOCTH HYJICBOI'O pCUICHUA.

6.2. [lapameTpuyeckuii pe30oHAHC B JIMHEHHBIX HECTAIHOHAPHBIX CHCTe-
Max. PaccMoTpuM mpumep, MOKa3bIBaIOIINN, YTO TYpBHIIEBOCTh MaTpuisl A(t) mpu
KaXJ0M (PUKCHPOBAaHHOM 3Ha4YCHUM { HE rapaHTHUPYET €€ aCUMIITOTHYECKYIO YCTOM-
9uBOCTh. CrieluaabHbIM clydaeM cucTeMbl (1) sSBIsieTCs cucTteMa ¢ MepeKIFoYeHMs -
Mu. PaccMOTpuM ypaBHEHUS IMHEHHOTO OCITUIIISITOpa
n (6.4

X, =-kx, —u(t)x
C TIOCTOSHHBIM KOX(PQHUIIMEHTOM TpeHHss K © MEHSIONMMCS BO BpPEMCHHU

kodpdummenToM tpenus U(t). B atom npumepe dyrkims U(t) sBIsSeTCS 3aBUCSIUM
ot BpeMeHH mapameTpoMm. [Ipu atom marpuiia A(t) umeeT Bua
0 1
—-u(t) -k

CBOIICTBO aCMMNOTOTUYECKON YCTOMYMBOCTH, UMEIOIIEE MECTO MPHU MOCTOSH-

At) =

HOM U, MOXET KaK COXPaHUTBCS, TaK U HapymuThes. Ipennonoxum, yto napamerp

U MO’KET MPUHUMATh J1BA 3Ha4YeHus: U, u U,. VI3MeHeHune mapamerpa U BO BpEMEHHU

IMOAYHMHHUM CIICAYIOIICMY 3aKOHY. Byz{eM CcyuTarTh, 4YTO BCSIKUU pa3, Korga To4ka Xl’ X2
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HAXOJUTCSI B TIEPBOM M TPETheM KBajapaHTe (Ha30BOM IJIOCKOCTH, BBITIOIHICTCS
ycaoBue U(t) =U,, a B cifygyae BTOPOTO M YETBEPTOrO KBaaApanToB umeeM U(t) =U,:

u, mpu X (t)X,(t)=>0,
u,, mpu X (t)X,(t)<O0.

Ha puc. 6.1 mpencrasieHa Tpaektopusi cucremsl (4). U3menenune U(t) mon-

u(t) = (6.5)

yuHEeHO mpasuiy (5), rae U, =2, U, =2.7 (TOHKasg nuHUsA). JINHUU NepeKIoUeHUs
MOKa3aHbl MYHKTUPOM. KUPHOM JIMHUEH TTOKa3aHa TPACKTOPHs, UCXOAsIIas U3 TOU
K€ HavyaJbHOM TOYKM, HO COOTBETCTBYIOIIAs MocTostHHOMYy U(t)=u,. Buano, uto
nojoxeHue paBHosecus X, =0,X, =0, aCUMOTOTHYECKH yCTOMUYMBOE IPHU MOCTOSH-
HOM 3HAYCHUH MapaMerpa U, CTAHOBHUTCS HEyCTOWYMBBIM IpH U(t) , MEeHsIOMmEMCS BO

BPEMEHU. DTO SIBJICHUE HA3bIBACTCA MMapaMETPUUECKUM pe30HaHCOM. UenoBek, packa-
YUBAIOLIUN Kadelld ¢ TPEHUEM B IOJBECE, TOCTUTAET NapaMEeTPUYECKOr0 pe30HaHCa.
MpI1 paccMmaTtprBaeM CelMalbHbINA ClTydaid CKAYKOOOpa3HOTro U3MEHEHUS MapamMeTpa.

ITycts X, (t,t,,X,) — oOIee pemieHHe HeCTAMOHAPHOW cHcTeMbl (4), OoTBevarolee
¢ynxunu Bpemenu U(t), a X(t,x,) — oOmmee pemeHre aBTOHOMHON CHCTEMBI C TIepe-

KJIFOYEHHUSIMU, TIOJTY4YEHHOM TTOACTaHOBKOM (5) B (4).

X2
04

0.34

0.24

0.14

-0.14

-0.24

-0.34

—04 T T T T T
-0.2 -041 0 0.1 0.2 Xl

Puc. 6.1. Tpaektopus cucteMsl (4) ¢ 3aKOHOM TepeKIIoUeHHUs (5)
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HauaB nBrxkeHue B cuity cuctemsl (5) B (4) U3 HEKOTOPOTO HAYaIBHOTO YCIIO-

BUSL X, B MOMEHT BpeMeHu t=t, =0, nomyunm pemenue X(t,X,) u HEKOTOpyIO pea-
nu3anyio napametpa U, (t), moacTaBuB KOTOPYIO B IPABYIO 4acTh (4), TIOIYIHM TO XKe
peutenne: X, (t,0,%;) = X(t, %) -

B paccmotpenHoM Bbime npumepe npu U(t) =u, mwmm u(t) =u, numeem ase Ju-

HEUWHBIC CTAallMOHAPHBIC CUCTCMbBI C MaTPHULIAMU

B 0 1 B 0 1
Ai_(_ul _kj ! Az_ —U, _kj

u Tpaektopus (4), (5) cocraBieHa U3 KyCKOB TPACKTOPHUM CUCTEM
X=AX n X=AX, (6.6)
KOTOpbIe Oy/ieM Ha3blBaTh I KpaTKkocTu cucreMamu A u A,. O0e cucteMbl UMEIOT
ACUMIITOTHYECKH YCTOMYMBOE HYJIeBOEe penieHue. [lpu nepexintoueHnn Mexay cucre-
MaMud A © A,, OTBeHaromeM 3aBUCSIIEMY OT BpeMeHH mapamerpy U,(t), kak yxe
OTMEYAJIOCh, CBOWCTBO YCTOWYMBOCTHM MOJKET HE COXPaHUThCA. ECTECTBEHHO
BO3HUKAET BOIIPOC O TOM, BCEI/la JIM MOXKHO JTI0OUTHCS HEYCTOWYUBOCTU C OMOUIBIO
MEPEKITIOYEHUN MEXy YCTOMUHUBBIMUA cucTeMaMu? YToObI OTBETUTH Ha 3TOT BOIPOC
PacCMOTPUM JIMHEWHYIO HECTALIMOHAPHYIO CUCTEMY
X =A(u(t))x (6.7)
B 3amucu (7) npeanonaraercs, uyro marpuna A(u(t)) mapamerpuzoBana eaus-
CTBEHHOU cKaysipHOU (pyHkmmen U(t), 3aBucsinel ot Bpemenu. Eciu Ob1 mapameTpu-
3a1us uMena BUJ
A(u()=u(®)A, (6.8)
rje mMaTpuia A MOCTOSIHHA, TO 00IIee PEIIeHUE TaKOW CHUCTEMbI UMENO OBl BUJT

" U(z)dzA
X(t,ty, X,) :ej‘0 X -
[Tpu 3TOM mipu J1F0O0OM BEIOOpE MHTErpuUpyeMoit GyHkimu U(t), ymaoBieTBops-

FOIIEU YCIIOBUIO
t
L u(r)dzza(t-t,), rome a >0,

U TypBULIEBON MaTpulle A ¢ COOCTBEHHBIMH YUCIIAMU A, , YIOBIETBOPSAIOIMMHU yCIIO-

Bui0 Re(A) <—A,, BBIOIHsIIACh ObI OIIEHKA
[ to, )| X tor o)< A |
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npu Hekotopom £ >0 u cucrema (7) ¢ matpuueit (8) O6buta OBl ACHMITOTHYECKU
ycroitunBoii. Takum o00pazoMm, IS TONYYCHHS HEYCTOWYMBOCTH 3aBUCHMOCTD
A(u(t)) or u(t) momkHa ObITh He JIMHEHHOHN, Kak B (8), a MO KpaitHel Mmepe
adbpuuHOH, KaK B (4).

[Tpu paccMOTpeHUU CUCTEMBI (8) OTpaHHYUMCS KyCOYHO-TIOCTOSTHHBIMU (DYHK-

msMu U (), TPUHUMAIOIIMMY 3HadeHus U, u U,. s aByx cucrem (6) mpenrmoio-
KnM, 9to 0obe matpunsl A u A, rypsunessl. Ilycte @, (t,t,) 310 Marpua obmero
pemenus cuctemsl (8), orBewaromias ¢yskmum U(t). Ilpm stom X, (t,t,, X,) =
=@, (t,t,) X, . [Ipeamonoxum, uro npu nanHoM U (t) u t, cucrema (7) He siBisieTCs

ACHUMIITOTUYECKA YCTOMUYMBOW. Torma Hamp€rcs Takas HEOTPAHWYEHHO BO3paCTalro-

Iast HOCIe0BaTeNIbHOCTD {t. } — oo, | — 00, 1 Takoe yucio a >0, yro Oynem UMeTh

!i_)rEHCI)(ti 1)) >a. (6.9)
Jlost ciydast, koraa U (t) KyCOYHO-TIOCTOSTHHO, MOJTyYHM
D(t,1,) = e hetrerhehh  gmien (6.10)
rue
t=7,+6+17,+0, .47, +6?mi
M JTE000€ U3 YHCe 7y, ..., 6, MOXET OBITh paBHO Hy.1r0. O003HAYNM

T. :iz’k, O, :ié’k :
k=1 k=L

HNwmeem t =T. +0,. [Ipennonoxum, 4to Marpunsl A U A, MepecTaHOBOYHBI,

T.e. AA =AA. Torma GyayT nepecTaHOBOYHBI MaTpuisl €7 u e

U B BBIpaXKe-
Huu (10) MokHO OyAeT TmepecTaBUTh COMHOXUTEIM TakKuM o00pa3oMm, dYTO
D(t,1,) =e™e®® mockoneky e™e?” . e™" =gt i efhe®® ™™ =% Ho mar-
puusl A u A, rypBuneBsl u npu t, =T, +®, — o0 Oynem UMeTh !LFEH(D(ti,tO)H—)O,
yT0 npotuBopednT (9). Takum oOpa3zoM, J0Ka3aHO CIIETYIOIIEee MPEI0KEHNE.
Ipennoxkenne 6.3. Ilycmo 0ge cypsuyesvt mampuyvr A u A, nepecmanosou-

Hot. Tocoa npu nobom Kycouno-nocmosinnom U(t) nynesoe pewenue cucmemvt (7)

acumnmomudeckKu yCMOﬁqM60.

PaccmotpuM Bompoc o kommyratuBHOocTH A U A, Goinee mogpoOHo. M3 Ha-

YJaJIbHOT'O YCJIOBH: X0 HA4YHCM JBHKXCHHNC CHCTCMBI A1 " IIPOJOJLKHM €0 B TCUCHUC
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BPEMCHH T . ITocne JOCTHXKXCHUSA TOYKU eTAtXO, MMPOJOIZKUM M3 HEC, KaK M3 Ha4dallb-

HOT'O YCJIIOBHA, IBHKCHHC CHUCTCMBbI AZ B TCUCHUC BPCMCHH 0. HpI/IIIGM B TOYKY

Xy = egAZeTA’XO. Ecnu xe u3 Toukn X, Oyaem ABUraThCs CHadasa @ €JUHULl BpeMe-

Ak

HH B CHJIY CUCTCMBbI A2 , 4 3aTCM 7 CJUWHUIL BPCMCHH B CUIIY CUCTCMbI Ai , TO IIpUACM

B TOYKY X, o =e"he”x,. Eciu Matpuisl A A, IEpeCTaHOBOYHBI, TO X,, =X, , H

Ak Aoy

OyZeT crhpaBeqiMBa AMarpaMMa, W300pakeHHas Ha JeBOW yacTu puc.6.2. B mpo-

TUBHOM ciydae, eciit A A, = AA, To e”e” ze”e™ u x,, #X, , . [IpaBas yacTs

AR AA
puc. 6.2 WITIOCTpUPYET ITOT ciay4ail. ['opu30oHTAIbHAS JTUHUS HA KaXIOW W3 JIBYX

auarpaMm COOTBCTCTBYCT IBHIXCHHIO B CHIIY CHUCTCMBI Ai’ BCPTHKAJIbHAA JIMHHA

COOTBCTCTBYCT ABHIKCHHIO B CHJIY CUCTCMBI Az

B ' "y

A
¥ 3 o e"x

€ » \ (1]
\ ~t0l4,. 4], 2 X4y

\’0—"""'/

_x S O
T/ 4 A, l A
e h . : er-’ 1 X A4,

Puc. 6.2. JlnarpamMmbl, WIUTIOCTPUPYIOLIUE JIBE TPACKTOPUHU ABMXKEHUS CHCTEMBI

OueHnM BETUYUHY X . Umeem

ar, ~ X
ehe —e"e™ =

:(I +7A1+%12Af+---j(l +9A2+%92A22+---j—
—(I +0OA, +%92A§+---j(l +TA1+%TZA12+---)=
(6.11)
:(I +7A +0A, +%12A12+u9AlA2 +%6’2A22+---j—

—(I +0A, +TAI+%6?2A22 +79A2A&+%12Af+---j:
=10(AA, - AA)+
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o 1
910 03Ha4acT, 4TO OTJIHNYHUC efpie & oT € Aze Ha4YWHACTCA C YJICHOB IMOPsAKa

70. CnenoBarenbHO, HXM2 —XAQA&H UMEeT TOopsAOK Maioctd 76 . Marpuia

[A,A]l=AA — A A Ha3pBaeTcad Kommymamopom MaTpunm A n A, uimm ckobxoii
Jlu. Ecmn marpuisl A ¥ A, HepecTaHOBOYHBI, TO UX KOMMYTAaTOp PaBEH HYIIIO.
B sToM cirydae matpuibl €74 u e’ Taxske nepectaHoBouHbI M BhIpaxkenue (11) pas-

HO HYJIIO TOXJIeCTBEHHO o 7 u 6. Ilpemnoxenue 6.3 yTBepKAaeT, YTO MPU 3TOM

MapaMCcTpUICCKOro p€30HaHCa JOCTHYb HCBO3MOKHO.

6.3. Aareops! JIu u rpynnsl JIu. PaccMoTpyM npou3BOJIBHYIO JIMHEHHYIO HE-
CTAallMOHAPHYIO CUCTEMY

x=A()x, xeR". (6.12)

Teneps B 3anucu cuctemsl (12) He mpeanonaraeTcsi CelHalbHOTO BUA 3aBHU-

cuMocTu OT 1, Kak 310 ObuIO cnenano B (7). OueBuaHO, yTo cucremy (12) MOXHO

InepernrcaTsb B BUJIC
X=> U (t)Ax (6.13)
i=1

NP HaJJIeKalleM BbIOope CKasApHbIX (pyHkuuit Bpemenu U, (f) 1 MOCTOSHHBIX MaT-
pun A . OTH QYHKINU BHOCAT HECTALIMOHAPHOCTD B 3aIMCh CUCTEMBI. OTHOCUTEIIBHO

HUX OyJeM mpenrnojaraTh JUIb, YTO OHU YJIOBJIETBOPSIOT ycioBusiM Kapareomopu

cyliecTBoBaHMs perieHust ypasHeHus (13). Orpannuusiuuce BeibopoMm t, =0, oOmiee
pemenue (13) o6o3naunm X(t, X,) .

PaccmoTpum Bompoc 0 TOM, MpH KaKMX YCIIOBHSAX OOIEE PEIICHHE CHCTEMBI

(13) MOXHO Hpe/ICTaBUTh B BUIE
X(t, %) = Je% "%, (6.14)
i=1

npH HajjexameM Beioope ¢yHkmmit ¢, (t). Peub mper mMeHHO O mpencTaBieHUH B

BUIC NPOU3BCACHHUA POBHO M JSKCHOOHEHT, IIO O)IHOﬁ 9KCIIOHCHTC Ha KaXIAYIO

MaTpuny A, a He B BUJIE IPOU3BEACHUS IPOU3BOIBHOIO KOJIMYECTBA SKCIIOHEHT.
Onpenenenne 6.1. MuoxectBo matpuny A,..., A Ha3bIBaCTCI UHBOIIOMUG-
HbIM, eciau ckoOka JIu oObIX BYX MaTpull JUHEHMHO BBIpa)KaeTcsl yepe3 3TU Mart-

PHIIBI
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[A’Aj]zzri:yijkp\('

JluneiiHOEe HMHBOJIOTUBHOE MPOCTPAHCTBO MATPHIl HA3BIBACTCS MAMPUYHOLL
aneeopoii Jlu.

HmeeT MecTo cliefyroniee mpe/ioKeHHE.

Ipennoxkenne 6.4 (teopema dpobenunyca). [lycmv muodxcecmeo mampuy

A, ..., A, unsoniomusno. Toeoa pewenue cucmemor (13) moorcem dvime npedcmas-

neno 6 suoe (14).

[Ipy 5TOM MHOKECTBO MATPHILL, IPEICTABUMBIX B BUJIE

T i
| |e“i‘
i=1

IIPA HEKOTOPBIX BEIIECTBEHHBIX ¢ 3aMKHYTO OTHOCHUTEIBHO OIEPALlMM YMHOKEHHUS.
OOpaTHas K Ka)XJI0il TakoM MaTpulle Takke MpejcTaBUMa B TaKOM Buje. TakuMm 00-
pa3oM, Takue MaTpullbl 00pa3yloT IpyIIy, Ha3bIBaeMyto rpymnmnoil Jlu, orBevaromieit
anredpe Jlu. Equnnneii rpynmnsl sBisercsa enuHnyHas Matpuna | . Eciu pacemarpu-
BaTh rpymiy JIu kak riaagkoe MHOrooopasue, To COOTBETCTBYIOIIas anredpa JIu o6-
pa3yeT JIMHEMHOE MPOCTPAHCTBO, KacaTeIbHOE K MHOr0oOpas3uio B Touke | .

B 3anucu (13) npeanonoxum, uro ¢pyHkuuu U, (t) orpanndeHsl ycioBueM
Dut) =1 u(t)=0. (6.15)
i=1

Jto o3Hauaet, yto Matpuna A(t) B (12) mpuHAIEKHUT BBITYKIOH 000J10Y-
ke Marpun  A,...,A,. OTO CBOWCTBO 3alMCBIBAEM CIEAYIOIIUM O00pa3oM:

A(t) ecofA,...,A,}. Paccmotpum Bompoc 00 YCTOHYMBOCTH HYJIEBOTO pEIICHHS
cuctemsl (13), (15).

Onpenenenue 6.2. Marpuunas anreOpa JIu Ha3bIBaeTcs paspewiumoul, eciu
HaWJeTCcsl TUHEHHOEe TTpeoOpa3oBaHue, MPUBOJISIIEE BCE €€ DIIEMEHTHI K BEpXHETpe-
YTOJLHOMY BU]TY.

HNmeet MecTo creyroniee npeiioKeHue.

Ipennoxenne 6.5. Ilycmo mnoocecmeo mampuy A,..., A, noposxicoaem paz-

pewumyio aneeopy Jlu. Toeoa nynesoe pewrenue cucmemor (13), (15) acumnmomuue-

CKU YCMou4u80 moeoa u moivko moeoa, koeoa ece mampuyst A€ Co{A, ..., A} ayp-

suUyeessl.
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Takum oOpa3oM, ecin MHOKeCTBO A,...,A  HMHBOJIIOTHBHO, OJHOBPEMEHHO
IPUBOJUTCS K BEPXHETPEYroJIbHOMY BUAy, U Bce Matpuisl A€ Co{A,..., A} rypsu-
IIEBBI, TO TAPAMETPUUECKHUI pE30HAHC HEBO3MOKEH.

CymiecTByIOT U Apyrue Kiaccel anredp JIu (He ToabKO pa3pelmmblie), KOTOphIe

COBMECTHO ¢ TypBuIeBOCcThIO BceXx Ae€CO{A,...,A,} TapaHTHPYIOT acCHMITOTHYE-

CKYIO YCTOMYHBOCTb.

