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Beenenune

OcHoBHoOe oTKpbITHE HBIOTOHA, KOTOPOE OH CUEN HYKHBIM

3aCEKPETUTh U OMyOIMKOBAJ JIUIIb B BUJIC aHATPAMMBI, COCTOUT
B caenyromem: «Data aequatione quotcunque fluentes quantitae

involvente fluxiones invenire et vice versa». B mepeBome Ha

COBPEMEHHBIM MaTEMaTUYECKUM SA3bIK 3TO O3Hadaer: «llome3no
pemath AuddepeHnranbHbIe YPaBHEHUS.

B Hacrosimee Bpems Teopus audQepeHuuanbHbIX
YpaBHEHUU  TpPEACTaBisieT co0oil  TpyaHO  0003pUMBIN
KOHTJIOMepaT OOJbIIOT0 KOJIMYECTBA Pa3HOOOpA3HBIX HICH H
METOJIOB, B BBICIICHA CTEIEHH IOJE3HBIM JJIsI BCEBO3MOKHBIX
MPUJIOKEHUN W TOCTOSHHO CTHUMYJIUPYIOIIMH TEOPETUUYECKHE
HCCJIEIOBAHMS BO BCEX OTIENIAX MAaTEMAaTHUKH.

B Hactosmem mnocoOuu wu31araroTCs OCHOBBI TEOpPUU
OOBIKHOBEHHBIX JU(PPEPCHINATBHBIX YPAaBHCHUH W METOMIBI
WHTETPUPOBAHMS OTHEJIbHBIX THUIIOB YPABHEHHH MEPBOTO U
BTOPOr0 MOpsAAKOB. M3i10kKeHue CONpOBOXKAAETCSI MHOTOYMC-
JICHHBIMU OOCTOATENHHO Pa300paHHBIMU TPUMEPAMH.



1. InpdepennuanbHble ypaBHEHHUs IEPBOI0 MOPAIKA

1.1. 3a0auu, npusooauiue Kk oughghepenyuanvuovim
ypasuenuam. /lugpghepenyuanvuvie ypasnenus

nepeo2o nopaokKa

Hzoxknunwt. 3a0aua Kowu. Teopema cyuwiecmeosanusn u
eouncmeennocmu 3adauu Kowu
YpaBHEeHUS, B KOTOPbIC HEW3BECTHAS (DYHKIIMS BXOIUT TIOJ
3HaKOM TPOM3BOAHON WM JuddepeHnrana, Ha3bIBAIOTCS
muddepeHInaTbHbIMU  YpaBHeHUSIMH. [l0J0OHBIMH ypaBHEHH-

SIMH OITUCBIBAIOTCSI MHOTHE SIBJIEHUS M ITPOIECCHI.
dx

IIpumepsl. 1) —=—kx -

dt
ypaBHEHHE paJHOaKTHBHOIO pacnana (K — nocTosHHas pacmana,
X — KOIMYECTBO HEPA3JIOKMUBIIETOCs BEIIECTBA B MOMEHT

X
BpeMeHH [, CKOpocTh pacmaja " MPOTOPIMOHATIEHA
t

KOJIMYECTBY PACIIa [afONIerocs BEleCTBa).
o*u o0*u ou
o oy’ e
ypaBHenue ITyaccoHa, 3a/1af0liee 3aBUCHMOCTb MEX/Ty MHOTHMH

(bu3MYECKUMHU BETMUYNHAMH.
Msl Oynem paccMaTpuBaTh YpaBHEHUS, TJIe HEM3BECTHAs

¢byHKIUs sgBAseTcss (QyHKIMEW OAHOM mnepeMeHHOM. Takue

2)

= dmp(x,y,2) -

YpaBHEHUsI Ha3bIBAIOTCSI OOBIKHOBEHHbIMHU IH(depeHIuaIb-
HBbIMH YPABHEHHUSIMM.



VYpaBHenue Buaa
F(x,u(x),u'(x),u"(x),...,u"(x))=0 (1)
Ha3bIBACTCS 00BIKHOBEHHBLIM audpdepeHINATBLHBIM
YPaBHEHUEM n-T0 nopsaaka. [Ipu sTom nmopsiikom ypaBHEHHs
HA3bIBACTCSI MAKCHUMAJIbHBIA MOPSJOK BXOJALIEH B HErO
MPOU3BOAHOM.
DyHKIMA, KOTOpas MpH IMOJACTaHOBKE B ypaBHeHHe (1)

oOpamaer ero B TOXJIECTBO, HAa3bIBACTCSA pelIeHHEeM
1 depeHIMaTbEHOTO YpaBHEHHUSL.