PesynpraTel npennokeHust 6.5 BaKHbI, HO UMEIOT OIPAHUYEHHYIO LIEHHOCTh
JUISl IPAKTUKWA U MPUBEJEHBI CKOPEE NIl MOJHOTHI IOHUMAHUS MPOOJIEMBI, YEM IS
IIPAKTUYECKOI0 TPUMEHEHUSA. KOHCTPYKTUBHBIE JOCTATOYHBIE YCIOBHUSI, CBOISAIINAECS
K IIPOBEPKE Pa3peIINMOCTH JIMHEMHBIX MATPUYHBIX HEPABEHCTB, IPUBEIICHBI B CIICTY-

IOIIEM pa3aciic.

6.4. KBaapaTuuHasi ycToiiuMBOCTb M KBaJpaTU4yHAas craduiausanus. B mpe-
OpIAyHIUX paszaenax 6.1 — 6.3 ObUIM pacCMOTPEHBI O0IME BOMPOCHl TEOPUU YCTOWYH-
BOCTH JIMHEMHBIX HECTaUMOHApHbIX cucTeM. ChopMyIupoBaHHBIE TEOPEMBI JAIOT
HEOOXOAUMBIE U IOCTaTOYHBIE, HO TPYAHOIIPOBEPSEMBIE YCIOBUS aCUMITOTUYECKON
YCTOMYMBOCTHU HYJIEBOT'O PELICHUS.

bosee KOHCTPYKTUBHBIE U TPAKTUYECKHUE TOCTATOYHBIE YCIOBUS ACUMIITOTHYE-

ckoi ycroitunBoctu cuctemsl (13), (15) nmomydaroTcsi MpUMEHEHUEM KBaJpaTUYHOU
¢ynkumn Jlanynosa. BeiGepem V(X) = X' Px. IlpomsBoanas B cumy cuctemsl (13)
IpU IPOM3BOJILHOM BbIOOpE 3HAa4EeHUH U,, CTECHEHHOM orpanndeHusmMu (15), npunu-

MaeT BUJ

V(X) = iuiAx Px+ x'P iuiAx . (6.16)

OTtpunarensHas onpeaeneHHocTh (16) ¢ yuerom orpanunyenuid (15) skBuBa-
JICHTHA CIICAYIOIIEMY YTBEPKICHUIO.

Ipennoxenne 6.6. Ompuyamenvras onpeoeieHHOCMb NPOU3BOOHOU KEAOpA-
muunou @yukyuu Jlsanynoea ¢ cuny cucmemol (13), (15) sxeusanenmna credyrowetl
COBOKYNHOCIU TUHEUHbIX MampuyHblx Hepaserncme (JIMH)

PA +A'P <0,

PA, +A'P <0, (6.17)

PA +A 'P<0.
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B cucreme HepaBeHCTB (17) 3HaK <, IPUMEHEHHBIN K KBaJpaTHON CUMMETPHUY-

HOM MaTpuile, 03HAYaeT €€ OTPUIATENIbHYIO onpeAeneHHocTh. s aByx matpuil Q
u P HepaBeHcTBO Q <P 03HadaeT OTpHIIATEIbHYIO ONMPEACICHHOCTh MX Pa3HHMIIBL:
Q- P <0. Cucrema nepaBeHnct (17) mpencraBiseT co00il cUCTeMy JIMHEWHBIX Mart-

puunbIx HepaBeHCTB (JIMH). [lns mpoBepku paspemmmoctu JIMH paspabdotanst 3¢-
(eKTUBHBIC BHIYMCIUTEIBHBIC METO/IbI, CBOJIAIINECS K BBITYKIJION onTuMu3aiuu [99].
VYcenoBust (17) rapaHTUPYIOT aCUMITOTHYECKYIO YCTOMUHMBOCTh JTUHEHHOU He-

craioHapHo# cuctemsl (13) mpu npousBoibHOM BeIOOpe QyHKIMA U (t), yrosie-

TBOpstOIUX yciaoButo (15). Ecnmu tpakToBaTh 3amuch (13), (15) kak JTUHEHHYIO cTa-
[IUOHApHYIO cUCcTeMy X = AX, IpaBasi 4acTh KOTOPOI BO3MYIIIEHA apaMeTpUIECKUM
BO3MYIIICHUEM
AA(t) eco{A —A,...,A, — A},

TO MpensiokeHue 6.6 rapaHTUPyEeT POOACTHYIO YCTOMYMBOCTD JIMHEHHON CTal[MOHap-
HOW CHCTEMbI B MPUCYTCTBHHM HECTALMOHAPHBIX BO3MYIICHUW, OTPAHMYEHHBIX BHI-
MyKJIBIM MHOTOTpanHuKOM. OyHkuwms JIsmyHoBa, yaoBieTBopsitomas yciaoBusim (17),
Ha3bIBaeTcs obuiel pyHkuuen JIsmyHoBa, IOCKOIbKY OHA siBisieTcs pyHKuuen Jlsmy-
HOBa OJAHOBPEMEHHO JJI1 M JMHEWHBIX CTallMOHAPHBIX cucTeM. [locnennee cBOMCTBO

OoJee CHIIbHOE, YeM MPOCTO IYPBUIIEBOCTh M MaTpul A, KOTOpas, KaK Mbl 3Ha€M HE

rapaHTUPYET ACUMIITOTUYECKOW YCTOMYMBOCTH HECTALMOHAPHOUW cucTeMsl. 1Ipenio-
KeHue 6.6 1aeT JIMIb J0CTaTOYHbIE YCIOBUS aCUMIITOTUYECKON YCTOMYMBOCTH HyJIe-
Boro pemrenust cucreMsl (13), (15). DTo 3HAYUT, YTO CYIMIECTBYIOT aCUMITOTHYCCKH
YCTOMUYMBBIE CUCTEMBI, JI1 KOTOPBIX HE CYIIECTBYET 00IIEH KBaAPATUUHON (DYHKIIMH
JIsamyHoBa.

Paccmotpum Bompoc 0 cTabuiImM3aIiy yupaBisieMOil CHCTEMbI CHCTEMBI
Xx=A{t)x+BU(t), xeR", UeR" (6.18)
cTaroHapHoi oopartHoit cBs3pio U (t) = Kx, roe A(t) :zui (t)A, 1 pOU3BOIBHO
i=1
MEHsoIecs: Bo BpeMeHn ¢yHkiun U, (t) ynosierBopsitoT ycioBusm (15). Marpuu-

HBIM K03 uurenT ycunenus K, moanexamiuii onpeneneHnto, UMeeT pa3MepHOCTh

nxk. Bonpoc 00 01HOBpeMEHHOM BBIOOpPE «CTAOMIIM3MPYIOIIEH Mapbl» — KBaJpa-
TuuHOM (ynkimu JlsmyHoBa V(X) = X' PX u matpunsl K cBOmuUTCS K pelleHHIo cuc-

tembl JIMH
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P(A + BK) + (A + BK) P<Q0,

P(A, + BK) + (A, + BK) P<0, (6.19)

P(A, + BK) + (A, + BK) P<0.

ITocie yMHOKEHNH Kak10ro HepaBeHcTBa B (19) cieBa u cipaa Ha P~ (tpe-

OyeTcsi IOJOXKUTENbHASL OTPENIEICHHOCTh U, CIIOBATEIBHO, HEBBIPOXKICHHOCT P )
¥ 3aMeHbI tepeMenHbIX Y = P, W = KP™ npuBoauTcs Kk BULYy
AY +BW + YA + W'B'" <0,

Y +BW + YA +W'B' <0
AY + + YA + <0, (6.20)

A Y + BW + YA + W'B'<0.
[Tocne pemenus nocnenneit cuctembl JIMH (vim, 4To 3KBUBaJIEHTHO, OJTHOTO
JIMH 65104HO-AMaroHajabHOro BUaa) oTHocuTenbHO Matpul Y u W, momydyaem uc-

KOMBII MaTpUYHbIH KOd(OUIUEHT THHEeHHOM 06paTHOl cBazn K =WY .
Bonpocel 0gHOBpEeMEHHON CTAaOMIU3allMU HECKOJIbKUX JIMHEHHBIX yIpaBiise-

MBIX CHCTEM pacCMaTpPUBAIKCH B [7] U B IpyTrux paboTax.
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§ 7. AGco/1I0THAA YCTOMYMBOCTD CHCTEM YIIPABJICHHUS

[Ipu aHanu3e ynpapisIEMbIX CUCTEM IIOJIE3HO BBIIEIATH, €CIU 3TO BO3MOXKHO,
JMHEWHYIO Y HEJIMHEMHYIO 4acTu. YacTo mpeanosaraeres, YTo JUHEWHAs 4acTh BO3-
MyIII€Ha HEJIMHEHHON HecTallMOHapHOW J00aBKOM, KOTOpas SIBJISETCS HENPEPHIBHON
10 COBOKYITHOCTH IIEPEMEHHBIX.

7.1. ADCOJIIOTHAsI YCTOHYHUBOCTH YIIPABJISIEMbIX CHCTEM C OJJHMM HeJIHHe-
HBIM 3JIEMEHTOM B 00paTHO# cBsA3H. PaccMOTpUM yIIpaBisieMble CUCTEMBI, B KOTO-
pBIX J00aBKa K JIMHEWHOM 4YacTHW UIPaeT pojib 3aKOHA YNPABIECHUS W, KPOME TOTO,
TpeOOBaHHE HENPEPBIBHOCTH 3TOW J100aBku He TpeOyercs. llpenmonaraercs, 4To
OOBEKT YIpaBJICHUs JIMHEEH, a KOHTPOJUIEP, PEAM3YIOUINI 3aKOH YIpaBJICHUS,
HEJIMHEEH U HecTaluoHapeH. OOBEKT YIpaBJIeHUs 3a]1a€TCsl ypaBHEHUEM

X=Ax+bu, (7.1)
rae X € R" — BeKTOp MPOCTpaHCTBA COCTOSIHWM, BEIIECCTBEHHAS MaTpuima A uMeer

pasmep nxn, Bektop beR", U — ckamsapHoe ymnpaBieHre. 3aBUCUMOCTE X U U OT
BPEMEHM ISl KPATKOCTH OIyCKAETCs, €CIM 3TO HE NMPUBOAUT K HEAOPA3YMEHUSIM.
VYpaBuenue (1) onpenensieT JMHEHHYIO YaCTh CUCTEMBI CO CKAJISAPHBIM BXOJIOM U.

CkaisipHbI{ BBIXOJ1 ONPEEIIUM YPaBHEHUEM
y = c'x, (7.2)
rae Ce R"— Bekrop. OOpaTHas CBsI3b, yCTaHABIMBAIOIIAs 3aBUCHMMOCTh BXOJa JIH-
HEWHOW YaCTH OT €€ BBIXOJ1A, ONPEAENSIETCA YPAaBHEHUEM
u®) =e(t,y). (7.3)
CxeMaTu4yHO 3aMKHYTasi cucTemMa m3o0pakena Ha puc. 7/.1. Ee ypaBHeHue 3a-

MUCHIBACTCS CIAEAYIOITUM 00pa3zoM

% = AX +be(t,cTx). (7.4)

u G EGER] y
yactb

HenuHeiHas
4yacTb

Puc. 7.1. JIuneiiHast 4aCcTb CUCTEMBI, 3aMKHYTasl HEJIMHEWHBIM KOHTPOJUIEPOM
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Cucrema, m300pakeHHass HAa PUCYHKE, COCTOMT M3 JIBYX MOCIEI0BATEIbHO
COCIMHEHHBIX 4YacTel, JIMHCHHOW W HeJIMHEHWHOM, 3aMKHYTBIX OOpaTHON CBS3BIO.
Nrak, cucrema (4) siBiasieTcss HEIMHEHMHOM M HecTalmoHapHOM. [l ee omucaHus

HY>KHO 3a/1aTh Ha4aJIbHOE COCTOSHUE X,, B KOTOPOM CHCTEMA HAXOAWUTCS B Hayallb-
HBI MOMEHT BpeMeHU t =1, ¥ U3 KOTOPOIro HAYHETCS YIPABIAEMOE ABHKECHHUE.

OTHOCUTENBHO HETMHEWUHOW YacTu, onpeAesieMol ypaBBHeHUEM (3) clenaeM
CenyIone MpeArnoaoxkenus. [IpeamnonoxumM, 9To0 MpU KaKIOM (HUKCUPOBAHHOM

3HaueHuH t rpaduk 3aBucHMOCTH @(t,Y) OT Y 3aKIIOYEH B CEKTOP, OIpaHUYCHHBIH
npsmbiMu K Y u K,Yy, rne k; u K, — HeKoTopble KOHCTaHTHI (cM. puc. 7.2). bonee Tou-

HO, TipeArnonaraercs, uto @(t,Y) yIoBIeTBOPSET OrpaHUUCHUSIM
ot,0)=0, k<2 o (7.5)
y

910 OT'PaHUYCHHUC HA3BIBACTCA CEKMOPHBIM.

u

\
\
\
\
\
<

Puc. 7.2. Ipadux nemuneiinoit pynxumn U(t) = o(t, y),

y,Z[OBJ'IeTBOpHIOH_Ieﬁ CCKTOPHOMY OI'paHUYCHUTO

Cnyuait k, =c0 B (5) He uckmouaerca. Hanpumep, npu K, =0 u K, = rpa-
bux Gpyukuuu @(t, y) 3aHMMaeT MepBBIA M TPETUI KBaApPaHTHI IIOCKOCTH Y, U. Ta-
KO# cekTop BMelaer B ce0s1, Hanpumep, rpaduk Gyrkiuu Sign(y). Mer ceiiuac He

Kacaemcsi BOIpOca O CyLIECTBOBAHNUHU PELICHMS CUCTEM C pa3pbIBHOM IIPABOM YaCThIO.
Pa3zymeercs, 4To B JOMOMHEHHE K CEKTOPHBIM OTPAaHUUYEHUSIM HEOOXOUMO 100aBUTh
yCIIOBUS Ha HEIMHEHHYI0 (PYHKIHMIO, TapaHTUPYIOIIME CYIIECTBOBAHUS PEILICHUS
3aMKHYTOM cucTeMbl (4) B CMBICIIE TOTO WM MHOTO omnpeaeneHus. OObIYHO rpaduk

Pa3phIBHOW OJHO3HAYHOW (DYHKIMHM JOMONHSAETCS 10 Tpaduka BHITYKIO3HAYHOTO
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MOJIyHETIPEPHIBHOTO CBEPXY TOUYEYHO-MHOKECTBEHHOTO oOToOpakeHus. [Ipu sTom
muddepeHnranbHOe ypaBHEHUE 3aMeHsieTcsl TudpepeHnanbHbIM BKIIOYEHUEM, IO/
pEelIeHUEM KOTOpPOTO MOHUMAETCs a0COJIOTHO HEIpepbiBHAS (PYHKIMS BpeMeHHu 1,
yaoBJIeTBopstomas AudepeHnaibHOMy BKIIOUSHHIO JIJIs IOYTH BCEX 3HAUYCHUN .

B Takoii mocTaHOBKe 3amaud OT HenmHeHHOW (yHkimu @(t,y) Tpebyercs

JUIIH TPUHAIICKHOCTD ee Tpaduka cektopy (5). Pazmep cekTopa 3amaercss KOHCTaH-

Tamu K, 1 K,, He 3aBUCALIMMU OT Ha4aJIbHOTO MOMeHTa BpeMeHH. [loaTomy, He orpa-
HU4YMBas OOUIHOCTH, MOKHO B3Th t, = 0. M3 nepBoro ycnosus (5) cieayer, 4To TOY-

ka X=0 sBisgeTcsa COTOSHHUEM paBHOBECHUSI 3aMKHYTOM cuctemsl (4) mpu Jr000i He-
JUHEHHON (PYHKIUH, YIOBIETBOPSAIOIIEH CEKTOPHOMY OIPAHUYEHUIO.

Uccnenyem ycronuuBocTh cuctembl (4) mpu orpanuuyenuu (5). Haunem co
ClIy4as aCUMIITOTUYECKU YCTOWYMBOW JIMHEWHOW YaCTH, T.€. CO CiIy4as I'ypBULIEBOCTU
Marpunsl A. IToctaBuMm Bompoc 0 TOM, IPU KAKUX YCIOBUAX HAa MaTpuly A, BEKTO-

pel b, ¢ n uncna kK, k, HyneBoe perreHne 3aMKHYTO# cHCTEMBI (4) aCHMIITOTHYECKH

ycToiunBo. I1OCKOJIbKY BBINIOJHEHHE CEKTOPHOTO YCiIoBHs (5) HE TapaHTHpYET
BBINIOJIHEHHSI YCJIOBHUI TE€OpeMbl 00 aHaIW3€ YCTOMYMBOCTH MO JTUHEHHOMY MPUOIH-
KEHUI0, TO MOTpedyeTcs npyras teopus. Kpyr BonpocoB, K pacCCMOTPEHHIO KOTOPBIX
MBI MPUCTYIAEM, HCTOPUYECKHU CBSA3BIBAETCS C TEOPUEH aOCOIIOTHOM YCTOMYMBOCTH.
Hac Oyner uHTEpecoBaTh YCTOMUYHMBOCTH HYJIEBOT'O PEIICHUS HE OJHOU €IUHCTBCH-
HOW HEIMHEWHOW CUCTEeMBI (4), a LEeJIoro Kiacca TaKuX CHUCTEM, COOTBETCTBYIOIIMX

BCEBO3MOXKHBIM QYHKIHSIM @(t, YY), YIOBIETBOPSIOIIUM CEKTOPHOMY yCIIOBHIO.