1.2. lugpgpepenyuanvnuie ypasnenus nepeozo nopaoka,
paspeuieHHble OMHOCUMENTbHO RPOU3BOOHOU

PaCCMOTpI/IM ypaBHeHHe BHUJ1a
d
Yo fxy). @)
dx

MoxHO mOKa3aTh, 4YTO OOIIee pEeUIeHHE TaKOoro YypaBHEHUs
3aBUCUT OT OJHOW  NPOM3BOJBHOM  mocTossHHOM. C
reOMETPUUYECKON TOYKM 3peHUs] ypaBHEHHE (2) yCTaHaBIIMBAET
3aBUCHUMOCTb MEXKIY KOOpAMHATAMH TOYKHM Ha IIJIOCKOCTU H
YIJI0BBIM KO3 (HULIEHTOM d_y KacaTtelnbHOW K Trpaduky
dx

pemieHust B Toi ke Touke. CrnenoBaTenbHO, ypaBHeHHE (2)
OINpeEsAeT HEKOTOpOE II0JIE HANpaBiICHWM, M 3aJada ero
pelIeHHs] COCTOMT B TOM, YTOObI HAaWTH KpPUBbIE, Ha3bIBaeMbIe
HHTErPAIbHBIMH KPHUBBIMH, HAlpaBICHUE KacaTENIbHbIX K
KOTOPBIM B  KaXJI0M TOYKE IUIOCKOCTH COBMaJaeT ¢
HaIpaBJIEHUEM 3TOTrO MOJIs.



IIpumepel. 1) ﬂ:z.

dx «x
B kaxmoit Touke, KpoMmMe Hayajia KOOpJHUHAT, YIJIOBOM
KOA(QPHUIHUEHT K HCKOMOW MHTETPaIbHON KPUBOH paBeH z, TO
X

€CTh TAaHIeHCY Yriia, 00pa3oBaHHOr0 ¢ ocbio Ox MPsSMOH,
NPOXOASAIICH depe3 HaHHYK0 TOYKY W Hadalo KOOPJAWHAT.
CrnemoBaTenbHO, WUHTETPATBHBIMU KPHUBBIMU B JAHHOM CIlydae
Oynyt npsiMble BUIa iy =cx (puc.l).

A

y

v

Puc. 1
2y W__ X
dx y
B sToM citydyae kacaTenmbHas B KaXHIOW TOYKE IIOCKOCTH
HepHeHIUKYIISIPHA HANPaBICHUIO MPSMOHN, MPOXOoAsmeil dyepes
9Ty TOYKY MW Ha4daJlO0 KOOpAWHAT, TaK KaK YIJIOBBIC

KOG (ULUUEHTBl ATHUX NPSIMBIX  YAOBIETBOPSAIOT  YCIOBHUIO

OpPTOTOHAJILHOCTH:
X

ry_
y X



[TosTOMY HampaBiIeHUE KacaTeIbHON B JaHHOW TOYKE COBIALACT
C HaIpaBJIEHHUEM KacaTeJbHOM K OKPYKHOCTHM C LEHTPOM B
Hayaje KOOpAMHAT, Ha KOTOPOW JIEKHUT BbIOpaHHAs TOYKa.
Takue OKpYKHOCTHM WU SIBJISIOTCS HHTErPaJbHBIMH KPUBBIMHU
JTAHHOTO ypaBHEHHS (puc. 2).

(N .
\\J ;

Puc. 2

Yacto 111 MOCTPOEHUS HMHTETPaJIbHbIX KPUBBIX YAOOHO
MIPEABAPUTEIIBHO HAWTH TE€OMETPUYECKOE MECTO TOYEeK, B
KOTOPBIX KacaTeJIbHblE K HCKOMBIM HWHTEIPaJIbHBIM KPHUBBIM
COXpaHSAIOT  IIOCTOSIHHOE  HampaBiieHWe. Takue  JIMHHUH
Ha3bIBAIOTCS M30KJIUHAMH.

IIpumep. M30KknuHBEI ypaBHEHUS % =¥+
X

3a[Ial0TCS yPAaBHEHUSIMU /xz + ]/2 =k uiu x>+ y2 =k?,



TaK KaK Ha KaXJIOH H30KIMHE IPOM3BOIHAS dy IOJDKHA
dx

COXpaHSATh TOCTOSIHHOE 3HaueHue. [lonydeHHble ypaBHEHUs
3aJ1al0T CEMEMCTBO KOHUEHTPUUYECKUX OKPYKHOCTEU C LIEHTPOM
B Hauaje KOOpAHMHAT, a YrJI0BOW KOA(PUIMEHT KacaTelbHON K
WHTErpallbHOM KpUBOW paBeH paJuyCcy NpOXOJIsiie uepes
JAHHYIO TOUKY OKPYKHOCTH.