Onpenenenue 7.1. Cucrema, 3anannas ypasHeHusimu (1)—(3) HaszbiBaetcs ao-
CONIIOMHO ycmouuueoli B ceKkrope (5), eclin ee HyJIeBOE PCIICHHE aCHMITOTHYCCKH

ycToiunBo 1o JISmyHOBY B 1eJOM NIpH JO00OM BbIOOpE HENMHEHHOW (YyHKIMH
o(t, y) u3 cexropa (5).
Jlnst Toro, uyToOBI BOCIOJIB30BaThes Teopemoi bapOammna—KpacoBckoro o0

ACUMIITOTUYECKOM YCTOMYMBOCTH B 1EJIOM, MOImpoOyeM BbIOparh GyHKuu0 Jlsamy-

HOBA M3 KJacca KBaapaTHuHbX GopM V(X) = X' Px. Umeem V(X) — oo npu HXH —> 0,
[TpousBoanas V(X) B cuiay cucteMsl (1) uMeeT BU

v(x,u) =2x"P(Ax +bu). (7.6)

[MpousBomnast V(X,U) mo/mkHA OBITH OTpHIIATENbHA Uit JOOBIX X#=0 u U,

yaosieTBopstomux yciosusMm (2), (3) u (5). Cekropnoe ycnosue (5) ¢ yueroM (3)

npcacraBuM B BUJIC
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klg%gkz, y#0. (7.7)

[Tpu ananm3e 3HaKoompeneneHHocTn V(X,U) npu yciaoBuu (7) (akTt 3aBUCH-

MOCTH (3) MOKHO HE NMPUHHUMATh BO BHHUMaHHWE. DTO CIPABEIJINO, MOCKOIBKY IS

m000# TOukH Y,U, YAOBIECTBOPSIONMICH yCIOBHIO (7), MOXKHO MOa00paTh TaKOW Tpa-
buk pyukuuu @(t, y) KOTOPHIHA yIOBICTBOPHUT yciaoBHio U= @(t,Y) mms HEeKOTOpo-
ro t u nexut B cexrope (5). Ycnosue (7) nepenuiiieM ¢ yueToM (2) B SKBUBAJICHTHOM
BHJIC
(u—kc™x)(k,c"'x—u)>0. (7.8)
[Ipuxonum K cnexyromiei anredpandeckoit 3agade. /s 3amanusix A, b, C, Kk, u
K, HE0OXOAMMO IPOBEPHUTH, CYIIECTBYET JIM TaKas IOJIOKHTEIBHO OIpeeieHHAas
KkBagpatHas Matpuiia P >0, uro kBaapaTuuHas Gpopma V(X, U) MepeMEHHBIX X, U, 3a-
JaHHAs BBIpaXkeHHeM (6), OTPULIATENBHO ONpesieneHa B 00aacTu mpoctpanctea R™,
3aJJaHHOM KBaJpaTHYHbIM orpanmdeHueM (8). CoctaBuM (N +1)-MEpHBIH BEKTOp Z
U3 BEKTOpa X M TepeMeHHoH U cooTHomieHHMeM Z' =(X',u). Torma xBajgpaTnuHas
dbopma (6) MOxKeT OBITH 3aMKcaHa B BUJIC

PA+ AP Pb

v(z)= 2'D(P)z, D(P)= 0P 0

(7.9)

OtpuriareibHas omnpeneneHHocts Marpunbl D(P) HeBo3MokHa 0Oe3 yueTa
ycioBus (8) HU MpU KakoM BbIOOpe MaTpuilbl P . JleficTBuTeNbHO, ecii ObI OHA OblIa
OTpHIIATeNIbHO onpezeneHa, To Matpuiia —D(P) Oblia Obl MOJOKUTEIBHO OIpe-
neneHa u mo nemMe lllypa BemonHAmuch Obl jaBa ycnosus: PA+ AP <0 wu
b"P(PA+ A'P)™"Pb>0. Ho BTOpO€ ycloBHE HEBO3MOXKHO, MOCKOILKY H3 TIEPBOTO
YCIIOBHUS CJIEIyeT HEBBIPOXKICHHOCTh MaTpuilel P wu, ciemoBatenbhHo, Y =Pb=0
(mpenmonaraercss b#0). Torma w3 orpuuartensHOl ompeaeacHHocTn PA+ ATP
cienyer y' P(PA+A'P)'y<0. IlporuBopeune nokasbiBaer, uro marpuia D(P)
SIBJISIETCS OTPUIIATEIBHO OMpEeICHHON HM TMpu KakoMm BbiOOpe P. Iloatomy kBan-
parnuHas dopma V(Z), onpenencHHas ycinoBueM (9), He MOXKET ObITh OTPHUIIATEIHHO
onpezeneHa Ha BceM TpoctpaHcTee R, He crecHeHHOM orpanmdeHneM (8). UToOb!
poBepuTh BhIOIHeHUE ycioBus V(Z) <0 mpu z#0 u orpanndernn (8), BOCIONb-
3yemcs S -miporeaypoit [15]. CoctaBum KBaapatuuHyio Gopmy
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s, (2) =v(x,u) + 7(u—kc'x)(k,c'x—u) = (7.10)
= 2X" P(AX +bu) + (u — k,c"X) (k,c"X — ), '

rae 7 >0 — mapaMeTp, mouIeKanMi OnpeaeacHNI0 Hapsay ¢ Matpuieid P. Ecmu
ynacrest Haiiti Takue 7 >0 u P >0, uro Bemmonusercs yciaosue S (z)=s (X,u)<0
s (X,u) #0, To BeimosHsgeTcs ycaoBue V(X,U) <0 npu orpanudenuu (8). [Ipu sTom
JOCTaTOYHO OTPAHMUYHUTHCA cirydaeM 7 > 0. JIeWCTBUTENBHO, €ClI OBl YAaJ0Ch HAWTH
takoe P >0, gto S,(X,u) =Vv(X,u) <0 mpu (X,u) =0, ro matpua D(P) B (9) oka3a-
Jach OB OTPHUIIATEIILHO OMPEIEICHHOMN, YTO HEBO3MOXKHO. MTak, 3aMETHB, YTO UCKO-

Mas MaTpuiia P BXoauT B BeIpaxkeHue mis S_(Z) nuHEWHO W pasfenuB oba ciarae-
MBIX 3TOrO BbIpakeHuss Ha 7 >0, MPUXOJMM K 3a7ade O MOHWCKE MaTpuibl P,
yIOBIEeTBOpsIONIer HepaBeHCTBY S (X,U) <0 mpu (X,u) #0 wim, Ipyrumu cioBamH,

O pEILICHUH JIMHEWHOTO MaTpuyHOTO HepaBeHcTBa (JIMH)

PA+ ATP—kkcc' Pb+Xitke

S(P) = - 2 \co. (7.11)
bTP+%cT -1

Cnyuaii, xorga QyHKIUS @ B BbIpaXeHHH (3) 3aBUCHUT TOJBKO OT Y U HE

3aBHCHT OT t, Ha3pIBaeTCs CiaydaeM cTarroHapHoi HenuHerHoctn ¢(Y). Ha puc. 7.3

MPUBEAEHBI Tpa@UKN ABYX CTAIMOHAPHBIX HEIMHEHWHOCTEH, YaCTO BCTPEHAIOUIUXCS

B TEOPUU YIIPABJICHUS.

u u

=

Il
ALY

-

u=sat (y) u=¢, :(y)

- -0

Puc. 7.3. I'paduku cTarimoHapHBIX HETMHEHHOCTEN

B neBoii wactu puc. 7.3 n3o0paxkeH rpaguK TUHEHHOTO AJIEMEHTa C HaChIIIe-

HHUEM, OIIPCACICHHBIM YCIIOBUCM
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~T mpu y<T,
sat,(y)= iy mpm -U<y<U,
U opu y>u.
CekTop, kKoTOpoMy HpuHAUIeKUT GyHKIuUsS Sat,(y), omuchIBaeTcsi KOHCTaHTaMH
k,=0, k,=1. B npaBoii wactu puc. 7.3 U300pakeH peNeHHbIA AIEMEHT C «MEPTBOI»
30HOH [—0, 0], BHYTpH KOTOpPO BBIXO AJIEMEHTA paBeH HYII0. BHe MepTBOW 30HBI
BBIXOJl paBeH T o0 B 3aBHUCHUMOCTH OT 3Haka Y. Takue 3JEMEHTHI MO3BOJIAIOT

n30eKaTh YacThIX HepeKJ'HO‘-ICHI/Iﬁ YHpaBJICHUA B OKPECTHOCTHU HYJICBOI'O 3HAYCHMUA

o
y . Ilpu 3TOM cexTop onpenensercs konctantamu K, =0, k,=— .
o

Xotst ¢ynkmun sat,(y) u ®, s(Y) BHOJNHE ompexeneHHbIE, yAOOHO paccMmar-
pUBaTh IENbIN Kiace (YHKIUN, YAOBIECTBOPSIONIUX CEKTOPHOMY YCIOBHIO. AOCO-
JIOTHAsE YCTOMYMBOCTh B CeKTOpe (5) rapaHTHUpPyeT aCUMITOTHYECKYI0 CTONYMBOCTD
HYJIEBOI'O COCTOSIHUSI PABHOBECHS KaXKJIOW CUCTEMBI C HEJIMHEHMHOCTHIO, YJIOBJIETBO-
PAIOIIEN CEKTOPHOMY YCIIOBHIO M, B YaCTHOCTH, C JAHHOW KOHKPETHOW HEJIMHEWHO-
cTbto. [Ipu 3TOM yCrOBHS YyCTOMYMBOCTH MOTYT OKa3aThCsl CIMIIKOM KOHCEPBATHB-
HBIMH, OJTHAKO 3TO YaCTO OKYIIAETCs MIPOCTOTOMN aHaJIn3a.

B ciywae crannoHapHOW HEIMHEHMHOCTH Ui aHaiIM3a abCONIOTHOM yCTOWYM-

BOCTH MO>KHO MCIOJIb30BaTh (QYHKIMIO JIamyHOBa U3 GoJiee MMPOKOTo Kiiacca

c'x
Vs (%) =X Px+ 6| (y)dy. (7.12)
Oyukuusa Buaa (12) naseiBaercs ¢ynkuueit Jlypre—IloctHukoBa. Ee mpousBoaHas

B CHJTy cucTeMsl (1) umeer Buj
Vp(X,U) = (2x"P + 6uc™ )(Ax +bu). (7.13)
Jlns mpoBepku ycnoBus V,,(z) <0 npu z#0 u orpanndenun (8) BOCHONb3Y-
emcst S -mporieaypoit. C 3TO¥ 1eNTbI0 COCTaBUM KBaJAPaTUIHYIO (hopMy
S, 1p(2) =V (X, U) + 7(U—kCTX)(K,CTX —U) =
=(2X"P +60uc")(Ax +bu) + z(u —kc"x)(k,c"x —u).

[TapameTpamu, TomIeKAMUMHU onpeacneHuto, seiussorcs P >0, >0, 6.

(7.14)

[Ipumensia paccyxJeHus, MOoJA0OHbIE T€M, KOTOpPbIE Mbl MPOBOJMUIM TPHU AHAIIU3E

3HAKOOIpeAeTIeHHOCTH S_(Z) B cilyyae KBagpaTHYHBIX (YHKIMH JIsmyHOBa, OTyda-

€M, 4TO MOKHO OTpaHUYUThCA ciaydaeMm 7 =1. Takum 00pa3om, mMpuUxoauM K 3aade o
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MIOMCKE MaTpulbl P ¥ BEIECTBEHHOIO 4ucCia €, yIOBIETBOPSIOIIUX HEPABEHCTBY

S, (X,u) <0 npu (X, U) # 0 wm, npyrumu cnoamu, o pemenuu JIMH

PA+ATP—kkce'  Ph+l A Kitke

S, (P,0) = , ok , Z 2 <0 (7.15)
b'P+—c'A+-1—2¢' —(b'c+c'h)-1
2 2 2

OTHOCUTEIBHO MaTpuilbl P u uucna 6. 3ametum, uto ecnu B (15) momoxuts @ =0,
to noayuutcst JIMH (11). Takum oOpasom, ecinu HenuHelHas xapakTepuctuka ¢(Y)
CTallMOHApHA, TO K aHAJIU3y a0COJIIOTHOW YCTOMYMBOCTH MOXHO MPUMEHUTH OoJiee
OOIIMif 1O CPaBHEHUIO C KBaJgpaTWYHBIMU GopMamu kjiacc pyHkumid JIsmyHoBa H,
CJI€0OBATEIbHO, MOJYYUTh MEHEE OrpaHUYUTEIbHBIE WM, KaK TOBOPST, MEHEE
KOHCEPBATHUBHbBIC YCIOBUS a0COTIOTHOU YCTONYMBOCTH.

Takum o0Opa3oM, pacCMOTPEHBI YCIOBHs, 00€CIEUMBAIONINE OTPULIATEIHLHYIO
OIPE/IENIEHHOCTh HPOU3BOTHON V ,(X,U), OmHAKO TpeOyeTcss pacCMOTPETh TaKke
MOJIOKUTEIBHYIO OINPENIeIEHHOCTh caMoi (QyHKIMH V,,(X). B cBi3u ¢ 3Tum BO3-
HUKAIOT CJIEYIOIINE JIBa BOIIPOCa:

a) Hy>KHO JIM JJIs1 00eCIIeYeHHsI MOJIOKUTEIBHON ONpeeTIeHHOCTH V,,(X) Ha-
psany ¢ (15) nononHuTensHO TpeOOBAThH BhINOJIHEHUS ycioBus P > 07

0) Hy>XHO 71 TpeOOoBaTh BbINOJHEHUS yciaoBus 607

[Tockonbky aOcomtoTHas yctoWuuBocTh cuctembl (1) — (3) B cektope (5)
Mpejnoyiaraer, B 4aCTHOCTH, ACUMMITOTHYECKYI0 YCTOMYMBOCTH CUCTEeMbI (4) mpu
0001 JTMHEWHOW XapaKTepUCTHKE 3 cekTtopa (5), TO HEOOXOIWMBIM YCIOBHEM

a0COJTIOTHOW YCTOMYMBOCTH SIBJIICTCS TYPBUIICBOCTH MATPHII
A =A+kbc’, A =A+kbc",
COOTBETCTBYIOLIMX JIMHEHHBIM XapakTepucthkam U=KC'X u U=K,C'X, orpanuun-

BalOIIUM cekTop. Jlajee, MOCKOJIbKY OTpUUATENbHAs onpeaeneHHocTh (14) nomkHa

BBIIIOJIHATBECA IIPU JIFOOBIX 3HAYEHMAX X, U, TO OHA BBIMNOJIHIACTCS, B YaCTHOCTH, IIPH

u=kc'x u u=k,c'x. [ocne noxcranosku B (14) noyyaem
(P +§klccT)A1 +A(P +§klccT) <0, (P +§k2ccT)A2 +A,(P +§kzccT) <0.

B cuny rypeuneBoctu marpun A, A, moixy4aeMm IOJIOKUTEIbHYIO ONpese-

JICHHOCTD
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(P+§klccT)>O, (P+§kzccT)>0. (7.16)
N3 (12) c yuerom (5) crienyet
S]] oy
Torna mpu >0 nmeem
X' PX + gkl(cxT X)* <X Px + ej:Txgo(y)dyg X" PX + g k,(c"x)?,
u npu € <0 umeeM
X" Px + gkz(ch)zg X' PX + QI:TX(p(y)dyg X" Px +§kl(ch)2.

W3 mocnenHux JABYX HEPaBEHCTB € ydeToM HepaBeHCTB (16) crenyroT

HEepaBeHCTBA

Vo (X) = X" (P +§klccT)x>0, x#0, 6>0,

Vi (X)> xT(P+§kzccT)x>0, x#0,8<0.

OKOHYATENBbHO, MPUXOJIUM K CICAYIOIIEMY YTBEPKACHUIO

Ipenao:xenune 7.1. Eciu P u 6@ yooeremsopsiom JIMH (15) u mampuysr A u
A, eypsuyesvt, mo gynxyusa vV ,(X) nonoscumenvro onpeoenena.

3amMeTHM, 4TO B CUJTy «HEYIIEPOHOCTH» S -TIPOIEYpPhI C OJTHOM CBS3BIO, pa3-
pemuMocth  (15) ycraHaBiamBaeT HEOOXOAMMBIE U JOCTAaTOYHBIE  YCJIOBHS
cymectBoBaHus ¢GyHkiuu Jlypre—IlocTHUKOBA C OTpPULIATENIBHO OMPEACICHHOM
MPOU3BOJIHOM B 00JIACTH, OMNPEIEICHHON OJHUM KBAJIpaTUYHBIM CEKTOPHBIM

OTPaHHUYCHHCM.

7.2. ADCOJIIOTHAsI YCTOMYMBOCTH CHCTEM CO MHOTMMM HeJIHMHEHHOCTSIMH.
JocTrarounbie yciaoBusi cyumecrBoBanus ¢ynkuuii Jlypse-IlocraukoBa. Pac-
CMOTpUM 000011IeHrE 3aa4n a0COTIOTHON YyCTOMYMBOCTH, PACCMOTPEHHOM B MpeEbl-
nymeM pazgene. [lycts Teneps cucrema, u300paskeHHast Ha puc. 7.1, COCTOUT U3 Ju-
HEWHOU 4aCTH U HECKOJIBKUX HEJIMHEHUHBIX JIEMEHTOB, KaXKIbIM U3 KOTOPBIX YAOBJIE-
TBOPSAET CEKTOPHOMY ycioBHI0. OOBEKT yNpaBIeHUs 3a1a€TCsl yPaBHEHUEM

X = AX+ Bu, (7.17)
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rae Tenepb B — maTtpuiia pazmMepa NxM, U — BEKTOPHOE YIPABICHHE Pa3MEPHOC-
TH M. 3aBUCUMOCTh X W U OT BPEMCHHM JUIsl KPaTKOCTH omylieHa. YpaBuenue (17)
onpenensieT JUHEHHYI0 4acTh CHUCTEMbl CO MHOTMMH BXoJaMu. BwIxoa cucTembl
TaKX€ BEKTOPHBIA U UMEET Ty K€ Pa3MEPHOCTh

Y =C'x, (7.18)
rae C— matpuiia pasmepa NxMm , Y — M-MepHbIH BEKTOPHBIN BbIXOJ] cUcTeMbI. Kax-

,Z[BIﬁ N3 BbIXOJ0B CUCTEMbBI COCIMHCH C OIHUM BXOJO0OM:

ut)=e(t,y),i=1...,m,
rme U, 1y, — | -6 KOMITOHEHTBI BekTOpoB U 1 Y cooTrBeTcTBEHHO. OTHOCHUTEIIBHO
HEeJTMHENHbIX XapakTepuctuk ¢ (t,y.) Oyaem, Kak U paHbllle, IpeanoiaraTh IpuHaI-

JICKHOCTD UX Tpa(l)I/IKOB CCKOpaM IJId JIF000T0 MOMEHTA BpPCMCHHU. OI[HaKO, I IIPOC-
TOTBI HU3JI0KCHHA OI'PaHUYUMCA CIIY4aCM CCKTOPOB, OI'PAHHMYCHHLIX OCBIO a6CI_[I/ICC

1 npsMoit U, =K.y, . Mtak, npeanonaraeM, 4YTo BBIIOIHSAIOTCS YCIOBUS

0(t,0)=0 u 0< 82U gy 20, i1 m (7.19)

i
B I[EU'IBHGIZHI@M OrpaHU4IuMCA PACCMOTPCHUCM ClIydas CTAllMOHAPHBLIX HCEJIN-

HEeWHbIX dmeMeHToB @ (Y.) m ¢ynkumit JlsmynoBa tuma Jlypre—IlocTHHKOBaA, T.€.

KBaJpaTUYHBIX (DOPM C 100ABICHHUEM UHTETPATIOB OT HEJIMHEUHOCTEN
Vi () = X'Px+ X6 [ g (y)dy. (7.20)
i=1

Ciydail HecTallMOHAPHBIX HEIWHEWHBIX dJIeMeHTOB ¢ (1, V.) W KBagpaTHYHBIX QyHK-
1yt JIsimyHOoBa Noay4YuTCs Kak 4acTHBIN cirydail pu 6, =0.
O6o3naunm O =diag(é,,...,6,) aMaroHagbHYI0 MaTpHIly, COCTAaBJICHHYIO W3
yucen 6. Ilponssonnas pynkuuu (20) B cuimy cucremsl (17) umeer Bug
Ve (X,U)=(2x"P+u'®C")(Ax + Bu). (7.21)
CocrtaBuM (N-+M)-MEpHBIA BEKTOpP Z W3 BekTopa X H Bektopa U. [Tomyuum
2" =(x",u"). Jlna npoBepku oTpULIATEIbHON ONpeieNeHHoCTH V,,(Z) TIpu M KBaj-
pPaTUYHBIX OTPAHUYCHUSX
q.(2) =q (x,u)=u(kc".x—u)=0, i=1...,m (7.22)

BOCTIOJIb3yeMcst S -miporierypoit. CocTaBUM KBaJpaTuuHyto Gopmy
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ST,LP(Z) :va(Xau) + iTiUi(kiCiTX — ui) =
- . (7.23)
=(2x"P+Uu'@CT)(AX+Bu) + > 7u, (k¢ x —uy),

i=1
rae mapamerpbl 7,>0 moxanexxar ompenereHUIo HapsAay ¢ MaTpumamMu P ou ©.
O6o3naunm T =diag(z,,...,7,) uK =diag(k,...,K.).

C yderom TpeGoBaHMsA OTPHMIATENBHON ONpeneiaeHHoCTH (GyHKumMu S (),

OTPE/ICICHHOW BbIpakeHHeM (23), MPUXOAUM K 3a/lau€ O MOMCKE CUMMETPUYHOU

Matpuilel P u muaronanbHbix Matpuit ® u T>0 , ynosnerBopsitonux JIMH

PA+A'P PB+%ATC®+1CKT

S, (P) = 2 <0. (7.24)
BTP+L@CTA+iTKCT Z(B'CO+OCTB)-T
2 2 2
[TockonbKy S-miporieiypa ¢ HECKOJIBKUMHE CBSI3sIMH yiepOHa [15], To pasperu-
MOCTH (24) YCTAaHaBJIMUBACT TOJIBKO JOCTATOYHBLIC YCIIOBHA CYIICCTBOBAHMA (I)YHKHI/II/I
.HypBC—HOCTHI/IKOBa C OTpHULATCIIBHO OHpeﬂeﬂeHHOﬁ HpOH3BOI[HOﬁ B O6HaCTH, OIIpC-
I[eHeHHOﬁ HCCKOJIBKUMH KBaI[paTI/II-IHBIMI/I CCKTOpHBIMI/I OrpaHI/I‘—IeHI/IﬁMI/I. BaMeTI/IM.