1.3. 3a0aua Kowiu ona ypaguenusn nepeozo nopsaoka

Kak yxe ObuIO cKazaHo, OOIIMM pelieHneM ypaBHeHUs (2)
SBIISICTCS BCE MHOXECTBO (YHKIMH, OOpalalomuxX IpH
MOJICTAHOBKE pacCMaTpUBAEMOE YpaBHEHHE B TOkIecTBO. [1ycTh
Tenepp TpeOyeTcs HaWTH  pelIeHHWEe OSTOro0  ypaBHEHWUS,
YIIOBIICTBOPSIOIIEE YCIOBUIO

Y(x0) =Y, (3)

Ha3blBAEMOMY Ha4vaJbHbIM ycjaoBueM. Eciu oOmiee perienue
ypaBHeHus (2) 3anaetcs hopmyion
y=9((x,C), (4

TO 3HaueHHe NMOCTOSTHHON C, COOTBETCTBYIOLIEE MOCTABICHHOMY
HayaJlbHOMY YCIIOBHIO, MOXHO ONpEAETHTh, IOJCTaBUB B
paBeHCTBO (4) X = xo U ¥y = )p. 3agaya BeIOOpa U3 OOIIETO
pemienus (4) ypaBHeHUS (2) pelIeHHUs, YIOBJIETBOPSIOLIETO
HavyanpHOMY YycnoBuio (3), HaspiBaeTcs 3anadveil Komm, a
BEIODaHHOE peIIeHHE Ha3bIBACTCS YACTHBIM  PpelieHreM
ypaBHeHuUs (2).

3ameuanme. Eciu BocmpuHHMaTb MHOXECTBO — BCeX
pemieHnii ypaBHeHHs (2) Kak MHOXECTBO HHTETPaJbHBIX



KPUBBIX Ha MJIOCKOCTH, TO CTABUTCS 3a/laya MOUCKa TOW U3 HUX,
KOTOpasi MPOXOJHUT Yepe3 TOYKYy C KOOpAMHATaMH (Xo , o)
BoisicHuMm, npu KakuX YCIOBHUSIX Takas KpuBasl CYIIECTBYET U
SIBJIICTCSL €AMHCTBEHHOM.

1.4 Teopema cywyecmeosanus u eOUHCMEEHHOCHU PEULEHUSA
3a0auu Kowu

PaccMoTpuM mpenBapuTeNnbHO METOJA  MPUOJIMKEHHOIO
pemrenns U epeHINATBHBIX  ypaBHEHUH, 00OCHOBaHUE
KOTOpOro OyzeT TaHO B MPUBEACHHON HUKE TEOpEME.

Memoo Diinepa
Meton Diinepa 3aKia0o4aercs B TOM, YTO UCKOMAasi HHTETrpajibHas
KpuBas ypaBHeHus (2), mpoxojsiias uepe3 TOYKY (Xo , o),
3aMEHSAeTCs JIOMaHOHM, KaXJ0oe 3BEHO KOTOpOW Kacaercs

HUHTErpaibHOM KPUBOW B OJHOW M3 CBOMX TPaHHYHBIX TOYEK
(puc. 3).

Yo

v

Xo X1 b X

Puc. 3



[Tycte TpeOyercs HaiiTm NpHONIMKEHHOE 3HAUYEHHE HCKOMOTO
pemenust mpu X = b. Pasgenum otpes3ok [Xo ,b] Ha n paBHBIX
yacTeil (mojiaraemM, 4yto D>Xp) ¥ Ha30BeM IIaroM BbIYUCICHUS h
JUIMHY OTpe3Ka [Xi1 , Xi] . 3aMeHMM Ha OTpe3Ke [Xo , Xi]
MHTETPabHYI0 KPUBYIO OTPE3KOM €€ KacaTelbHOI B TOUKe (Xo ,
o). OpauHaTta 3TOro oTpesKa Mmpu x = x; paBHa Y1 = Yo + hyp’,
rae yo = f(Xo ,Yo). Tak xe Haitmem

Yo=Y, +hyy, ede yi=f(x,y,);
Ys =Y, thy,, ede yi=f(x,.y,);

Yo =Yuu thy,,, ey, :f(xnfl’ynfl)'
MoskHO npeanosnoxuth, uro npu 1 —> 0 mocrpoenHble TakuM
oOpa3zoMm JioMaHble DJiijiepa mnpuOmpKawTcs K Trpaduky
MCKOMO# KpuBO#. J[0Ka3aTeabCTBO ATOTO YTBEPIKACHUS OyaeT
JIaHO B CJICIYIOIIEH Teopeme:

Teopema 1 (meopema cyuwiecmeoéanus u eOUHCHIEEHHOCMU
peuwtenus). Eciii B ypaBHEHUH

dy _
rialACR0)
¢bynkuus f(X,y) HenpepbIBHA B IpsiMOyToJibHUKE D:
Xo—a<x<x,+a, y,—b<y<y,+b (5

u ynosnerBopsieT B D ycanosuio Jlunmmua:

| fCoy)—f(0y) ENTy =y, |, (6)

rac N — IMOCTOAHHAsA, TO CYIIECTBYET CAMHCTBCHHOC PCIICHUEC
y=y(x), x,—H=<x<x,+H,

ypaBHeHus (2), yIoBIeTBOpsitoIIee yciuoBuio (3) , rae

10



H<min(a,%,%), M=maxf(x,y) 6 D.

3ameuanue 1. Henb3st yTBEpkKAaTh, YTO UCKOMOE PEIICHUE
Oyler cymectBoBaTh TpH X €[X, —4,X,+a], Tak Kak
WHTETPATbHAS KPUBAsi MOYKET BBIMTH U3 PSIMOYTOJIbHUKA (5), U
TOTJ]a PEIICHHE MOKET OBITh HE OMPEICICHO.

3ameuanue 2. Ycinosue Jlummmuna (6) MOXHO 3aMEHHTH
0oJiee CUIIBHBIM TPEOOBAaHUEM

| f1(x, )N 6 D.
Torna no teopeme Jlarpanxa
| fOoy) = f ) = £, ) v —ya |, 20e yy <E<y,.
Taxum o0Opazom,

£eD u |fi(x&IEN.

[ToaTOomy

| fCey)— fOy) IENTY, -y, |-

JlokazaTteabcTBO TeopeMbl 1. 3ameHuM ypaBHeHue (2) c

HayaJbHBIM ycjaoBHEM (3) SKBUBAJIEHTHBIM HWHTETPabHBIM
YPaBHEHHEM

y=yo+ | fydr.  ©)

Xo

Jlerko  mpoBeputb, uTro  (QyHKUUA, oOpamaromas B
TOXKJIeCTBOYpaBHeHHE (2), OyaeT pemieHueM 1 ypaBHeHus (7).

11



[TocTpouMm nomanyo Dinepa y = y,(x), HICXOISAIIYIO U3 TOUKU

(x0,)0) ¢ mmarom h, :E Ha oTpeske [x,, X, + H] (anamoruuno
n

MOXXHO JI0Ka3aTh CYIIECTBOBaHWE pemieHus Ha [Xo — H, Xg]).

Takast noMaHasi He MOXeT BBIMTH 3a mpenensl D, Tak kak

yIJI0BbIe KOA(QGUIMEHTHl KaXAOTO €€ 3BeHa 10 MOJIYJIIO

Menbmie M. Temepp [HOKakeM IMOCIENOBATENbHO  TpHU

YTBEP)KICHUS:

1) IocnenosarensHoCTs Y =1, (x ) PaBHOMEPHO CXOIMTC.
2) OyHKIWHS
y(x)=limy, (x)
Nn—0
SIBJISIETCS PELIEHHEM HHTErpajibHOrO ypaBHeHus (7).

3) Pemenue g(x) ypaBHeH#us (7) eAMHCTBEHHO.

JokazarenbetBo 1). [To onpenesnenuto tomanoi Ditnepa

y(x)=f(x,y,) npu x,<x<x,.,,,k=0,1,.,n-1,

Yu(X) = f (2,7, () + (f (e vi) = f (2, (%)) (8)
O0603HauUM

[y = f0y,(0) =1,(x),

TOI'JIa B CHITy paBHOMepHOU HerpepbiBHOCTH f(X) B D

7. f(x0oy) = fy, () <e, )

12



npu 1 >N(8n), rae &, —0 pu 1 —> 00, TaK KakK
|x_xk |Shn’ a |yk_yn(x)|<Mhn’

u hn:E—>0 npu  n—>oo.
n

Wnterpupys (8) moX B mpepenax or X, A0 X U yYUTbIBas, 4TO

Y, (XO) =Yy, TOTy4nM:
V(0= yo+ | Flty, ()t + [,z (10)

Tak kak 1 — m060e [eaoe MONOKUTEIFHOE YHCIO, TO IS
maro6oro 11 >0

Vaen0) = Yo+ [ £ Y, O+ [, 0

OTKyJa

| Yo (%) = 1, (x) |=

X

= YO £y, 00+ [, 02 [, 011 <

Xo

< (1A )= £, OVt + [ 17,00 i+ [ 1, (0)

13



Toraa u3 (9) u ycinoBus Jlunmuua ciegayer, 4to

[y ()= Yo CIIEN 1y, ()=, () + (2., + 2, )H.