YTO TEPMHH «YIIEPOHOCTH S-TIPOIeAyph» BBEACH B pabotax B.A. SIkyboBuua, cCchlii-

KM Ha KOTOpbI€ cojiepkarcs B [15].

7.3. ADCOJIIOTHAs1 YCTOMYHMBOCTH CHCTEM CO MHOTMMM HEJIMHEHHOCTSIMHU.
Heo0xoaumbie u 10cTaTOYHBbIC YCJI0BHA cylmecTBoBaHus pynkuuii Jlypse-Iloct-
HMKOBa. B mpeapinymem pasgene s MOJy4eHUs AOCTATOYHBIX YCJIOBUM 3HAKO-
onpeneneHHocT Tpou3BoaHON GyHKuuu Jlypre—IlocTHMKOBa B CHIIy CHCTEMBI
YIPABJIEHUs C HECKOJBKMMM HEJIMHEHWHBIMHU 3JIEMEHTAaMHU, IIOJYUHEHHBIMU CEKTOP-
HbIM OrPaHUYEHHUSM, HCIIOJIb30BaJach S -MpoLEeaypa, KOTopas He Y4YUThbIBaja CIie-
OUaldbHBIA BHUJI ATHX orpaHudyeHuil. KBagpartuunblie (GopMbl, 3aJarolIMe OrpaHU-

4yeHus (22), NpeincTaBisAlOT CcOOOM Mpou3BelIeHHE ABYX JMHEHHBIX (opM U, U

T v
k.C,' X—U.. Yder 3TOoro cBOMCTBa MO3BOJISIET MOMYIUTh HEOOXOANMBIEC U TOCTATOYHbIE

YCJIOBHSI 3HAKOOMPENEIEHHOCTH KBapaTHaHOi (hopmbl (21) B obiactu, onpeeneH-
HON orpanmdeHusMH (22). Pemenuto 3Toi anreOpandecko 3amadd TOCBSIICHEI,

Hanpumep, padbotsl [69—71].
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CHavana mnpeamnoioxM, yto MaTpuibl B uw C MMEOT NONHBIA paHr:

rank B=m, rank C =m. Drto npenmonoxxeHne B JaTbHEHIIIEM OyIET CHSTO.
Kaxk u panee, cuutaem, 4yto (N+ M)-MEpHBINA BEKTOP Z COCTABIICH U3 BEKTOPOB
X u U. Ob6o3naunm yepes M ={l,---,m} mMHOX’ecTBO MHAEKCOB. Jlst mro6oro mo-

MHOkecTtBa M'c M 0003HaYMM

AM)=A+> kbc' (7.25)

] ]
ieM’

P(M)=P+ % > kbec.

| I B |
ieM’

N3 abcomoTHON ycToumBOoCcTH cucteMbl (17), (18) mpu CEeKTOpHBIX OTpaHU-
yeHusix (19) crnegyer ycTOWYMBOCTH MpH JIIOOOW KOMOMHAIIMK JIMHEHHBIX Xapak-

TEPUCTHK, OTPAaHUYMBAIOIINX CeKTOphl. CiemoBarenbho, mrobas u3 marpur A(M')

(Bcero Takux MaTpuil 2" — 10 YHCIy IMOAMHOXeCTB M') moJbKHa OBITH T'YPBUIIEBOM.
3T0 HEOOXO0IUMOE YCIIOBHE a0COIOTHON YCTOMYHUBOCTH.

[Tlycte m>2. Bribepem nBa uHnekca i, i, M . He orpannumBas oOmHocCTH,

cunraeM I, =1, i, =2. W3 npexnonoxeHus o moiHoTe paHra B ciemyer, 4To Bek-

Topel b, u b, Hexommuueapnsl. Onpenenum asa Bektopa Z2&, z® e R™™ cooTnome-

HUAMUA
N —A™,
1 0
0 0

IMockonbKy Matpuma A rypsuiieBa, To obpatHas A’ cymectsyer. U3 (17)

BUHO, 4TO V,,(2%) =V, (z?) =0 1, Gonee Toro, 17151 THOGOTO BEMIECTBEHHOTO YKCIA

a UMECT MECTO
y+aw

Vo(z(@)=0 rtme z(a)=az® +(1-a)z? = (7.26)

e y=—A"h,,w=A"(b,—b).
O603HaunM yepe3 () MHOKECTBO BEKTOPOB Z, YAOBJIETBOPSIOLIUX OTpaHU-

yeHusM (22). Jlns aByx HemepeceKaronmMxcsl MOAMHOXeCTB HHAekcoB M'c M wu
108



M"cM, M AM"= ugepes Q(M',M") 00603HaUYNM MOIMHOKECTBO MHOKECTBA

Q, onpeneNeHHOe CIIeYIOINUM BhIPaKCHUEM
' " X H ' T : "
QM ' M")=<z=| |u=0mpuieM’'nu =kc, XnpuieM";,
u

T.€. Ul MHIEKCOB CEKTOPHBIX OTpaHUYeHUI U3 MHOXKecTBa M’ mepemeHHas U, mpu-

HUMAaeT 3HauCHUE, OTBEYAIOIee HIKHEH IPpaHUIle CEKTOpa, a JUIsl HHACKCOB OTpaHu-
YeHUH M3 MHOXecTBa M” 3Ta mepeMeHHas NMPUHUMACT 3HAYCHHS, OTBEYAIOIIUC
BEPXHEH I'PaHUIIC CEKTOpa.

Ecim mHOXecTBO M’ mim M” coCTOUT M3 eTUHCTBEHHOI'O MHAEKCA, TO TOJTY-

YUM MHOKECTBaA
Q{i}, @) ={zeQ:u, =0}, DL} ={zeQ:u, =k¢x},

KOTOPBIC HA30BCM cpaHAMU MHOKCCTBA Q. HOCKOHBK}/ I'paHu IIPHUHALJICKAT CaMOMY
MHOKCCTBY Q, TO OTpHOATCIIbHAA OIIPCACIICHHOCTL Ha TI'PaHgX H€06XOI[I/IMa JJIA

OTPUIATEIBHON OTpeeieHHOCT! V,,(Z) Ha Bcem (). OkaspIBaeTcs, 4YTo mpu M>> 2
ATOTO TAaKXKE U JOCTATOYHO. [leCTBUTENBEHO, IPEANIONOKNM, UTO V, ,(Z) oTpumaremns-
HO OMpE/Ie/CHa Ha TPAHIX, HO HE SBISICTCS OTPHUIIATEIILHO ONMPEACICHHONW Ha CaMOM
mHOkecTBe. Torma Haiigercs takoit Bektop Z €Q, z2° ¢ Qi}, D), 77 ¢ Q(TA{i}),
i=1---,m, uro V,,(z")>0. Utak, numeeM BEKTOp Z°, MPUHAISKALINI BHYTPEHHO-
ctu (6e3 rpaHeif) MHOXecTBa (), HA KOTOPOM V,,(Z) HeoTpHuLaTenbHa, ¥ OJHOMAPA-
METpUYECKOe ceMeicTBO BeKTOpoB Z(«r), ompexneneHHbIX (26), Ha KOTOPBIX V. (Z)
TOXIIECTBEHHO (IS BCEX () paBHA HYJIO. BBISICHMM, Kakue 3HAYCHUS MPUHUMAIOT
KBaapatuuHas ¢opma ¢, (z), onpenenennas (22), na Bexrope Z(«) . Umeem

0, (z(a)) = a(klclT y+ alelTW —a),

q,(z(2)) =(Q2- a)(kzcg y+ akZC;W -(1-a)).

Ecnu nipeanonoxuts, uto KC'y+akc'W—a =0 npu Bcex 3HAUEHUSAX A, TO
2(a) e QUD,{1}), uro mporuBopeunt V,,(z(xx))=0 wm orpunaTenpHO ONpenescH-
Hoctu V,,(z) Ha Q(J,{l}. Cnenosarensho KC,'y+akC' W—a He paBHO ToMkIeCT-
BCHHO HYJIIO U MPUHHUMAET MOJIOKHUTEIbHBIC U OTPUIIATEIbHbIC 3HaUeHUs. [loaToMy
Haiigercs Takoe ', uto Q,(z(a")) <0 u, cnenoBarensHo, Z' =12z(a') ¢ Q.

Urak, uMeeM J1Ba BEKTOpa, Z M Z', HA KOTOPHIX KBaapatudHas dhopma V ,(2)

IPUHUMAET HEOTPULIATENbHBIE 3HAUYCHHUS. [IepBbIi U3 HUX NPUHAMIECKUT BHYTPEHHEN
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4acTH MHOXKeCTBa () 3a MCKIIOYEHUMEM TrpaHeu. Bropoul He npuHammexur (2.

CoeMHUM 3TH JIBa BEKTOPA OTPE3KOM:
y(A)=A2"+(1-A)7', 0<A<1.

[Ipu 5TOM Haiinercs Takoe 3HadeHWe A, uTo Y(A) NpHHAMICKHT KaKOMH-
HHOynb rpaHu. [lockombky V ,(Z)= z'Dz n17a HekoTopoil Matpuipel D, To
Vo (Y(A) = AV, (2) +2A(L- )2 DZ' + (L—- 1)?V,,(2) . 3amenuB, ecnu Hy*HO, Z°
Ha —z°, monyuum z"' Dz’ >0 wu, cnenosarensHo, V,,(Y(1)) >0, uTo mpoTUBOpEUHT
OTPHUIIATENILHOM ONpeieNeHHOCTH V ,(Z) Ha TpaHsx MHOXxecTBa (). Mrtak, nqokazaHo

CJIeyIoIlIee MPeJIOKEHHE.
Ipennoxenne 7.2. Eciu m>2, mo onsa ompuyamenbHou onpeoenenHocmu

keadpamuunot gopmul V,,(2) na mHodxcecmee ) Heobxoouma u 0OCMAmMoOUHA ee
ompuyamenvbHas ONPeOesieHHOCIb HA €20 2PAHSIX.

TpeOyst oTpumarensHyto onpeneneHHocTs V,,(Z) Ha rpann Q({i}, &) npuxo-
UM K 3aj7ade, aHaJOTMYHOM MCXOJHOM 3ajade o 3HakoompeneaeHHocTd (21) mpu

OrpaHuYeHUsX (22), HO UMEIOLIEH Ha OJHY IIEPEMEHHYIO U, MEHBIIE:
T T
2x"P+ > ubc;” || Ax+ > ub, |<0
jeMN\{i} jeMN\{i}
npyu M—1 KBaApaTHYHBIX OTPAHUYCHHSIX
T - -
u;(k;c; x=u;)20, jeM\{i}. (7.27)
AHanornuHo, TpeOysl OTpUIATENBHYIO ONpeAeTIeHHOCTh V,,(Z) Ha rpanu Q(J{i}),
HPUXOAMM K 3a1aue
T : T i
2X'PEiH+ D, ulc || AdiYx+ D upb, |<0.
jeM\{i} jeM\{i}
npu M—1 kBaaparuuHbix orpannucHusx (27). Marpunst A({i}) u P({i}) ompenerne-
Hbl BeIpakeHueM (25) npu M’ ={i}. [lpumensist npeaioxkenue 7.1 MO0 MHAYKIHUN U
TMOCIIeIOBATETIBHO COKpalias KOJMYECTBO MEPEeMEHHBIX U, M, CIIe0BAaTEeIbHO, KOJIH-

YECTBO KBAJPATUYHBIX OIPaHUYEHUH, MPUAEM K MOCIEAOBATEIBHOCTH 3a1ad 00 OT-
pULATEIBHON OMPENEeNEHHOCTH KBAIPATUYHBIX ()OPM MPHU €AMHCTBEHHOM KBaJpaTHY-

HOM OI'PaHUYCHHUH, I KOTOPBIX IIPCATIOKCHUC 7.2 HCTIPUMCHHUMO. I[J'IH KaXXa0ro nH-

7ieKca i JJOMKHBI OBITh OTPHIIATETHHO ONpeieeHbl 2™ - KBaJpaTHUHBIX (hopM

110



(2x"P(M") +ubc” )(AM)x+ub,) (7.28)
JJIs BCEBO3MOXKHBIX moaMHOxkecTB M’ M \ {i} mpu eauHCTBEHHOM CEKTOPHOM
KBaJ[PATUYHOM OTPAaHHYCHHUU
u (kc'x-u)=>0.
JInst 331241 0 3HAKOOIPEICIICHHOCTH TP SIMHCTBEHHOM KBaJJpaTHYHOM Orpa-
HUYECHUN MOKHO IPUMEHHUTH S-TIPOIENypy, HEYIIEPOHYIO MPH OJTHOM OTPaHUYCHUU.

[Toctynum mo-apyromy, MCIONb3ys CHEHU(PHUKY CEKTOPHOTO orpaHuyeHus. s oT-

pHUIIATEILHOM ONPEICICHHOCTH KBaipaTHaHON (hopmbl (13) pu 0JHOM OrpaHUUYCHUN
u(kc'x—u)>0 (7.29)
HEOOXOJMMBIM YCJIOBHEM SIBJIETCSI €€ OTPHUIIATeNbHAS ONpeAcIeHHOCTh nmpu U=0 u

U =Kkc'X, wim, ApyTuMH CI0BaMH,
PA +A"P <0, PA + AP, <0, (7.30)

e P, :(P+%0kcch, A :(A+ kbCT). HMeeT MecTo

Ipennoxenne 7.3. [na ompuyamenvbHol onpedeieHHOCMU K8AOPAMUYHOU
@opmor (13) npu ocpanuuenuu (29) neobxooumo u docmamouno 8blNOIHEHUsL YCIO-

sutl (30) u ycrosus

k"' At +1>0. (7.31)
JlecTBUTEILHO, 0003HAYNM

z® :[_Albl}.
1

Nmeem V,,(z")=0. Ycnosue (31) o3mauaer, uto Bexktop z) He ymoBmeTBOpseT

orpaHu4eHuto (29) 4yTo, OYEBHIIHO, HEOOXOAMMO JJisi YTBEPKICHHS TMpEIIIONKe-

Huga 7.2. Ilycte Teneps ycnoBus (30) u (31) Bemonusitores. [Ipeanonoxum, yTo
Hal/IeTCsl TAKOW BEKTOp Z', YIOBJIETBOPSIONIMI orpanuueHuio (29), uro V,,(z")>0.
U3 (30) cnenyer, uto V,,(Z") <0 na rpanumue ob6mactu (29). ITostomy 2 mpuname-
KUT BHYTPEHHEW 4acTH 3Toi obnactu. [lycth
y(A)=Az"+1-1)z", 0< A <1,
Paccyxnas aHamormaHo TOMY, KakK 3TO JAENaioch MPpH A0Ka3aTeIbCTBE MPEIIo-

KEeHUs 7.2, OJIy4HuM, 9TO Haimercs Takoe A, uro Y' = Yy(A') npuHaIIeKUT rpaHuie
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obmactu (29) u vV, (y') >0, a aToro He Moxet ObITh B cuiy (30). [IpoTtuBopeune mo-
Ka3bIBAET YTBEPKICHHUE NPEIIIOKEHUA 7.2.
Iockoneky 10 nemme Llypa det(A)=det(A)(kc'A™*+1), To ycnosue (31)
HKBHUBAJICHTHO yCIOBHUIO
sign(det(A)) = sign(det(A)). (7.32)
[Tpumensst npennoxkenue 7.3 u ycnoBue (32) k kBaapatudHbiM popmam (28),
MOJTyYUM
Ipennoxenne 7.4. J[na ompuyamensHou onpeoeieHHOCmuU K8aopamuyHoU
Gopmur (21) npu ocpanuuenusx (22) Heobxo0umo u 00CmMamoyHo 8bINOJIHEeHUs YC0-
sull
P(M)AM")+ A" (M")P(M') <0, (7.33)
sign(det (A(M"))) =sign(det(A)) (7.34)
o151 8cex noomrnodxcecmse M'c M .

Venosus (33) npeacrasistor coboii cucremy u3 2" JIMH oTHOCHTENEHO MaT-
punsl P muucen 6, i=1,...,m.

PaccMmoTpum npumep, WILTIOCTPUPYIONINMA, HACKOIBKO HEOOXOIUMbIE U JI0CTa-
TOYHBIE YCIIOBHUS, KOTOpBIE JAET NpeayiokeHue 7.4, MOryT ObITb MEHEE OrpaHUYM-
TEJIbHBIMU, YEM TOJBKO JIOCTATOYHBIE YCIIOBUS, KOTOpble naet pemenue JIMH (24).

IIyctb N=3, m=2 u

0 1 0 0 -3 1 0
A=l 0 0 1| B=l0 4| cCc=| 3 -2| (7.35)
2 -3 -4 1 1 5 4

Hac unTepecyer MHOXecTBO 3HaueHuil KK, >0, orpaHuuuBarOmmx CEKTOPHI

(22), npu xotopsix cymectByer ¢pyHkuus Jlypse—IloctHukoa (20) ¢ oTpunaTenbHO
OTIPENICICHHOM B ATUX CEKTOpax mpou3BoAHoM (21). Ha puc. 7.4 mpuBoauTcs cpaBHe-
HUe obyacTelt aOCOMOTHON YCTOWYMBOCTH CUCTEMBI (35).

MuoxectBo 3HaueHuwit (K, K,), mms kortopeix paspemmmo JIMH (24),

0603HaunM vepe3 I'°. Buano, uto Bmecte ¢ mroboit Toukoit (K, K,) 9T0 MHOKECTBO

conepxut uenbiit npsmoyrombauk I, ={(k;, k;): 0<k/<k, 0<k;<k,}. ITosTomy

JOCTaTOYHO HAWTH TPaHMIly MHOKecTBa K®°, KOTOpYIO ompenennM Kak MHOKECTBO
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Takux Touek (K, ,K,), koTopble He comeprkarcss HU B KAKOM APYTOM HPSIMOYTOJIBHHKE,

comepxamiemcs B I'°, kpome IT...
102

1

|
084

- |
064

l \
. |
044

0.14

Puc. 7.4. CpaBaeHnue obnacteld aOCOTIOTHON YCTOHYMBOCTH CUCTEMEI (35)

Ha IJIOCKOCTH |(1 (ochb abcmucce) k2 (ocb opauHAT)

I'panuiy o6mactu (K;,K,), A7 KOTOPBIX BBIMOJHSIOTCS YCIOBHS IpEIIOXKe-

Hust 7.4, 0603HaunM depe3 I'°. JIns ee MOCTPOCHHST MOKHO BOCITOJIB30BATHCS CIIEY-
) H T

fomuM npreMoM. OnpenenrM ceMelCTBO eANHUYHBIX BEKTOPOB € = (Sing;, COS¢.) ',
iz

, =
2M

V4 .
rae ¢ = 0,...,M yrusl u3 orpeska | O, 5| BeKTOpBI €, 3am0JIHAIT NEPBBIN

KBaJpaHT MWiockocTH K, K, . JIIs Kaxk10ro Takoro BEKTOpa ONpejieNseTcs ¥, Kak ToY-
Has BEPXHsA I'paHb Takux y, npu KoTopsix JIMH (24) paspemmmo npu Ky sing,
k,= y cose.. IlocnenoBarensHo pemaercs JIMH (24) mns yBennuuBarommxcst c
HEKOTOPBIM IIaroM 3HAY€HUN ¥ JI0 TEX IMOp, MOKa €ro yJaercs pemuTb. MHOXECTBO
BEKTOPOB 7, € CIyXMT NpPUOIMKEHHEM TPAHMIBI J, €, KOTopas H300paxeHa Ha

pucyHke 7.4 TyHKTUPHOM JHMHHEH. AHAJIOIMYHO CTPOUTCS TpaHHIla O0JacTH
pazpemumoctu cucteMbl JIMH (33) u Bbimonnenus: ycinosuil (34). Dta rpanwuiia,
ob6o3HaueHHas I, W300pakeHa CIUIOMIHOH mnuHMel. IlomHele obmactu I'° m T

OTpaHUYCHBI MTEPBHIM KBAIPAHTOM TUIOCKOCTH U CBOMMH TpaHuIiaMu. BuaHo, 4To o6e
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00JIacTH coJeprKaT ILEeNyl0 MOJYyOCh OpPAMHAT, MOCKOJIbKY cuctema (35) okasanach

a0CONIOTHO YCTOWYMBOM MPH KaK YrogHO O0JbIMX 3HaueHusxX K,, ecau K, =0.