X0

CruenoBarTeabHo,

max |y, (x¥) -y, (%)<

Xg<x<xo+H

<Nmax [1y,,,() =y, ()] dt + (5, +,)H,

X0
OTKYyOa

(8n+m + 811 )H

- < XZmwem _Zni_ o
Jmax [ Y,(X) =y, () € = <€

Ve>0 npu n>N,(s),

TO €CTh IOCJIEN0BATENBHOCTh HENPEPHIBHBIX (QYHKIMA 1/, (x)

paBHOMepHO cxozutes npu X, <X <X, +H « nenpepsisHOl

byHKIUN g(x) Urak, yrBep:xaeHue 1) gokasaHo.

HoxkazarensctBo 2). Ilepeitnem B (10) k mpeneny npu 71 —> 00 :

limy, (x) = () = v +1im [ £(t,y, (O)dt +1im [, (Odt. (11)

n—0

B cnny pasHOmepHOH cxommmoctn  y, (x) K y(x) H

pPaBHOMEPHOU HEIPEPBIBHOCTH f(x,y) B D

14



nocnenosarensuocts f (X, (x)) pasaomepro cxomures x f(X,

?(x )). eiicTBuTensHo,

| fy(0)— f(xy, (@) <e npu |y(x) -y, (x) <),

aro Beimonusiercs npu - 1> N, (5(g))  Vx €[x,,x, + H].

CJICI[OB&TCJIBHO, BO3MOXCH HCPEXOa K IMPCACIYy IIOJ 3HAKOM
HHTCIrpaia. VLII/ITI)IBaH, qTo

|n.(e)l<e,, 2e & —>0 npu n—w,

nonyuuM u3 (11):
7(x) =y, + [ f(x,(x)dx,

TO €CTh ];(x) yaoBIieTBopsieT ypaBHeHUIO (7). YTBepxkaeHHE 2)

JOKa3aHO.

JHokazatensctBo 3). [lpeamonoxum, YTO CYLIECTBYIOT JBa
pa3nuuHbIX penieHus ypaBHenus (7): y1(x) u y»(x), To ectb

max_[y,(x) - y,(x)] % 0.

xo<x<xy+H

Torpaa, noacrasnsst 3Tv GyHKIUHU B (7) U BBIYUTAs TOJTYYECHHbIE
paBeHCTBa JIpYT U3 Apyra, MOIyYUM:

X

11(0) =12 (0) = [ (x93 (%) = 2,y (x)))dx,

Xo

15



OTKyJa
max Jy, (x) - y,(x)| =

X

[ (Fy (x) = fx, ya(0)))dx

Xo

= max <

Xo<x<xy+H

< max

Xo<x<xo+H

I | F ey () = (2, (x))] dx.

HpI/IMeHI/IM K 3TOMY HCPABCHCTBY YCJIOBUC JIunmuna:

max [y, (x) = y,(x)[<

Xo<x<xo+H

<N max <

Xo<x<xo+H

I |11 (0) —y, () | dx

X

jdx

0

SN max [y, (x)-y,(x)|- max

xo<x<xog+H xXo<x<xy+H

=NH max_|y,(x)-y,(x)].

xXo<x<xy+H

Ecmn

max Jy,(x) - ,(9)| 0,

xg<x<xg+H
TO ITOJIY4YEHHOEC PAaBEHCTBO.

max |y, (x)—y,(x) [ NH max |y,(x)—y,(x)|

Xo<x<xog+H xo<x<xy+H

16



MPOTMBOPEYMBO, TaK KakK IO ycioBuio Teopembl H <1/N.

CnenoBarepHO,

max |y, (x)—y,(x)|=0, mo ecms y,=y,.

Xo<x<xy+H
Ilpumepot pewienusa 3a0au

3agaua 1. Haiitu obwee pewenne ypasuenns " = X.
Yka3zanue
Haitmure y": " = J. y"dx+C, um.o.

Penrenne

2

' = [y = [xdx =-+C;

x° x°
Y :Iy”dx = j[?JrCljdx :Z+Clx +C,;

, x° x* C, ,
y:jydx:j Z+C1x+c2 x:ﬂ+7x +Cx+C, =

xt o~
:£+Clx2 +C,x+C,.

4
OrBer: yy = ;—4 +Cx* +Cx +C,.

17



3amaya 2. Pemmts 3amauy Komu: y’ =

241’ y(0)=2.

Yka3zanue

Haiinure ofmee pelrenyne ypaBHeHHs: | = Iy'dx +C,

a 3areM omnpenenure C u3 ycnosus y(0) = 2.

Pemrenne

1

OO11ee peleHne YpaBHEHNS: 1/ =
4 j > +1

dx =arctgx +C;

2=arctg0+C=C=2=y,.,.,. =arctgx +2.
Oteer: i = arctgx + 2.

3agaya 3. Haiigute uHTerpajibHy0 KpUBYIO YpaBHEHUS

yy'=x+5,

HPOXOIAIIYIO Yepe3 TOUKy (1;-5).
Ykazanue
3anummTe JIEBYIO 4acTh YPaBHEHUS B BUJIE ( yz / 2) .

Penrenne

2y 2 2
(y J —x+5, y?:j(x+5)dx:x7+5x+c,

18



y=+Jx’+10x+2C; —-5=—x*+10x+2C;
2C+11=25, C=7, y=—Jx*+10x+14.
OtBer: y = —/x” +10x + 14.

3anaua 4. M3okinuHamu ypaBHEHUS y' =1+ XY ABIAOTCA

Yka3zanue
VYpaBHeHue nzokinuH umeer Bua: 1 +xy = C.
Peinenue

YPaBHeHI/IC HU30KJIIMH UMCCT BU/ .

Cc-1
x

— TUNEepOOIIbL.

l+xy=C=xy=C-1, y=

OtBeT: TunepooIbI.

1.5. Memoowt pewienus npocmeiinmiux oughghepenyuanvnovix
YypasHnenuii nepeozo NOpPAOKa
(c pazdenarouwgumucsa nepemeHHbiMu, 00OHOPOOHBIX, TUHEHHBIX

U C8OOAMUXCA K HUM).
Ypaenenusn c pazoenarowumuca nepemennvimu

Juddepennmanbable ypaBHEHUS BHIA

LWy = fi(x)dx (1)
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Ha3bIBAIOTCS YPABHEHHUSAIMH c pa3ae s oMU Ccs
nepemeHHbiMu. Torma ar000e pemieHne y(x) 3TOro ypaBHEHHsI
OyZIeT yAOBIETBOPATh U YPABHEHUIO

[ AWy =] fi(x)dx+c, (2)

rae ¢ — MpOou3BOJIbHAs NOCTOsSHHAs. Ecnu ymaercs HaiTu
nepBooOpasubie  Gynkuui  fi(X) wu  fo(y), BbIpaxkeHHbIC B
DIIEMEHTAPHBIX (QYHKIHUAX, TO #3 (2) MOXHO TMOIYyYUTh
KOHEYHOE ypaBHEHUE

O(x,y)=C,  (3)

KOTOpOE ompezenseT peuieHue y(x) ypaBHenus (1) kak HEIBHYIO
(GYHKIHIO X.

VYpaBHenue Bua (3) Ha3bIBa€TCs MHTErPAJIOM ypaBHEHUS
(1), a ecnm oHo ompenenser Bce pemieHus (1) — oOmmum
HHTErpaJjioM 3TOr0 YpaBHEHHUS.

Opumvep 1. Jy? +1dx = xydy.

[TpuBenem ypaBHeHue k Buay (1):

ydy :@, omxyoa I ydy J.@

Jyi+1loox Jyi+1

[TpounTterpupyem o6e 4acTH paBeHCTBA:

JyP+1=In|x|+C.

HOJ’Iy‘ICHHOC YPaBHCHUC MOKHO CYHHTATh 06H_II/IM HUHTCTpaJIOM
HJIN pCHICHUCM HCXOJHOTO YPABHCHUA.
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Eciu tpebyercs HailiTh 4yacTHoe pemienue ypaBHenus (1),
YIIOBJIETBOPSIIOLIEE  YCIOBUIO y(xo)zyo, JIOCTaTO4YHO

NOJCTABUTh 3HAYEHUS X, ¥ 1V, B ypaBHeHue (3) W HaiiTu

3HaueHue C, COOTBETCTBYIOLIEE HAYAIbHOMY YCJIOBHIO.

Ilpumep 2. Haiitu perieHue ypaBHeHHS y'ctgx+y=2,

YIOBIIETBOPSIOIIEE YCIOBUIO y(O) =—1.

sin xdx
+

Paznenum nepeMeHHbIE: J' dy _J'

2—y_ cosx

—In|2-y|=-In|cosx|-In|c|, 2—y=c-cosx.

Ioxcrasue B 310 paBeHctBoX =0 n y=-1, nomydum, uTo

c =3. CrnenoBarenpHO, HCKOMOE YaCTHOE PElIeHHe UMEeT BUJ!
Yy =2 -3cosx.