Kak cnemyet u3 puc. 7.4, o6macts, onpeaerncHHass HEOOXOMMBIMHA B IOCTATOY-
HBIMH YCIIOBUSIMH, ITUPE 007IACTH, MOTYYEHHOHN C TOMOIILI0 S-Tiporieaypsl. st mpo-
Bepku paspemumoctu JIMH 6w ucnonb3oBan maker YALMIP B cpene marematu-
yeckux Beruncienni MATLAB.

VYcnoBus abCOIOTHOW YCTOMYMBOCTH YaCTO MIPUMEHSIOTCS B TEX CIIydasix, KO-
raa oObeKT YIpaBJIeHUsI HEJITMHEEH U TOYHO omnpezesneH. [lycts TpebyeTcst mocTpouTh
CTAOMIM3HUPYIOIINM 3aKOH ynpaBieHus. Hapsiay ¢ 1aHHON KOHKPETHOW HEJMHEIHO-
CTBIO MOKHO PaccMOTpeTh Kiacc HenuHerHocted (19), KoTopoMy MpUHAMJIECKUT
JaHHAsi KOHKPETHas HEIWHEHWHOCTh. 3ajjadya CTaOWIM3allud HETUHEHHON CHCTEMbI
3aMEHSETCs Ha 3ajjauy MoMcka oOpaTHOM CBs3HU, 00eCTeunBaroIIeii abCOMIOTHYIO YC-
TOMYMBOCTh CUCTEMBI B cMmbicie omnpeneneHus 7.1. Takum oOpa3oMm, JaHHas KOH-
KpeTHas HEJMHEHHas CUCTEeMa IMOTPYXKaeTcsl B KJIACC CHUCTEM C HEJIMHEHHOCTAMH,

IMOAYNMHCHHBIMH CCKTOPHBIM OT'PAHUYCHUSAM.
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§ 8. Ilpumepnl uccjie10BaHUS YCTOHYNBOCTH

IMpumep 8.1. C nomomuipio onpesesieHnsl yCTORYMBOCTH B cMbicie JlsmyHoBa

II0KAa3aTh, YTO KaXKI0€ PELICHUE YPAaBHEHUS
dx
—=0 8.1
™ (8.1)

YCTONYMBO.
Pewenue. 3anuieM peiieHue X, (t) aTOrOo ypaBHEHUS, YJIOBIETBOPSIOIIEE Ha-
0 _ 0
qanbHOMY ycnosuio X (t ) =X, B Buge X (t ) =X =const.
PaccmoTpum npyroe pernenne X, (t) ypaBuenust (1), yaoBieTBopsrolee Ha-
JaJIbHOMY yCIIOBHUIO
)
X, (to) =X,
JIJsl yKa3aHHBIX PEIICHUA NMeeM ‘XZ (t) - X, (t)‘ = ‘Xg — Xlo‘ st Beex t. [Toaromy most
Bcsikoro € >0 cymecrByer 6 >0, Hampumep, O =g TakKoe, 4YTO KaK TOJBKO
0 0 V)
‘XZ — X ‘ <8, To st perennit X (t) u X (t) OyACT BBIMONHATHCS HEPABEHCTBO
[X, (1) = %, (1) =[x§ —x?| < & TIpH BCEX t>t,.
CrnenoBarenbHO, J000€ pemieHue ypaBHeHus (1) ycroitunBo. OqHako ycTOH-
YUBOCTbD SIBJISIETCS HEACUMIITOTUUYECKOH, MOCKOJIbKY HE BBIIIOJIHEHO YCIOBHUE:

X, () =x ®) =[x} = x°| >0 npn t >0

IIpumep 8.2. [Tokazars, 4TO KaXK10€ PELIEHUE YPABHEHUS

dx
E'FX—O (8.2)

ACUMIITOTHYECKH YCTONYHUBO.
Pewenue. 3anuiem ob1iee pemieHue ypaBHCHHUS:
x(t)=Ce™,
rae C = const. Pemenus X, t)m X, (t) ypaBHeHus (2), yAOBIETBOPSIONINE HAYATbHBIM

~(t-t,) ~(t-t,)

_ 0 _ O 0 0
yenoBusiM X (t ) =X, X (t ) =X , ©IMCIOT BHJ Xl(to)—xle ;X (to)—xze

—(t-t
Nmeem ‘X2 (t) - X, (t)‘ = ‘Xg — xf‘e ) 50 IIPH BCEX t — +o0, OTKYAA CICAYET acuM-
NTOTHUYECKAasl yCTOMYMBOCTH JIFOOOTO pellieHus ypaBHeHHs (2).
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IIpumep 8.3. IlycTh ceMEMCTBO TPACKTOPH CHCTEMBI JIBYX HEJIWHEHHBIX
muddepeHnanbHbIX YpaBHEHUN COCTOUT U3 MPSMBIX X, = CONSt B 4eTBEPTOM KBa/I-

paHTe, a B OCTaJbHBIX KBaJpaHTax oOMHUChIBaeTcs ypaBHeHuem p=p(e,C), roe p
3
MOHOTOHHO yOBbIBaeT NMPU U3MEHEHUU @ OT En 10 0 (puc. 8.1). Ctpenkamu 0003Ha-

4yeHo HampasiieHue Bo3pacTanus t. [Ipu t — co Bce TpaekTopuu CTpeMsTCs K TOUYKE
(0, 0). UccnemoBath HyJICBOE PEIICHUE HA YCTOWYUBOCTb.
Pewenue. HyneBoe penieHue yCTOWYMBO, TaK KaK BCAKas TPACKTOPUS, HAUM-

HAIOIIAsICAd BHYTPU Kpyra o pajauyca €, OyaeT ¢ poctoM t mpoaokaTh OCTaBaThCS B
€

3TOM KpyTe, 37ech d(€) = €.

IMpumep 8.4. Ilycthb ceMEWCTBO TpPAaeKTOPUN CHUCTEMBI JABYX HEJIMHEHHBIX
muddepeHnanbHbIX YpaBHEHUN COCTOUT U3 MPSMBIX X, = CONSt B 4eTBEPTOM KBa/I-

paHTe, a B OCTAJbHBIX KBaJpaHTaX OMHUCHIBaeTcs ypaBHeHueM p=p(p,C), rme p
3
MOHOTOHHO YOBIBAa€T NPU U3MEHEHUU (P OT En 10 0 (puc. 8.1). IIpu t — o« Bce Tpa-

exropun ctpemsatcs k Ttouke (0, 0). MccnenoBarh HyleBoe pelIeHHE Ha YCTONYM-

BOCTb.

."2 }

Z
[

Puc. 8.1. CemMelCTBO TpaeKTOPHIA B IIIOCKOCTH (X1, X2)

Pewenue. HyneBoe penieHue yCTOMYMBO, TaK KaK BCSAKas TPACKTOPUS, HAUM-

HAIOIIAsICsl BHYTPU Kpyra o pajuyca €, OyaeT ¢ poctoM t mpogokaTh OCTaBaThCS B
€

3TOM KpyTe, 37ech O (€) = €.
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IIpumep 8.5. MccnenoBath Ha yCTOMYMBOCTh U ACUMIOTOTHYECKYIO YCTOWYH-

BOCTB HYJICBOC PCHICHUC CUCTCMBI, O6HI€C PCIICHUC KOTOpOﬁ HUMCCT BUL.
x,=C cos’t-Cpe™,

. (8.4)

X, =—2C costsint+C_e™.

2 1 2
Pewenue. B cootBercTBUU € (4) nMeeM
¥, =[%(0) + x,(0)] cos*t — x,(0)e™,
X,=—=2[%(0) + x,(0)]+ x,(0) e™".

CrnenmoBatelnbHO, ‘Xl(t)‘<‘xl(0)‘+2‘xz(0)‘<8, ‘Xz(t)‘<2‘xl(0)‘+3‘X2(0)‘<8 pu

‘Xl (0)‘ < g =9(g), ‘XZ (O)‘ < g =09(g), a ’TO O3HAYAET, YTO TPUBUAILHOE PEIICHUEC

ycTon4nBO. HO yCTOMYMBOCTD SIBISETCSI HEACUMITOTUYECKOM, ITOCKOJIBKY X U X HE

CTPEMATCS K HYJIIO IPU t —>o0 HU INPH KAKUX HAYAJIbHBIX 3HAYCHHUAX, OTIMYHBIX

OT HYJISL.

IIpumep 8.6. B mnockoctu mapameTpoB o U 3 HATH 00IacTH, B KOTOPBIX yC-
TOMYMBO HYJIEBOE PEIICHUE CUCTEMbBI YPABHEHUI:
{)’(:ax+ (B-20B-1)y,
y=Xx-By.

Pewenue. XapakTepucTU4eCKOE YPAaBHEHUE CUCTEMBI UMEET BUJL
a—k p-20p-1

:O’
1 Bk

wm K2+ (B-—o)k+1+ap—-P=0. 3nece b=p—a, c=1+0p—p. Bemmuuns b, ¢
HETPEPBIBHO 3aBUCAT OT O M [3, MOATOMY 3HAaKH OyayT MEHsAThCs Tam, rae b=c=0,

TO €CcTh Ha npsiMoit 3 — o = 0 u Ha runepOosie 1 + aff — B = 0. DT TuHUN pa3OuBaIOT
MJIOCKOCTh mapaMeTpoB o U 3 Ha yeTwipe obmactu L, 11, 1, TV (puc. 8.2), B kaxnou u3

KOTOPBIX 3HaKH D, C MOCTOSIHHBI. BO3bMeEM 110 0JTHOM MPOM3BOJIBHOM TOUKE B KaKI0U

00J1aCcTH | ONPENICINM B 3TUX TOYKAX 3HAKH KO3 uimeHTos b, C.
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Puc. 8.2. Ilnockocth nmapamerpos (o, )

O6nacte I: B Touke (—1; 1) umeem b=2>0, c=-1<0. HyneBoe peuieHue
CUCTEMBI B 3TOM 00JaCTH HEYCTONYHBO.

O6nacts Il: B Touke (0; 1/2) umeem b = 1/2 >0, ¢ = 1/2 > 0. Hynesoe pemienue
CUCTEMBI B 3TOM 00JJaCTU aCUMIITOTHYECKH YCTONYHUBO.

O6macte Ill: B Touke (1;0) umeem b =-1<0, c=1>0. HyneBoe perienue
CUCTEMBI B 3TOH 00JIaCTH HEYCTONUYNBO.

O6nacte IV: B Touke (2; —2) umeem b = —4<0, c=-1<0. HyneBoe peunienue
CUCTEMBI B 3TOM 00JaCTH HEYCTONYHBO.

Hccnenyem Ha yCTOMYMBOCTH HYJIEBOE PEIICHHE HA TPAHMUIIAX PACCMOTPEHHBIX

BBIIIIE 00JIACTEN:

a) lei, o<1 (rpanuma Mexay obmactsmu | u Il). Ha stoii rpanune
—a

o1 > 0, o, = 0, Tak 9TO HYJIEBOE pEIICHUE HA HEW YCTOWYNBO, HO HE aCUMITTOTUYECKH,
0) B =a (rpanuna mexay obnactamu Il u lll). Ha stoit rpanune oy =0, o, > 0,

TaK 4TO HYJICBOC PCIUICHUC Ha HEH yCTOI\/'IIII/IBO, HO HC aCUMIITOTHYCCKH,

B) lei, o >1 (rpanuna mexnay oomactsmu Il u V). Ha aToii rpanwure
—a

o1 <0, o, = 0, Tak YyTO HyJI€BOE pELICHUE HA HEl HEYCTONYMBO.
Takum o0pa3om, HyJIeBOE pelIeHne aCUMITOTUYECKH yCTOMYMBO B obsactu ||

U YCTOMYMBO, HO HE aCUMIITOTHYECKH, Ha rpaHuie |l.
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IIpumep 8.7. UccienoBaTts Ha yCTOWYMBOCTh HYJIEBOE PELIEHUE CUCTEMBI

dx
at =—(x-2y) (1-x*-3y?),
d
=0 E-x-3y).

(8.5)
Pewenue. BoibepeM niist cuctemsl (5) B kadectBe ¢yHKuU JlsmyHoBa ¢GyHK-

o V = X*+ y°. OHa sBJIsAeTCs, BO-NEPBHIX, MOJIOKHUTENBHO ONpEeIeHHOM, a, BO-
BTOPBIX, JIJIsl €€ MPOU3BOIHOM, HAIEHHON B CUITYy CUCTEMBbI, HMEEM

&V _ v dx oV dy _

dt  ox dt oy dt

=2X(2y —X) (1—- x*=3y?) -4y (x+y) (1-x*-3y?) =
=-2(1-x*-3y?*) (x*+2y*) <0

[P JOCTATOYHO MAJIBIX X M ). BbIonHeHbl Bee ycnoBus teopeMbl A.M. JIsnyHoBa

00 ycroitunBoctu. CinenoBaTenbHo, HyneBoe pemenue X, =0, y=0 cucremsi (5) yc-

TOWYUBO.

IIpumep 8.8. UccnenoBaTh Ha yCTOMYMBOCTD HYJIEBOE PEIICHUE CUCTEMBI

dx

—=-5 —2X3,

a

dy 3

— =5x-3vy".

dt y
(8.6)

Pewenue. ®ynxuus V = x° + y°, BoIOpaHHas U1 CHCTEMBI (6), YIOBIETBOPSET
ycioBusM Teopembl A.M. JIssmyHOBa 00 aCUMITOTUYECKONW YCTOMYNBOCTH:
1) V(x,¥)=0, V(0,0)=0;

o _
dt

2X(-5y —2x%) + 2y (5x —3y®) =—(4x* +6y*) <0, Te. d—V<0 I/I d—V=0

2
) dt dt

Ttosibko mpu x =0, y=0, u 3HAYUT, s SIBJIIETCS. OTPULIATEIBHO OIPEICICHHON

dynknuei. CnenoBatenpHo, pemenne x =0, y =0 cucremsl (6) aCUMITOTUYECKU

YCTONYMBO.
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IIpumep 8.9. /lana cucrema ypaBHEHHI

{x:ax9+by,

8.7
y=-cx+dy’. 8.7
Hatitu nis cuctemsl (7) dyukuuto JIsoynosa B Buge V(X, Y) =F; (X) +  + F,(y),

rae F 4 (X), F,(X) — muddepennmpyemoie GyHKIHH.

Vv
Pewenue. 1lponsBonnas Ty B cuily cuctemsl (7) paBHa:

V =F()%+F(y)y = F(x)(ax* +by) - F(y) (cx —dy?).
[otpeGyem, utobbl GyHKuus V uMena TOT e Tui, uto u ¢pyukiums V(X, Y), T.e. 4To-
OBl U OHA MPECTABIAIACh B BUAE CYMMBbI IBYX (DYHKIIMN — OJTHOM, 3aBUCSIIICH TOJb-
KO OT X, APYTO# — TOJIBKO OT Y. JIJis 5TOr0 HEOOXO0AMMO, YTOOBI IMENIO MECTO TOXKE-
CTBO
F(x)by —F,(y)cx=0.
Pazpnensst nepeMeHHbIe, TOTYYUM
cx _ by
R RO

H, CICHOBATCJIIbHO, KaXJas M3 z[p06eﬁ JOJIDKHa OBITH ITOCTOSIHHOM BGHH‘IHHOﬁ, Ha-

npumep, paBHoit 1/2. Torga Oynem nuMmeThb cx _1 by _ i, otkyma F(X) = cx?,

FO) 2 F(y) 2

F,(y) = by?, Tak aro V(X, y) = cx” + by*.

IIpumep 8.10. MccnenoBath yCTOMUUBOCT HYJIEBOTO PEIIEHUS CUCTEMBI JIopeH-

na
X=—GX+aY,
y=—XZ+rx—y, (8.8)
z=Xxy-bz,

rne b, r,c>0.

Pewenue. HetpyHO mpOBEPUTH, YTO MOJIOKEHUSMU PABHOBECUS CHUCTEMBI JIO-

penia (8) sBustores cienyromue touku: (0, 0, 0) (\/b(r—l), \jb(r—l), r—1) U

(—\fb (r-1), —\/b(r -1, r —1). YcioBue CyInecTBOBAHUS HEHYJIEBBIX IMOJOKECHUIN

paBHOBECHUS 3aaeTcsi HepaBeHCTBOM I > 1. [Ipu HEKOTOpBIX 3HAYEHUSIX MTapaMETPOB

B cucTeMe (8) BO3HMKAIOT XaOTHYECKHUE JBMXKEHMS. M3BECTHO, YTO MpPHU 3HAUYCHUSX
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napamerpoB ¢ = 10, b = 8/3, r = 28 arrpakTop cucremsl JlopeHIIa UMEET TaKk Ha3bI-
BaeMyI0 (PpakTaIbHYIO CTPYKTYpY [65].
HccnemyeM yCTOWYMBOCTD 110 JISIyHOBY HYJICBOTO MOJOXKEHUS PABHOBECHS CHC-

TeMbl (8). Beimuiiem st 3TOro JIMHEWHYI0 4acTh cucTteMbl JIopeHIla ¢ MOMOUIbIO

MaTpUulbl
om, om om
ox oy oz
om, om, om,
ox oy oz |
om; omg Omg
ox oy oz

rae my(X, Y, z), my(X, Y, z), mg(X, Y, z) — npaBble yactu cuctemsl JlopeHna.

B1iosib Hys1€BOTO peleHMs MOIy4aeM CIEAYIOUIYIO TIOCTOSHHYIO MaTPHUILLy

- o 0
M=l r -1 0
0O 0 -b

CrnenoBaTenbHO, JUHEHHAs 4acTh cucTeMbl JIopeHna B OKPECTHOCTH MOJIOXKEHUS

pasuoBecust O = (0, 0, 0) umeet BUA

X=—-0X+aY,
y=rz-y,
Z=-bz.

XapaKTEpUCTUYECKOE YPAaBHEHUE UMEET BU]

(b+1)[(c—1r)-(1+1r)—or]=0.
Kputnueckoe 3Hauenue r=1 B 3amaye 00 yCTOMYMBOCTH HYJIEBOI'O PELIEHUS JIETKO
OTIpEIeNISIeTCS TIPH YCIOBHH TIOJIOXKHUTEIBHOCTH TTapamMeTpoB b u o. Ecin r meHbIe
JTOM BEJWYHUHBI, TO PEAIU3YyeTCs Clly4al aCUMIITOTUYECKOW YCTOWYUBOCTH, NHAYE —
Clly4ald HEYCTOMYUBOCTH.

VYTBepKIEHHUE O JTOKAIIbHOW YCTOWYHNBOCTH HYJIEBOTI'O PEIICHUS MPHU YCIOBUAX
0<r<lub,o>0 ™MoxHO ycuauTh. IMEHHO, IPH 3THUX YCIOBUSIX HYJIEBOE pelile-
HUe cucTteMsbl (§8) mI00aJIbHO ACUMITOTUYECKH YCTOMUMBO, SIBISASCH €IUHCTBEHHBIM
arTpakropoM. IlombiTaeMcst mOKa3arh aCUMITOTHUYECKYK) YCTOMYMBOCTH HYJIEBOTO
pelenus, noadupas napamerpsl Gpynkiuu Jlsanynosa suna V (X) =C,X° +C,y* +C,z2°.
Nmeem

121



V (x) = 2¢,x5(y — X) + 2¢,Y(rx — y — xz) + 2¢,z(xy —bz) . (8.10)
Bribepem ¢, = ZL C,=C,= % . Torna
(@)

V(X)=X(Y = X) + Y(rX—y — x2) + 2(Xy —bz) = —x? + A+ r)xy — y* —bz? =—(x —ay)? —
—(1-a®)y*-bz* <0,

1+r
rae a= = <1 mpu 0<r<1. Utak, NOJ0XKUTEIBHO onpeacieHHas Gyukius Jlsamy-

HOBa HMMEET OTPHULATEIBHO OIPENEICHHYIO MPOU3BOJHYIO. 3HAKOONPEAEIECHHOCTh
00enx (QYHKIMI IMEeT MECTO BO BceM mpocTpancTBe R®. [mobanbHas acUMITOTHYE-
CKasl YCTOMYMBOCTb HYJICBOTO pelIEHUsl JoKa3zaHa. Takum o0pa3oM, XaoTHUYECKOe
noBeieHre cucTeMbl JlopeHia npu r <1 HeBO3MOXKHO. OTMeTuM, uto pyHkius Jls-
nyHoBa Buja (10) ny1s aHanM3za yCTOMYMBOCTH HYJIEBOTO PEIICHMs cUCTeMbl JIopeHna

paccMoTpeHa B [65].

IMpumep 8.11. BoiicHUTH YCIOBHUSI YCTOWYMBOCTH BpalleHUs TBEPIOrO Tela
OTHOCHUTEJIBHO YTJIOBOM CKOPOCTH, €CIM YpPAaBHEHHS BO3MYIICHHOIO JABUKEHHUS

UMEIOT BUJT:

Ad——(B C) X, X3’det =(C - A)(x+p0)x3,Cdd =(A-B)(X;+ py) X,.

dt
Pewienue. YpaBHeHUS TMHEMHOTO MPUOIMKEHUSI UMEIOT BUT
Ao g% c_p c %% _ (A_B)p.x
dt - d - pO 31 dt - pO 2

3anuiieM XapaKTCPUCTUICCKOC YPAaBHCHHUC IJId CHUCTCMbI ABYX IOCJICOIHHX

YPaBHEHUI:
ABA?=(A-C)(B—A)p2=0
KOpHI/I 9TOI'0 YpaBHCHUA UMCIOT BUI
A ,=+po/(A—C)(B-A)/JAB.

[Tpu ycnoBuu B> A > C unu C> A4 > B xopHU A , BEIIECTBEHHBI U OJIUH W3

KOPHEMN IIOJIOKUTENEH, CJIEA0BATEIBHO, BpAILlCHUE BOKPYI CpPEIHEN OCU HEYCTOW-
YUBO.
ITycTs BOOJIB OCH BpallleHUsl PacIioyIoKeHa Manas WM 0oJiblIasi OCh JJUIMI-

cousia MHepIMH. ITO o3HayaeT, 4to 4 < B, C unu 4 > B, C. B sTom cimydae 06a kop-
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HS SIBJISFOTCS. MHUMBIMH, CJIEIOBATEILHO, CYJIUTh 00 YCTOWYHUBOCTH TIO YpPaBHEHUSIM
NEPBOTO MPUOTMHKEHUS HEJb34.
[Ipumenum BTopoi meron JlsmyHoBa. B kauectBe ¢yHKimu JIsimyHOBa BO3b-

MeM (YHKITUIO
V =(Ax?+ BxZ+ Cx2+ 2Ap,x,) +[B(B-C)x2+C(C-A)XZ],
rje 3Hak mitoc oepercs npu A < B, C, a 3Hak munyc —npu 4 > B, C.
Oynkuus V obparaercs B HyJb MPpU X; =x; =x3 = 0 U MOJIOXKUTETbHA B OKpe-
crHoctd Hynsi; dV/ dt obparaercs B HyJIb B CHJIy ypaBHeHUid qBrkeHus. CiemnoBa-

TEJIbHO, TIEPMAHEHTHOE BpaIllEHUE OTHOCUTEIHLHO OOJBIION WM Majoil OCHU yCTOM-

YUBO.

IMpumep 8.12. VccnenoBath yCTOWYUBOCTh OJJTHOOCHOTO THPOCTAOMIM3ATOPA,
B KOTOPOM C BHYTPEHHEN paMKO KapJaHOBa IIOJBECA CBSA3aH JAaTUYMK YIJa, U3Meps-
IOIMK yTo 3 MOBOPOTAa BHYTPEHHEN paAMKU OTHOCUTEIBHO BHEIIHEM.

Pewenue. O603HaunM 4yepe3 o, MaJlblii yroJl MOBOPOTA BHEIIHEH paMKU OT HEKO-
TOPOT0 YCTAHOBUBILETOCS 3HAUEHHUA. J[BUraTenp CTaOMIM3aLUU CO3/1aeT MPUKIaibl-
BaeMbIil K Hapy»KHOU pamke MoMeHT M = —Kf — pa, rae K, | — mooKuTenbHbIe KOH-
cTaHThl. [lycTh A — MOMEHT MHEPIIMU BCEW CUCTEMBI OTHOCHUTEIIBHO OCU Hapy>KHOU
paMKH, B — MOMEHT UHEpPLUU BHYTPEHHEH paMKH BMECTE C POTOPOM OTHOCHUTEIBHO
OCH BHYTPEHHEH paMKH, yIibl o, [3 — Majnble BelMyuHbl. JInHeapu30BaHHbIE ypaBHE-
HUS JBUKEHUS TUpOocTadmin3aTopa OyayT UMETh BUJ

Ad+pé+HB+kp=0,
BB —Ha =0,

rae H — KWHeTUYEeCKUii MOMEHT pOTOpa.

(8.11)

Yactroe pemienne cuctembl (11) ompemensiercss npu o =0, B =0. Cienosa-
TeNbHO, ypaBHeHUs (11) SBISIOTCSA ypaBHEHUSIMH BO3MYIIEHHOTO JBHXKCHHS. Xapak-
TEPUCTUYECKOE YPABHEHUE UMEET BUJ]

AV +ph HA+K B

0,
—HA B\’

501041

(ABA+ BuA? + H *A+ Hk )1 = 0.
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Hammane kopast A = 0 CBHIETENBLCTBYET O TOM, 4TO cuctema (11) momyckaer HyneBoe
4aCTHOE pELICHHUE.

PaccMoTpuM ypaBHEHHE
a, M +a ’+a,A+a,=0,
Tac
a,=AB, a,=Bu, a,=H? a,=Hk.

[Ipumenum kpurepuit ['ypBuna. Y ciaoBust yCTOMYMBOCTH UMEIOT BU

a, a, 0
al a3
A=a,>0, A,= a >0, A,=|a, a, a,|>0,
° 0 a a,

OTKyJla CIACAYIOT OTpaHWYEHHUS Ha TapaMeTphl CUCTeMBbI. YcioBus a; > 0, az > 0 BhI-
MOJHAIOTCS. Y CI0BUE A, = aia; — dpaz, TPUBOSIIEE K HEPABEHCTBY
BuH?*— ABHk >0,
OyJZleT BBINOJHEHO, €CITN
uH/A>Kk.
[Ipu BBINTOJHEHUH 3TOTO YCIOBUS HYJIEBOE PEIICHUE YPAaBHEHUIN BO3MYIIIEHHO-

ro JBUYKEHUS TUpOCcTadmiIn3aTopa Oy 1eT aCHMITOTHYECKH YCTOMYUBO.

IMpumep 8.13. C nmomompio kputepusi ['ypBuila mcciaeaoBarb yCTOWYUBOCTh
CUCTEMBI YPaBHEHUS, y KOTOPOU XapaKTEPUCTUUIECKOE YPAaBHEHUE UMEET CIICAYIOIINMA
BUI: A* +4X° +3A* +5A +4=0.

Pewenue. B nannom ciydae umMeem

a,=1>0,a =4>0,a,=3>0,a,=5>0,a,=4>0,
CJIeI0BaTEIbHO, HEOOXOAMMOE YCIOBHE YCTOMYMBOCTH BBITIOJTHSIETCS.

CocraBuM onpenenuTens 4-ro nNopsiaKa:

a, a, 0 0 4 500
A & a, a 0 1 3 40
‘10 a a 0| [0 450
0 0 a a, [0 0 3 4
I'naBHBIC MHUHOPBLI UMCIOT BHU
a, a3_4 ) a a, 0 4 50
A =a,=1>0, A, = = =7>0, A,=la, a, a|=|1 3 4=-29<0,
al |1 3
% & 0 a al [0 4 5
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CJIEA0BATENBHO, O KpUuTepHIO ['ypBUIa cucTeMa HEYCTOWYHBA.

IIpumep 8.14. Onpenenuth nepenaTouHblie (QYHKIMU 3BEHA, OMUCHIBAEMOTO
ypaBHeHUEM Y —Yy=U—U.
Pewenue. B cuMmBonmueckoil popMe ypaBHEHUE 3alUCHIBAECTCS B BUJIE:
(p* -y =(p-u.
[lepenatounas pyHKIMS B oniepaTopHO GopMe UMEET BUI:
-1 -1 1

W(p=S—= P - =
p°-1 (p-D(p+1) p+1
[lepenatounas GyHkuus B n300paxkeHusx Jlammaca numeer BU/L:

W(S) =W (P)],.= =

IMpumep 8.15. VccrmenoBaTh Ha YCTOMYUBOCTHh CUCTEMY YIIPABJICHUS, KOTOpas
OTHUCBIBAETCS CJICIYIOIINM ypaBHEHHEM (Y — BBIXOJI, U — BXO[):
4 3 2
d 2/+3d 3y+3d 2y+3dy+2y:d—u+3u.
dt dt dt dt dt

Omneparop nuddhepeHIpoBaHus p UMEET BU/I: pkx = x*, Torma

P’y +3p°y +3p°y+3p+2y = pu+3u,
(p*+3p° +3p*+3p+2)y=(p+3)u.
Ilepenatounast GyHKUMSI UMEET BU:

W (p) = p+3

p* +3p*+3p*+3p+2

XapakTepuCTUISCKU  TIOJIMHOM  CHCTEMBI  yMPABJIICHUS HWMEET  BUJI:
A +3A8 430 +3A+2. Torma
a,=1>0,8,=3>0,a,=3>0,8,=3>0,a ,=2>0,
T.€. Bce KoahduimeHTsl Oonbiie Hyms (OJHOTO 3HAKA), CIEAOBATEILHO, HEOOXOIU-
MO€ YCJIOBHE YCTONYMBOCTH BBITOTHSAETCSI.
a a a 330
A =a=3>0, A;=la, a, a,|=l1 3 2/=0,
0 a a| |0 3 3

CJIEI0BATENBHO, 110 TeopeMe JIbenapa—Illumnapa cucrema HeycTONYHBA.
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IIpumep 8.16. UccnenoBaTh yCTOMYMBOCTh 3aMKHYTOM CHCTEMBI NpHU Clie-

2s? +3s+1

IYIOLIEH NIEPETATOYHOU (l)yHKuI/II/I Pa30MKHYTOM CUCTEMbI: —, e .
S"4+48° +S° +25+3

[lepenaTounast GyHKIMS pa3OMKHYTONU CUCTEMBI UMEET BH/I:

25?2 +3s+1

Wis) = s* +4s° +52 +25+3"
_RG)
W(s)_s(s).

Torna coOCTBEHHBIN onepaTop 3aMKHYTOM CUCTEMBI UMEET BUJL:
Q(s) =R(s) +5(s),
Q(s)=s*+4s° +3s* +5s + 4.
XapakTepUCTUYECKUI TTOJIMHOM 3aMKHYTOM CUCTEMBI UMEET BU:
Q(a) = A" +4A° +3A* +5A + 4,

Torma 8,=1>0, a=4>0, a,=3>0, a,=5>0, a,=4>0,
a a, a| 450
A, =3, a, a,| =1 3 4|=-29<0,
0 aa (045

cienoBaTenbHo, o TeopeMe JIbenapa—Illunapa cucrema HeycTolunBa.

IMpumep 8.17. MccrnenoBaTh yCTOWYMBOCTH 3aMKHYTOM CHCTEMBI MpPU Clie-

. . . S+5
nyromieit nepefatouHoll pyHkuuu pasoMkHyToi cucrembl: W (S) = ————.
S°+25°+5s

YacroTHas nepeaatoyHasi (QyHKIMs, BEIIECTBEHHAs U MHUMas (PYHKIUU UMe-
10T BUJI:
jw+5 jw+5

Wije)= (jo) +2(jo) + jo -2 + j(0-°)

100+ —w* - 2jw’ —Bjw+5jw’  —w’(w’ +9)+ j(Bw® —5w)
4o + (- w’)? 4w* + (W —w®)?

—0’(@+9) —o’(@+9) —o’-9

U(w) = = = ,
(©) 4o’ + (00— %) 4o’ +0*(l-0?)’ 40’ +(1-0?)’

3w® —5w 3w®-5

V(w) - = .
(@) 4* + (W -w®)? 4w’ +w(l-w?)?

Jns noctpoenns ADOUX HYy»KHO ONpeeeanuTh KOOPUHATHI TOUEK €€ Iepece-

YCHUA C OCAMHU KOOPpAWHAT U COCAMHUTDL 3TU TOYKH IJIABHOM JIMHUEH.
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HeoOxoaumbie pacueTHbIe JaHHbBIE MPEACTaBIEHBI B Ta0I. 8.1.

Ta0Omuma 8.1.
) 0 0<w<1 1 ®>1 o0
U(w) -9 <0 -2.5 <0 0
V(o) o0 <0 -0.5 >0 0

Ha ocHoBe 3Tux gannabix noctponm ADUX, npencraBieHHyo Ha puc. 8.3.

¥(w)

V({w)

Puc. 8.3. AOYX nmns mpumepa 8.17

XapakTepUCTUYECKUI MHOTOUYJIEH UMEET BUJL:
Q) =A*+2X° +A,
XapaKTepUCTUUECKOE YPAaBHEHNE COOTBETCTBEHHO 3aIMILETCS B BUJIE
A +2X +A=0,
oTkyna A =0 uimu A’ +21+1=0. Torga A, = -1, CJIeJIOBaTEIbHO, IPABBIX KOPHEH HET,
u l=0.

Nmeercsa HyneBoW KOpeHb. B 3TOM ciiyyae mpeacTaBuM MepeaaToyHyro QpyHK-

U0 B BHJIE

W (s) :shv W, (s), W,(0) =1, v=1.
Torna

S+5 S+5
W(s) = = ,
®) $$4+2s+s  s'(s°+2s+1)

W,(s)=s*+2s+1, W,(0) =1, v=1.

B paccmarpuBaemom mpumepe | =0 u AOUX, nomonuenHas pyrout —V(n/2) = —n/2

OKPY>KHOCTH OOJIBIIIOTO paauyca, oxBarbiBaeT TOUKy (-1, j0). CinemoBaTenbHO, 3aMK-

HyTas CUCTEeMa yIpaBJlIeHUs 110 KpuTepuro HalikBucra HeycTONYMBa.
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§ 9. 3apauu u ynpaxHeHus

9.1. HOHLS}/}ICL OIIPpCACIICHUCM, HCCICAOBATL HaA YCTOI>’I‘II/IBOCTB B CMBICIIC

A.M. JIsnyHoBa penieHus CIeAyOINUX YPABHEHUM:

dx

a) —+x=1, x(0) =1;

) &t (0)
dx

0) —=-t(x-1), x(0)=1;
dt
dx 1 1

B) ——2X=t, X(2)=—=;

) dt (2) 2

dx
— =2xt, x(0)=0;
r) ot x(0)

dx
— =cost, x(0)=1.
1) m 0)

9.2. OmnpenenuTh, yCTOWYHUBHI JIH HYJIEBBIE PEUICHUS CIEAYIONUX CUCTEM:

s
a) 2=V,
V=W,
W=-y—z-v;
y=12,
6 127V
V=W,
W=y,

9.3. UccnenoBaTh Ha YCTOWYHUBOCTD PEIISHUSI CIICTYIOMNX YPAaBHCHHIA:
a) X=4x—-t?x, x(0)=0;
6) 2tx=x-x>, x(0)=0.

9.4. UccnenoBath Ha yCTOMYMBOCTh M ACUMIITOTHYECKYIO YCTOMYUBOCTh HYJIe-

BOE PEIIIEHNE CUCTEMBI, 00IIIee perieHue KOTOPO UMEET BUI:

x=C sin“t—-C_e", y=Ct'e'+2C_.
1 2 1 2
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9.5. Ycranosuts xapakrep HysneBoro pemenus (0, 0) Ay caeayrommx CUCTEM:

1) X=X-Y, 2) X=4y—-X,
y =2X+3Y; y=-9Xx+Y;
3 X =-2x-3y, 4 X=X-2y,
y=X+Y; y =2y -3X;
5) X =3X+2y, 6) X=-X+2Y,
y=X+Yy; y =—2X+3y;
7) X=-2X+Y, ) X=5x-2y,
y =—-X-4y; y=x-3y;
9) X=2X-Y, 10) X=3x—-4y,
y=X+4y; y =—-X+3y.

9.6. OnpenenuTh mapameTp o, IPU KOTOPOM YCTOMYMBO HYJIEBOE PEIICHHE

CICAYIOIUX CUCTCM:

X=Y, X=-X+Y,
1) 2)

. 2. . 2.,

X=a’x-3y

y=aXx+4y,

X=Y+oxX,

5)

X=2X-Y, X=2X-Y,
y=Xx—0a’y; y=ox-y;
. 2 10)
y=oXx+2a°Yy;

7)

9)

X =2X, X=X+Y,
y=4ox+a’y; y =ox—2a%y;

y=3ax—-2a’y.

9.7. UccnenoBaTh Ha YCTOWYUBOCTD 110 MEPBOMY MPUOIMKEHUIO HYJIEBBIEC pe-
LIEHUS CIEAYIOIUX CUCTEM:
X=X+ 2y — 3x2 X=-sinx+3y+ X’
1) 2)

. - .
y=3Xx—-2y+2x* +y"; y:zx_zy_gyg;
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X =26 +5y—2+x*, X =—3X+4y+sin®x - y?,

3) 4’ y 2 y y
y=X+6C0Sy—6—Yy; Ly =-2x+siny+e’x’;
X=X—2siny - y3sinx, X=X—Vy+x +Vy,

5) | y-y 6) | y y
y=2y-3x—X’; ly=x+y-Vy%
(>'<=2x+83iny, X:—4x+zsiny—3x2,

7)<. 8) 2
y=2-¢ -3y-cosy, y=—2X+X2+y+Yy°
Xx=—4y—x, x =10sin x — 29y + 3y°,

9) 1~ 10) yy
y=3x-y% y =5x —14siny + y°.

9.8. C nomoipto Gpynkiuit JIssmyHoBa vccnea0BaTh Ha YCTOMYUBOCTh TPUBH-

AJIbHOC PCIICHUC CUCTCM!