1.6. Ypaenenus, npusooumeie K ypagnenuam c
Paz0enAIouUMUC NepemMeHHbIMU

Ecnu TpeOyercs pemnTs ypaBHEHUE BUAa
dy
U= flaxsby), 4
X

rinc a u b — mocrosHHbIE qyucjia, TO C INOMOIIBIO 3aMCHBI
HepCMCHHOﬁ Z:ﬂx+by OHO CBOAUTCA K YPAaBHCHHUIO C
pasacIArOmMUCAa NCPEMECHHBIMMU

b ), — P _ax
dx a+bf(z)

Mpumep 3. ' = [4x+2y—1.
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3amena: z=4x+2y -1, Torna

d
Iﬁzjdx+c.

Beruncnum uHTErpai B JIEBOM YaCTH PABEHCTBA: 3aMEHA
2
u=<z,z=u", dz=2udu

MPUBOJIMT K

J-Zudu :J.(l— 4 jduzu—21n|4+2u|:
4+2u 4+2u

=z -2In(4+2z)= J4x +2y -1 -2In(4 + 2 f4x + 2y — 1.

[IpounTerpupoBaB Teneph MpaByr 4acTh PABEHCTBA, IOJYYUM

oOIIHMiT HHTETpaT:

JAx+2y-1-2In(4+2,/4x+2y-1=x+c.

1.7. Oonopoonsie ypasnenusn

K YpaBHCHHUAM C pPasACIAIOMUMACA TICPEMCHHBIMU
MIPUBOAATCS u TaK Ha3bIBaCMbIE OHOPOJHBIE
aupdepeHunaNbHbIe  YPAaBHEHHS  NepPBOro  MOPsAKa,

UMEIOIINE BUI:
d_ [y 5
dx [x j ©)

JlecTBUTENbHO, 3aMEHA § = Y wm Y =x-1 TIPUBOJIAT K

ﬂ:xﬂ+t, x%ﬂf:f(t),
X
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dt

=In|x|+Inc, x=ce /",

dt dx, J- dt

fO-t x Yrm-t

Eme opHoit ¢dopmoii OJXHOPOIHOTO YpPaBHEHHS SIBISICTCS
ypaBHEHUE

M(x,y)dx+N(x,y)dy=0, (6)
ecmn M(x,y) U N(x,y) — OAHOPOAHbIE (YHKUMH OJMHAKOBOM
CTENEeHH  OJHOPOAHOCTH K : M(tx, ty) =tr. M(x, y),
N(tx, ty)=t"-N(x, y). llpu 5tom
dy _ M(x,y) _ (zj

X

dx  N(x,y)
Ipumep 4. y2? +x2y'=xyy’. IlpeoOpasyeM ypaBHeHHE K
Buny (5):

y__y Ay _(y/x)

’ _ 2 — 2
Yy =x) =y, dx xy—x*" dx Y _4

X
[Tocne 3aMeHbl Y = Xt TOIYIHM:
dt £ dt t  (t=-1dt dx
X—+t= , X—= , =—,
dx t—1 dx t-1 t X

j(l—%dt)z L t—In|tl=In|x|+In|C]|,
X

¥

Cxt=e', Cy=e-.

B opHOpOHBIE MOXKHO NTpeoOpa3oBaTh U ypaBHEHUS BUJA

ﬂ:f£a1x+bly+clj @)

dx a,x +b,y +c,
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¢ momombo 3aMeHsl X =x-x;, Y =y-vy,, e (x,, y;) —
pELLeHre CHCTEMBI ypaBHEHHI

ax+by+c, =0, @x+by+c,=0.
(C reoMmeTpHyecKoii TOYKHM 3pEHHS NPOU3BOIUTCS TMEPEHOC
Hadalia KOooOpAuHar B TOYKY MepeCCUCHUA IpAMBIX
ax+by+c, =0 u a,x+b,y+c,=0). Torna, nockonsxy
dy _dY

— B HOBBIX IICPEMEHHBIX YPaBHEHUE IIPUMET BU/L:

dx  dXx’

Y
a,+b,—

_f a,X+bY . dY:f X =¢(zj
a,X +b,Y ax p +b£

2 ZX

OIHOPOJAHOC YPABHCHUC.

Ipumep 5. (y + Z)dx =(2x +y - 4)dy. 3anumem ypaBHeHHe
B BUJIE
dy  y+2
dx 2x+ y—4
Pemennem cucremsr Y +2=0, 2x+y-4=0  Oyayr
x, =3, y, =—2. B HOBBIX mepeMenHblx X =x-3, Y=y+2
MOJIYYHM OJHOPOJHOE YpaBHEHHE
ay Y
X 2X+Y’
KOTOPOE MOYKHO PEIIUTh C MOMOIIBIO OOBIYHOI 3aMeHbl Y = Xt
Tornma
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dt t dt  t +t

X—+t=——, -X—= ,

dX 2+t X t+2
(t+2)dt:_d_X, j(_ 1 gjdt:— d_X+C,,
t(t+1) X t+1 ¢

2

In =—In|X|+In|C]|,

t+1

U 10cJie 00paTHON 3aMeHbl OOIIUI UHTErpasl BBIVIAAUT TakK:
(y+2)>=C(x+y-1).