X=—X+ y—3xy2—£x3,
1) 4 2)
y=—Ix—<y-2y’;
3 2
X=-2X—Yy+2xy*—3x°,
3) 1 4)

=——X-y—-Xy-Ty%
y 3 y y-ry

X =-5x -9y +3xy’ - x°, {Xxeyzxy‘s,

5 6
) y=3X—4y—2ﬁy—%y% ) Y=—%y—ﬁy—XW%
X =-3x+xy*=x°y°, %= X — Xy
7)Y——Eﬁy—if' ) y=y—%f'
2 47" ’
3 5 _ 3
9 x_y3+x5, 10) X=-2Yy x3,
y=x+VY’; y=3x—-4y".
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9.9. PaccMoTpeTh ypaBHEHUS JIMHEHHOTO OCHUIIIATOPA

X =X,

X, =—kx, —u(t)x, G-

C TOCTOSIHHBIM K03(duiineHToM TpeHuss K u MEHSIOIUMCS BO BpeMEeHU KO3 GUIu-

eaToM Tpenus U(t). [Ipenmonaraercs, 4ro mapameTp U MOXKET IPHHUMATH JBa 3Ha-
gyeHus: U, u U, (cMm. §6 mocobus). MI3smeHeHne nmapamerpa U BO BPEMEHHU IOAYUHUM
CICAYIOIICMY 3dKOHY: BCSIKUH Ppa3, Koraa To4kKa X1, X2 HaXOJUTCA B IICPBOM U TPCTh-
eM KBaJpaHTe (a30BOi IIIOCKOCTH, BRINONHACTCS ycnosue U(t) =U,, a B cirydae BTO-
pOTO U YeTBEpTOro KBajpanToB umeeM U(t) =u,:

U, mpr X (1)x,(t)=0,
u,, mpu X (t)x,(t)<0.

Jlia cuctemsl (1), (2) npu U, =2 uccaeaoBaTh YUCIEHHO TPACKTOPUHU UCXOAS-

u(t) = (9.2)

mue u3 HadanbHOW Touku (1,0) mpw pasnmuuHBIX 3HaYeHUSIX 2<U, <2.7 W HaWTH

KPUTHYCCKOC 3HAYCHUC U2 IIpU KOTOPOM TPACKTOPUA IIPEACTABILICT coOoi 3dMKHY-

ThIN OHUKII. HOCTpOI/ITB CEMEHCTBO KOHIOCHTPHUYCCKHUX OHUKJIOB, OTBCHAIOIINUX PA3JINY-

HBIM Ha4aJIbHBIM YCJIOBHAM.

9.10. Yb6enuThcs, 4TO MHOKECTBO KOCOCUMMETPHUICCKUX MaTPHI] 00pasyeT all-
reopy Jlu.

Vkasanue: Bocnonab30BaThes onpeeeHneM KOCOCUMMETPUYHOCTH (MaTpuIia

A xococummerpuyHa, ecniu AT =—A) u MaTepuanom pasiena 6.3 §6 HACTOAMIETO

mocoous.

9.11. Bo3MO>K€eH JI1 TapaMeTPUIECKUil pe30HAHC B CUCTEME

X ==X X,
Xz :_U(t)xz

rae U(t) mpunumaet 3Havenus 1 u 27

Ykazanue: Bocmnosib30BaThCs MaTepUaIoM paszaena 6.2 §6 HacTOSIIIEro moco-

ous.

9.12. PaccMOTpeTh yNpaBsieMyl0 CUCTEMY, B KOTOpOHM 00aBKa K JTMHEHHOMN

YacTH UrPAET POJIb 3aKOHA YIIPABJIEHUS U, KPOME TOTr0, TpEOOBAaHUE HETPEPHIBHOCTU
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sTo nobaBku He Tpedyercs (cm. §7 mocobwmst). Ilpenmomaraercs, 4To OOBEKT
yIIpaBJICHUS JIMHECH, & KOHTPOJUIEP, PCATU3YIOIIUI 3aKOH yIPaBJICHUS, HEJTMHECH U
HecTanoHapeH. OOBEKT ympaBieHUS 3a7aeTCs ypaBHCHUEM

X=Ax+bu, (9.3)
rae X e R" — BekTOp mpoCTpaHCTBa COCTOSIHUM, BEMIECTBEHHAs MaTpuia A HMeeT
pasmMep nxn, Bektop beR", U — ckansgpHoe ympasieHue. 3aBUCHMOCTE X ¥ U OT
BPEMEHH JIJI1 KPATKOCTH OIycKaeTcs. YpaBHeHHE (3) ompeneliseT JIMHEHHYIO 4acTh

CUCTCMBI CO CKAaJIAPHBIM BXOJA0M u. CKaHHpHBIﬁ BBIXOJ OIIPCACIIACTCA YPABHCHUCM
y = c'X, (9.4)

rge Ce R" — BCKTOD. O6paTHa;1 CBA3b, YCTaHaBJIMBarOIas 3aBUCUMOCTL BXOJa JIHU-

HEWHOW YaCTH OT €€ BBIX0/IA, ONPEAEISIETCA YPABHEHUEM

ut) =o(t,y). (9.5)
Yo6eauTsces, 4TO HyJIEBOE pellleHHe CUCTeMbI cucTeMbl (3)—(5) mpu
0O 1 O -3 0
A= 0 0 1| b=|4]| c=[-2| o(y)=Yy =(-2x,+4x,)°
-2 -3 -4 1 4

ACUMIITOTUYECKU YCTONYHBO.
Ykazanue: BOCHOJIb30BAThCS PE3yJIbTATOM PACCMOTPEHHOrO B § 7 mpumepa

(7.35) u pucynkom 7.4.

9.13. [lana cuctema Jlopenma (cM. §8 mocoowms):
X=—GX+aY,
y=—XZ+rx-y,
Z=Xxy-bz,
rne b, r,c>0.
1. Joka3ath, uto npu I < 1 touka O(0, 0, 0) — eqMHCTBEHHOE OJIOKEHHUE PABHO-
Becus cuctemsl JlopeHna.
2. BBIICHHTH XapakTep yCTOMUMBOCTH Toukd O B 3aBUCHMOCTH OT 3HAYCHHUS Ta-
pametpa .
3. Jlokasartp, uto nipu I > 1 y cuctemsl JlopeHna cymecTByrOT MOMUMO TO4YKH O
eIle JBa JOMOJHUTEIBbHBIX MoyIoKeHus paBHOBecus O; u O,.

4. BbIACHUTH XapakTep YCTONUMBOCTH nojoxxeHuid paBHoBecus O; u O,.
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9.14. PaccmoTpeTh YacTHBIM ciay4yail cucTembl ABYX Au(depeHInamIbHbIX
ypaBHEHHM BTOPOTo mopsjka (cM. §4 mocoous)
X = 2a(X), X9) X, +le(x1, X5),
Xo==28(X, %)% +U, (X4, %),

O)Z
Korzaa (D¢O, U =—+7I‘2

+E (KeIIepoBO JBUKEHUE BO BpAIIAOLICHCS CUCTEME
r

koopauHar). 3aech Uy, - 13 + Xy, Uy, = 3%, + 02Xy, Uy = T2 +3r°¢ + o,
Usix, = 3 XyXo, Uy = 3+ 3rox: + w’ Jli1s1 ypaBHEHU I JBUKECHUSA
x1—2x2=UX1, x2+2x1=UX2

HOJYYHTh YCJIOBHUS YCTOHYMBOCTH 10 JKykoBcKOMy pemeHui X; = @j(t).

9.15. HccnenoBath yCTOWYMBOCTD HYJIEBOTO PEIICHUS:

a) y"+y'+y+2y =0; 0) y"'+2y"+2y'+3y =0;
B) y" +2y"'+4y"+3y'+2y =0; r) y" +2y"+3y"+7y+2y =0;
1) yY +2y"+6y"+5y'+6y =0; e) yV +8y"+14y"+36y'+45y =0;

K) yY +2y" +4y" 6y 45y +dy =0;  3) y' +2y" +5y"6y 5y +2y =0;
n) y' +3yY +6y"+7y"+H4y+4y =0;  K) y' +4y" +9y"+16y""+19y'+13y =0.
Ykazanue: BOCTIONBb30BaThCS YCAOBUAMM | ypBHLIAa MM KpuTepueM Muxaitnosa

(cm. §5 mocobwus).

9.16. MccnenoBaTh yCTOMYHUBOCTh CUCTEMBI YPABHEHHSI, Y KOTOPOU XapaKTepu-
CTHYECKOC YpaBHCHHUE UMEET BH/I;
A +4A° +BX° +7A+3=0.

Ykazanue: Bocrionb30BaThes ycioBusiMu [ 'ypBuna.

9.17. Ompenenuth mepenatovyHbie (GYHKIMH B OMEPATOPHOU (opMe CHCTEM
yIPaBJICHHSI, KOTOPBIC OMUCHIBAIOTCS ypaBHEHUSAMH (Y — BBIXOJI, U — BXO/):
a)y+2y+4y+3y=7lU+50+4u; o)y +4y+3y=U+3u+2u
B)Y+4y+3y+y=U+4u+3u.

9.18. MccnenoBaTh Ha YCTOMUHUBOCTh CUCTEMY YIIPABJICHUS, KOTOpPasi ONUCHIBA-

eTCs CIIeyIOUM yYpaBHeHUEM (Y — BBIXO, U — BXOJ):
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4 3 4 3 2
2) d 2/+4d3y+7d d 5d3y+6d2y+12dy
dt dt dt dt dt dt dt

Ykazanue: Bocrionp3oBatbcsi kputepueMm JIbeHapa—Illnnapa.

2
2y+8§ty+4y=3u; 6) =Y +10y=7u.

9.19. MccnenoBath yCTOMYUBOCTh 3aMKHYTON CHCTEMBI IIPH CIIEAYIOLIEH mepe-

JTATOYHON (QYHKIIMU PA30MKHYTON CHCTEMBL:

6s° +9s+9 25° +35+45
W (s) = - W (s) =
)W) = 5 es 1105590 O W)

s* +5s° +58* +25+1"
Ykazanue: Bocrionp3oBartbcs kpurepueMm JIseHapa—Illunapa.

9.20. UccnenoBaTh YCTOMYMBOCTH 3aMKHYTOM CHCTEMBI IIPH CIICTYIOIICH Tepe-
JATOYHON (PYHKIMU PA30MKHYTOM CHCTEMBI:
s+1 2s+1
a) W(8) = 2 ; o) W(s) =3 2 .
ST+2s° +s+1 ST+3s°+s+2

Ykaszanue: Bocnosib30BaThca kpurepuem HalikBucra.

9.21. IlpocTeiimas MoieIh HAIIMOHATBHON YKOHOMUKHU OMMCHIBAETCS CHCTEMOM

¢ depeHnnanbHbIX ypaBHEHUN

I=1-aC,

C=p(1-C-0G),
rae | — HanmoHaneHbIN 10X071, C — pa3mep moTpeOUuTensCcKux pacxoaos, a G — pas-
MEp MPaBUTEIBCTBEHHBIX Pacxoa0B. Mojenb OTHOCUTCS TOJNBKO K 00JIACTH €CTeCT-
BEHHOTO HM3MEHEHHs TepeMeHHbIX, T.e. 1 >0, C>0, G >0, a mocrosHHBIE O U f3
YAOBIIETBOPSIOT YCIOBUSIM 1 < o < 00; 1 <3 < oo,

a) [lokazatp, 4TO €ciu ypOBEHb IMPaBUTEIbCTBEHHBIX PAaCXOJOB IOCTOSHEH,
G = Gy, TO cymiecTByeT TOYKa MOKos cuctembl. OmpeennuTh XapakTep TOUYKH MOKOS
npu 3 =1 1 MoKa3aTk, 4TO TOT/Ia IKOHOMHUKA UCTIBITHIBACT KOJICOAHNUS.

0) [TycTh TIpaBUTENBCTBEHHBIE PACXOJbI CBS3aHBI C HAMOHAIBHBIM JTOXOJI0M
cootHomenueMm G = Gy + ki, rme k > 0. Haiitu BepxHioto rpanuity A mist kodhduim-
eHra K, HIKe KOTOpOW CYIIECTBYET TOYKa TOKOSI B €CTECTBEHHOI 00JacTH M3MEHe-
HUS epeMeHHbIX. OnucaTh MOJ0XKEHUE U XapaKTep 3TOW TOUKH MOKos i 3> 1 mpu

npuOImKeHnd K K KpuTHYeCKOMy 3HadeHuIo A.
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Vkazanus:

a) IpUpaBHSAB TMpaBble YacTH CHUCTEMBbI JIUPPEpeHIMANTBHBIX YpPAaBHEHHIM

I=1-0aC, 5 {I—ocho, .
_ K HYJIIO, U3 alnreOpandecKoi CUCTEMBI HAUTH TOUKY
C=pB(l-C-G) | -C-G=0

( aG, G, j 5

MOKOSI | ——~, —— | ¥l POBECTH aHAJN3 YCTONYNBOCTH;
a-1 a-1
oG, G,
0) mojoxxeHue paBHOBECHS eCTh :
all-k)-1 a@@-k)-1

k<a—1/o(=A). VYcroiiumBass TOYKAa TMOKOS CTPEMHTCA K OECKOHEYHOCTH

npu k— A.

135



CIIMCOK JIMTEPATYPHBI

1. Angpymos H.A., Konecnuxoe K.C. YCTOMUMBOCTb JBUKEHUS U PABHOBECHSI.
M.: U3a-Bo MI'TY um. H.D. baymana. 2003.

2. Amenvkun B.B. Jluddepennmanbabie ypaBHeHUs B puiioxkeHusx. M.: Hayxka,
1987.

3. Amunos M.III. O6 yCcTOWYMBOCTH HEKOTOPBIX MexaHuueckux cuctem // Tp.
Kazanck. aBuair. ua-ta. 1949. T.24. C. 3-69.

4. Anoponos A.A., Bumm A.A. O6 yctoitunBocty 1o JlsmyHoBy // dKOT®D. 1933.
T. 3. Bem. 3.

5. Apmemwes H.A. OcymectBumblie asuxenus // U3B. AH CCCP. Cep. matem.
1939. Ne 3. C. 361-367.

6. Agpanacves B.H., Koamanosckuii B.b., Hocos B.P. MaTematudeckas T€opus
KOHCTPYMPOBAHHMsI CUCTEM ylpasiieHus. M.: Beicias mkona, 1998.

7. bananoun J[.B., Koean M.M. CuHTE3 3aKOHOB yIIPaBJIE€HUSI Ha OCHOBE JIMHEH-
HBbIX MaTPUYHBIX HEpaBeHCTB. M.: @uzmatiut, 2007.

8. becexepcxuii B.A., Ilonos E.Il. Teopusi cucTeM aBTOMAaTHYECKOT'O PETyJIHUPO-
Banus. M.: Hayka, 1975.

9. bupkeogh [oc. lunamuueckue cucremsl. M.: ['octexusnart, 1941.

10. Bprom A.3., Caguenxo A.A. O6 opOUTATBLHON YCTOMYUBOCTH OJHOTO TIEPHO-
JTMYECKOTO pelIeHs ypaBHEHUH nBKeHus rupockona Kosanesckoit // ITIMM. 1986.
T.50. Beim. 6. C.967-973.

11. Bacunvese C.H. K unTemnexktHoMmy ympaBieHutro // Henuueinas teopus
yhnpaBiieHus u ee npuwioxkenus. M.: @usmaraut, 2000. C. 57-126

12. Boponoeé A.A. Teopusi aBToMaTHuecKoro ympasieHus. B 2-x 1. M.: Beic-
1mras mkoJja, 1986.

13. Bopomuuxoe B.U., Pymanyee B.B. YCTOWYMBOCTh U yIPABJICHHUE TI0 YaCTU
KOOpIUHAT ()a30BOTO BEKTOpa NMHaMUUecKkux cucrteM. M.: Hayunsrit mup, 2001.

14. I'anuynnun A.C., lllecmaxog A.A. Y CTOMYMBOCTh JABUKEHUSI U BapUaLMOH-
Hble npuHnunel guHamuku // Bectn. PYJIH. Cep. Ilpuxn. marem. u undopmaTtuka.
1996. Ne 2. C. 20-28.

15. I'enue A.X., Jleonos I'.A., Axybosuy B.A. YCTOMUNBOCTh HEIMHEHUHBIX CHC-

TE€M C HEEIMHCTBEHHBIM COCTOsSIHMEM paBHOBecHs. M.: Hayka, 1978.

136



16. Jlanunos FO.A. Jleknuy 1o HENWMHEWHOW AWHAMHKE. DJIEMEHTApHOE BBEJIC-
Hue. Yuednoe rmocodue. M.: KomKuwura, 2006.

17. Jlemuoosuu K.I1. Jlekiuu 1Mo MareMaTHYeCKOW TECOPUM YCTOMUUBOCTH. M.:
Hayxka, 1967.

18. Jemuoosuu b.I1. O6 opbuTanbHONW YCTOMUMBOCTH OTPAaHHUUYEHHBIX PEHICHUN
aBroHoMHOMU cuctemsl I, 11 // luddepent. ypaBuenus. 1968. T.4. Ne4. C.575-588;
Ne 8. C.1359-1373.

19. Jlopogeesa JI.FM. OcHOBbI TeOpUH YIpaBiCHUS: Y4yeOHO-METOIUYECKUN
komruiekc. M.: Jlupekr-Menma, 2015.

20. Apyorcununa O.B. VccnenoBanue mpoyHocTd 1Mo JKYKOBCKOMY TPaeKTOPHIA
[IAJIKUX JTUHAMHUYECKUX CHCTEM ¢ ToMolielo GyHkumit Jlsmynosa // JIJAH. 1998.
T.362. Ne2. C.198-201.

21. JIpyorcununa O.B. YcroitunBocTh U crabunu3anus mo JKykoBckomy JvHA-
Muyeckux cucteM: Teopus, Meroabl U npunoxkenus. M.: Kawxkubiii gom «JInbpo-
kom» / 3. rpymma URSS, 2013.

22. Jlpyorcununa O.B., Heonuna E.B., Macuna O.H. MoaenupoBaHnue u ctabu-
JU3alMs TUHAMAYECKUX CHCTEM C JIOTHYeCKuMHU perynaropamu / CooOlieHus o
npukiagHon Mmatemaruke. M.: BI] PAH, 2015.

23. Jlpyocununa O.B., Macuna O.H. Metoasl uccieqoBaHUsl YCTOWYUBOCTH H
YIPaBIIEMOCTH HEUYETKMX M CTOXAaCTHYECKUX NUHammueckux cucrem. M.: BI[ PAH,
2009.

24. Jlpyorcununa O.B., Macuna O.H. MeTtoasl aHan3a yCTOMYMBOCTH JTUHAMU-
YECKUX CUCTeM HHTeJUiekTHoro ympasinenus. M.: JIEHAHJI / Uzn. rpynna URSS,
2016.

25. Jlpyorcununa O.B., Macuna O.H. O moaxonax K aHaIW3y YCTOWYHUBOCTH He-
JUHEHHBIX JUHAMUYECKUX CHCTEM C JIOTHYecKuMHU perynstopamu // CoBpeMeHHBbIE
uHdopmarmonHsie TexHomoruu u UT-o0pazoBanue. 2017. T.13. Ne2. C. 40-49.

26. /Ipyorcununa O.B., lllecmaxoe A.A. O pacmpeHnn TMOHSTHS OPOUTATHHOM
YCTOMYUBOCTU Tpaekropuii nuHammdeckor cucremsbl// JIAH. 2001. T.377. Ne5.
C.621-625.

21. Jlpyocununa O.B., lllecmakos A.A. O6001eHHbIN TipsiMoii MeTo JIsimyHOBa

MCCJICIOBAHMS YCTOMYMBOCTH M MPUTSHKEHUS B OOIMUX BPEMEHHBIX cucTeMax // Ma-
teM. coopruk. 2002. T. 193. Ne 10. C. 17-48

137


http://www.directmedia.ru/author_4034_dorofeeva_l_i_/
http://www.directmedia.ru/pub_1_direkt_media/

28. Jlpyorcununa O.B., Illecmaxos A.A. O TIpeneNbHBIX CBOMCTBAX aCHUMIITO-
TUYECKUA YCTOMYMBBIX MO JIAMyHOBY M aCUMOTOTHYECKH MPOYHBIX MO JKYyKOBCKOMY
Tpaektopuii tuHamuueckux cucteM // JJAH. 2006. T.409. Ne 2. C. 185-190.

29. /Iyoowun I'.H. K Bomipocy 00 yCTOMYMBOCTH IBWKEHUS OTHOCHUTEIHHO IO-
CTOSHHO JaeWcTBytommx Bosmymenudd // Tpymer [AWII. 1940. T.14. Bem.1.
C.153-164.

30. Ezopos A.H. OcHoBbI Teopuu ymnpasiienus. M.: @uzmarnut, 2007.

31. Epyeun H.II. Kaura njs uyTteHus 1o oOmemy Kypcy auddepeHImaibHbIX
ypaBHeHu. MuHck: Hayka n texnuka, 1979.

32. JKyxosckuu H.E. O nmpodHocT ABUkeHU // YdeHble 3anucku MOCKOBCKO-
ro yauepcutera. Ota. ¢pus.-mat. 1882. Beim. 4. C. 1-104.

33. 3y606 B.M. Metonp! JIanmyHnoBa u ux npumenenue. J1.: U3n-so JII'Y, 1957.

34. 3y606 B.1. lunamuka ympaBisieMbix cucteM. M.: Beiciias mkona, 1982.

35. Kum J[.I1. Teopus aBToMatudeckoro ynpasneHus. T.1. JIuneitHpie cUCTEMBI.
M.: ®uzmatiut, 2007.

36. Kum /].11. Teopus aBroMatuyeckoro ymnpasienus. T.2. MHoromepHeie, He-
JIMHEHMHBIC, ONITUMAJIbHBIC U aJalTUBHBIC cucTeMbl. M.: ®u3matiut, 2007.

37. Kum JI1., [Imumpuesa H./]. COOpHUK 3a7a4 10 TEOPUH aBTOMATHYECKOTO
ynpasiieHus. JInaeitneie cucteMsl. M.: @usmatiut, 2007.

38. Kum JLII., [Imumpuesa H.J[. COOpHUK 3a7ad 1O TEOPUH aBTOMATHYECKOTO
ynpasiieHusi. MHOTOMEpHBIC, HEIMHEWHBIC, ONTUMANIbHBIE U aJalTHBHBIC CUCTEMBI.
M.: ®uzmatiut, 2007.

39. Kpasuyk A.1O., Jleonos I'.A., [lonomapenxo /[.B. Kputepuu cunbHOM opOu-
TadbHOM YCTOMYMBOCTH TpaekTopuil nuHamuueckux cuctem I, II // duddepenu.
ypaBHeHus. 1992. T.28. Ne9. C.1507-1520; 1995. T.31. Ne 3. C. 440-445.

40. Kpacnos M.JI., Kucenes A.U., Maxapenko I".1. CoopHUK 3a7a4 110 OOBIKHO-
BEeHHBIM AuddepeHmaibHbiM ypaBHeHusM. M.: Bricias mkona, 1978.

41. Kpacnos M.JI., Kucenee A.U., Maxapenxo I'HM. OnepanlioHHOE HCYHUCIIE-
Hue. Teopus ycroitunBoctu. M.: URSS, 2003.

42. Kpacosckuti H.H. HexoTopble 3ajaud TEOPUU YCTOMYUBOCTH JIBMXKCHHUS.
M.: ®uzmatrus, 1959.

43. Jla-Canne K., Jlegpuwey C. ViccnenoBanue yCTOMYMBOCTHU MPSIMBIM METOJIOM
JIsmynoBa. M.: Mup, 1964.

138



44. Jleonog I'.A. O MHOrOMEpPHOM aHajore Mpu3HaKa OpOMTAIBHON yCTONYM-
BoctH [lyankape // uddepent. ypauenus. 1988. T.24. Ne 9. C. 1637-1639.

45. Jleonog I''A. O6 opOUTAIBHON YCTOWYMBOCTU TPACKTOPUN AMHAMUYECKUX
cuctem// [IMM. 1990. T. 54. Beim. 4. C. 515-519.

46. Jleonog I'.A., Ilonomapenxo /I.B. Kputepuu opOUTaATIBbHON yCTOWYHMBOCTHU
TpaekTopuil TuHaMmuueckux cucreM // 3B. By30B. Cep. matem. 1993. Ne 4. C. 88-94.

47. Jleonos I'.A. XaoTuueckass JUHAMHUKA M KJIacCHYecKas TEOpUS YCTONYMBO-
cTu IBUXKEHUS. MockBa—xeBck: MTH-T KOMIIBIOTEpHBIX HcciaeqoBanuii, 2006.

48. Jhypve A.H. Ananutnueckas mexanuka. M.: ®u3zmarrus, 1961.

49. JIanynos A.M. Ob6mias 3amada 06 ycroitunBoctr npmwkenns. M.—J1.: ['octex-
n3nat, 1950.

50. Manxun U.I". Teopus yctoituuBoctu aBmxkenus. M.: Hayka, 1966.

51. Mapkees A.Il. AnTopUTM HOpMaJIM3allid TaMUIBTOHOBOM CHUCTEMBI B 3aja-
4ye 00 opOMTaIBbHOW YCTOWIMBOCTH Tepuoandecknx apwxeHuit / [IMM. 2002. T. 66.
Brim. 6. C. 929-938.

52. Mapmuintok A.A., Kamo [loxc., Illecmakos A.A. Y CTOWIUBOCTb JBUKEHUS:
MeToJ npenenbHbIX ypaBHeHuil. Kues: HaykoBa mymka, 1990.

53. Mapwan K. 3agada tpex Ten. MockBa—lxeBck: MH-T KOMIIBIOTEPHBIX
ucciuenosanuii, 2004,

4. Mameees H.M. COOpHUK 3aJa4 U YIIPaKHEHUH 1O OOBIKHOBEHHBIM Tudde-
pEeHLHAIBHBIM YpaBHeHUsIM. M.: Briciias mkona, 1970.

55. Mampocos B.M. Meton BekTopHbIX (yHKIUN JIdmyHoBa: aHaW3 AUHAMU-
YECKUX CBOMCTB HEJIMHEHHBIX cucteM. M.: ®u3matiur, 2001.

56. Mampocos B.M., Ananonvckuii JI.IO., Bacunves C.H. Meton cpaBHEHUS B
MaremaTudeckoi Teopuu cucteMm. HoBocubupck: Hayka, 1980.

S7. Mepxun /[.A. BBenenue B TEOpur0 YCTOWYMBOCTH ABWXeHHs. M.: Hayka,
1987.

58. Moucees H.J[. Odepku pa3Butus Teopun yctounoctu. M.: ['ocTtexusar,
1949,

599. Hemwiykuti B.B., Cmenanos B.B. KauectBennas teopusi auddepeHuuaib-
HbIX ypaBHeHui. M.: I'octexusnar, 1949.

60. Huxynun E.A. OCHOBBI TEOpUU aBTOMATHYECKOTO yrpaBieHus. M.: Jlutpec,
2014.

139


http://www.directmedia.ru/author_142248_nikulin_evgeniy_aleksandrovich/

61. Obonenckuii A.FO. Jlekuuu MO Ka4eCTBEHHOW Teopuu AudQepeHnanbHbIX
ypaBHeHU. MockBa—keBck: HCTUTYT KOMIIBIOTEPHBIX HcciaeqoBanuii, 2006.

62. Ilemposckuu U.I'. O noBeIeHNN UHTETPATBHBIX KPUBBIX CUCTEMBbI qudde-
PEHIMAIILHBIX YPAaBHEHHH B OKpecTHOCTH 0co00# Toukm // Martem. c6. 1934. T.41.
Ne 1. C.107-156

63. Iloouykaes B.A. Teopus aBTOMaTHYECKOTO yMpaBicHUs (aHATUTHYECCKHE
MeTObl). Yuel. 1 By30B. M.: ®uzmatiaut, 2005.

64. [lonax b.T. Pa3BuTHe Teopuu aBTOMATHYECKOro ympamieHus. [IpoGremsr
ynpasnenus. 2009. Ne 3.1 C. 13-18.

65. llonax B.T., Xnebnuxoe M.B., Panonopm JI.b. Matematuueckasi Teopus aB-
TOMATUYECKOTO yrpaBiieHus. YueOHoe mocobue. PekomenmoBano (denepanbHbIM
y4e0HO-METOIMYECKUM OOBETUHEHNEM B CUCTEME BBICIIETO 00pa30BaHMS M0 YKPYII-
HEHHBIM TPYIIIIaM CHeIUaIbHOCTEW M HampasieHuil noAaroroBku 27.00.00 «Ymnpas-
JeHue B TexHudeckux cucremax». M.: JIEHAHJI / U3a. rpynma URSS, 2019.

66. [lyanxape A. I36pannsie Tpyast. T.1, 2. M.: Hayka, 1971, 1972.

67. Ilynkos K.A., INunwxun B.H. OnpeneneHue U UCHOJIb30BaHUE YCTONYUBO-
ctu o H.E.XykoBckomy st pobactHbix (rpyosix) cuctem // BectHuk MI'TVY.
Cep. Mammnoctpoenue. 1996. Ne 4, C. 103-108.

68. Pazymuxun b.C. YcTOWUUBOCTH dpeauTapHbIX cucteM. M.: Hayka, 1988.

69. Panonopm JI.b. O 3amaue abCONIOTHON YCTOMYMBOCTH CHCTEM YTPABICHHUS
C HECKOJIbKUMH HEJIMHEHHBIMH CTAllMOHAPHBIMH dJIEMEHTaMu // ABTOMaTHKa U Telie-
mexanuka. 1987. Ne 5. C. 66—-74.

70. Panonopm JI.b. O6 0qHOM 4YacTOTHOM KpUTEpUHU aOCOIIOTHOM YCTONYHBO-
CTH CHCTEM YIIPaBJICHHUS C HECKOJbKUMHU HEIIMHCHHBIMU CTAIlMOHAPHBIMHU JIEMEHTA-
Mmu // ABTOMaTuka u Tenemexanuka. 1989. Ne 6. C. 34-43.

71. Panonopm JI.b. Pacimupenue S-mpoleaypbl U aHAJIU3 MHOTOMEPHBIX CHC-
TEM YIPaBIEHUS C MOMOIIBIO JIMHEWHBIX MAaTPUYHBIX HEPABEHCTB // ABTOMaTHKA H
tenemexannka. 2005. Ne 1. C. 37-48.

72. Pymanyes B.B. O pa3sutuu uccienoanuii B CCCP no Teopuu ycToM4HUBO-
ctu aswxkenus // ludpdepenn. ypasuenus. 1983. T. 19. Ne 5. C. 739-776.

73. Pyw H., Abemc I1., Jlanya M. Tlpsamoui metop JIsmmyHOBa B TEOPUU yCTOWYH-
BocTtH. M.: Mup, 1980.

140



74. Ceoosa H.O. O pa3Butuu npsimoro metoja JlsmyHoBa 1ist GyHKIIMOHATBHO-
nuddepeHIanbHbIX YpaBHEHUH ¢ OECKOHEUHBIM 3ama3/ibiBaHueM// MaTeM. 3aMeTKH.
2008. T. 84. Ne 6. C. 888-906.

75. Cunoorc [xc. Tenzopuble meToapl B tuHamuke. M.: NI, 1947.

76. CripaBOYHHK TI0 TeOpuM aBToMaTtmdeckoro ympasienus / Ilog pen.
A.A. Kpacosckoro. M.: Hayka, 1987.

77. Tymanos M.I1. Teopust ynpasieHus. Teopus JTUHEHHBIX CUCTEM aBTOMAaTH-
YeCKOro ymnpaniieHus. YueoHoe nocodue. M.: MITUOM, 2008.

78. @unamos A.H. Teopus yctoitunBoctd. Y. 1. YcTOMYMBOCTD pelIeHU CHC-
teM nuddepennmansabix ypasaenuit / Kypce mekmuii. M.: UBM PAH, 2002.

79. Qunrunnos A.®. Beenenue B Teoputo nuddepeHInaibHbIX ypaBHeHUH. M.
URSS, 2004.

80. @ununnos A.®. CoopHuUK 3a1a4 1o auddepeHmaIbHbIM ypaBHeHUSIM. Mo-
ckBa—xeBck: IHCTUTYT KOMITBIOTEPHBIX HcciienoBanui, 2007.

81. Xapmman @. O6bikHOBeHHBIE nuddepeHmanbapie ypaBHeHus. M.: Mup,
1970.

82. IJsemkosa O.JI. Teopusi aBTOMaTU4eCKOro yrpasieHus: yueOunuk. M.: [u-
pexkT-Menua, 2016.

83. Yezapu JI. AcUMIITOTHYECKOE TTOBEACHUE M YCTOWYMBOCTD PEIICHUIN OOBIK-
HOBEHHBIX TuddepeHunanbubix ypasHenuid. M.: UJI, 1958.

84. Yemaes H.I'. YcroriunBocth asmxkenust. M.: TUTTIJI, 1955.

85. Illlecmaxos A.A. HexoTopbie TeOpeMbl O HEYCTOMYMBOCTH B CMbICie Jlsmy-
nosa// JIAH CCCP. 1951.1.79. Ne 1, c. 25-28.

86. [llecmaxos A.A. O6 acUMIITOTHYECKOM TOBEIEHUU MHOTOMEPHBIX CHCTEM
muddepennuanbubix ypaBHeHuid. M.: B3MUT MIIC CCCP. Yuensie 3anucku. Tpy-
161 Kadeaphl BeICIIeH MateM. U Teop. MeX. 1961. Beim. 7. C. 3-104.

87. lllecmaxos A.A. Teopus m NpHIIOKEHUS OOOOIICHHOTO MPSIMOTO METO/aa
JIsmyHOBa 111 aOCTPAKTHBIX JUHAMUYECKUX CHUCTEM: 0030p COBPEMEHHOTO COCTOS-
HUSI TEOMETPUYECKOro HampaBiieHus B npsmoM wmetoje Jlsmynosa// J{uddepentr.
ypaBHenus. 1982. T. 18. Ne 12. C. 2069-2097.

88. lllecmaxos A.A. llpsimoit meron JIsmyHOBa Kak METOJ JIOKaNIU3aluu (QyHK-
nusMu JISmyHOBa MpefenbHBIX MHOKECTB HEABTOHOMHBIX JUHAMHYECKUX TMPOIEC-
coB// ®ynkuuu JlsmynoBa u ux npumenenus. AH CCCP. Cubupckoe ota. Upkyt-

CKHI BhIYMCIUTENBHBIN 1IeHTp. HoBocuOupck: Hayka, 1987. C. 14-48.

141


http://www.directmedia.ru/author_158808_tsvetkova_olga_leonidovna/
http://www.directmedia.ru/pub_1_direkt_media/
http://www.directmedia.ru/pub_1_direkt_media/

89. Illecmaxos A.A. O600meHHBIN IPsIMOI MeTox JIsTyHOBA AJ1s cHCTEM ¢ pac-
npeaeneHHbpIMU Tlapamerpamu. M.: Hayka, 1990. (M3n. 2-e, non. M.: KomKnura /
Wszn. rpynma URSS, 2007).

90. Illecmakos A.A., Hpyacununa O.B. Meron dyukauii JIsmyHoBa nccnenona-
HUS JTUCCHUIATHBHBIX aBTOHOMHBIX JHHAMHYECKUX TporeccoB // luddepent. ypas-
HeHust. 2009. T.45. Ne 8. C.1108-1115.

91. llimughenv E., lleiighene I'. Jluneitnas u perynspHas HeOecHas MEXaHUKA.
M.: Hayka, 1975.

92. ll]ennuxosa E.B. YcToiunBOMOIOOHBIE CBOMCTBA YIIPaBIsIEeMbIX JUHAMUYE-
ckux cuctem. M.: PYJIH, 2006.

93. Oppoycmum /1., Inetic K. O6pikHOBEeHHBIE AU depeHIInaIbHbie YPaBHEHUS.
KauecTBennas Tteopus ¢ npuiioxenusmu. M.: Mup, 1986.

94. Bendixson I. Sur les courbes définiés par des équations différentielles // Acta
Math. 1901. V.24. P.1-88 (pycckwuii niepeBo riaBbl [: O KPUBBIX, OMPEIEIIeMbIX
mudepennnansapiMu ypaBHeHusimu // YMH. 1941. T.9. C.191-211.

95. Baumgarte J., Stiefel E. Stabilization by manipulation of the Hamiltonian //
Celest. Mech. 1974. V. 10. P. 71-85.

96. Bhatia N.P., Hajek O. Theory of dynamical systems. Technical Note BN-
606. University of Maryland, 19609.

97. Bhatia N.P., Szegs G.P. Stability theory of dynamical systems. Berlin:
Springer-Verlag, 1970.

98. Bohl P. Uber differentialungeichungen // J. fur die reine und angewandte
mathematic. 1913. V. 144. Ne 4. P. 284-313.

99. Boyd S., Vanderberghe L. Convex Optimization. Convex University Press,
2004.

100. Ding C. The limit sets of Uniformly Asymptotically Zhukovskij Stable
Orbits // Computers Math. Appl. 2004. V. 47 (6/7). P. 859-862.

101. Ding C., Soriano J.M. Uniformly asymptotically Zhukovskij stable or-
bits // Computers Math. Appl. 2005. V. 49. P. 81-84.

102.  Routh E.J. Treatise on the stability of a given state of motion. London:
MacMillan and Co., 1877 (Ilep. ¢ aurn. Payc 3./[pcc. O6 yCTOMYUBOCTH 3a1aHHOTO
COCTOSIHUSI IBMDKCHHSI, B YACTHOCTHU, YCTAHOBUBIIETOCA JIBIKEeHUS. MockBa—xKeBCK:

HNHCTUTYT KOMIIBIOTEPHBIX HUccaenoBanmii, 2002).

142



103.  Sugeno M. On stability of fuzzy systems expressed by fuzzy rules with
singleton consequents // IEEE Transactions on Fuzzy Systems. 1999. V. 7. Ne, 2. P.
201-224.

104.  Synge J.L. On the geometry of dynamics // Phil. Trans. Roy. Soc. Lon-
don, ser. A. 1926. V. 226. P. 31-106.

105. Tanaka K., Wang H.O. Fuzzy control systems design and analysis: a li-
near matrix inequality approach. N.Y.: Wiley, 2001.

106. Thomson W., Tait P. Treatise on natural philosophy. London: MacMillan
and Co., 1867 (Ilep. ¢ anrn. Tomcon V., Tom I1. Tpakrar 1o HaTypajabHOU (UIOCO-
¢un. B 2-x 4. MockBa—MxkeBck: MKeBCKUI MHCTUTYT KOMIBIOTEPHBIX HCCIIEI0BA-
Huit, 2010).

107. Yang X. Liapunov asymptotically stability and Zhukovskij asymptotical-
ly stability // Chaos, Solitons and Fractals. 2000. V. 11. P. 1995-1999.

143



YueOHoe u3manue

Macuna Oabra HuxkosaeBHa,
Apyxununa Oubra BajileHTHHOBHA,
Panonopr JleB bopucosuu

3JIEMEHTHI TEOPUU YCTOMYNUBOCTH
MATEMATHUYECKHNX MOJIEJIEH
YIHHPABJISAEMbBIX CUCTEM

VYuebHoe mocooue

Texnuuecxuti peoakmop — H. I1. beznoeux
Texnuuecxoe ucnonnenue - B. M. I puwiun

JIvueH3uss Ha U3aTeNbCKYIO 1A TeIbHOCTh
NI Ne 06146. Jlara Beimaun 26.10.01.
®opmar 60 x 84 /16. 'apuutypa Times. [leuats TpadaperHas.
Ileu.n. 8,9 VYu.-uza.n. 8,6
Tupax 500 k3. (1-i 3aBog 1-50 5k3.). 3aka3 36

OTnedaraHo ¢ TOTOBOTO OpUTHHAI-MaKeTa Ha Y4acTKe ONepaTUBHON moaurpaduu
Enenkoro rocynapcrsenHoro ynupepcurera um. M. A. bynnna

denepanbHOE rocy1apCTBEHHOE OI0)KETHOE 00Pa30BaTENbHOE YUPEXKICHHE
BhICIIET0 00pa30BaHUs
«Enenxwnii rocyrapcTBeHHbIN yHUBepcUTeT UM. M.A. ByHnHay
399770, r. Enen, yn. KommyHapos, 28