3ametuM, B 3T0 oOiee peuieHue BXoAauT npu C=0 u yacTHOe

pemenne Yy =1-x, KOTOPOE€ MOIMIO OBITH TMOTEPAHO TIPH

neneHun Ha Y + X — 1.

1.8. /Tuneiinvie ypasnenusn

JIuneinsiM aupdepeHunalIbHbBIM YPABHEHHEM IE€PBOI0
MOPA/IKA HA3bIBACTCS ypPaBHEHHUE BUA

Y py=r0, ©

JIMHEWHOE OTHOCHUTENBHO HEU3BECTHOM (yHKIMU p(x) u ee
npousBoaHOi. [Ipu 3ToM Oyiem mpeamnonarats, uto p(x) u f(X)
HETIPEPHIBHEL

B cmyaae, xorma f(x)=0, ypaBuenne (8) HasbiBaeTcs

oaHOpoAHbIM. Takoe ypaBHEHUE SBISETCS YpPAaBHEHHEM C
pa3AeNSIOMUMUCS TIEPEMEHHBIMU:

% +p(x)y=0, omxkyda dy _ —p(x)dx,

Yy
In|y|= —Ip(x)dx +1Inc,
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= Ce—Jp(x)dx 9)

[Tpu neneHum Ha y MOTJIO OBITH MOTEpsiHO pemieHue y = 0,
HO OHO BXOJUT B obOmiee pemeHue npu C = 0.

Jlyis pemieHusl HEOHOPOIHOro ypaBHEHHUs (8) MpHUMEHUM
MeTOo/l Bapuamuu mnocTtosiHHoi. [Ipenmonoxum, dro obiiee
pemenne ypaBuenus (8) mmeer gopmy (9), B kotopoii C — He
MOCTOSIHHAS, @ HEU3BECTHAs (DYHKIIUS apTyMEHTa X'

y= C(x)eiI re
Torna
dy _dC frow
dx dx

[ToxcraBuB 3TH BeIpaXXeHUsI B ypaBHEHUE (8), MOTYIUM:

%e—Jp(x)dx —C(x)p(X)e_'[p(X)dx n p(x)C(X)e_'[p(x)dx _ f(X),

OTKy/a

—~ C(x)p(x)e_I re

dc d d

€ _ fwel™* ) )= | FO  dx +c,
dx (10)

_ d - d d.
y=ce s +e Jre xjf(x)ejp(x) “dx.

3ameuanme. Ilpu pemeHNMM KOHKPETHBIX 3a7ad ymoOHee He
HCIOJIb30BaTh B roToBOM Buje Gopmyiny (10), a mpoBoauTh Bce
yKa3aHHBIE IPe0Opa30BaHMs OCIEA0BATEIbHO.

IIpumep 6.
Hailimem oOmee pemenne ypaBHeHus Y =2x(x2+y).
IIpencraBum ypaBHeHME B BuAEC 1’ —2xy=2x3 W pEIIHM

COOTBETCTBYIOIIEE OJIHOPOAHOE ypaBHeEHHE 1’ —2xy = 0.
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d d d
—y:ny, —y=2xdx, J—y=I2xdx+Cl,
dx y y
In|yl=x*In|C|, y=Ce".
HpI/IMeHI/IM MCTOJ BapHaluHh IIOCTOAHHBIX: IIYCTh PCHICHUC
HCOAHOPOJHOI'0 YpaBHCHUA UMECT BHU:

2 d 2 2
y=C(x)e* , moeoa d_y =Ce" +C(x)e" -2x.
x
HOI[CTaBI/IM IMOJIYUYCHHBIC BbIPAKCHHUA B YPABHCHUC:
C'e” +C(x)e* -2x —2xC(x)e" =2x°.
CrnenoBarennsHO,
C'=2x%" ,
C(x)= j2x3e’x2dx = Ixze’xzdx2 =
= [tetdt=—te" + [edt =

B B 5 2 2
=—te'—e'+c==x"¢" —e " +c.
I[Tpu 3TOM 00lIIee pElIeHHE HCXOJHOTO YPaBHEHHSI

2 42 .2 2 2 >
y=(—x"e* —e" +c)e’ =ce’ —x" -1
K nuHelHBbIM ypaBHEHHSIM MOYKHO CBECTH C MOMOIIBIO 3aMEHBI

HEKOTOphIe apyrue nuddepeHuanbHble ypaBHEHUS, HApUMeED,
ypaBHenue bepuyiiu:

Y p@y=fey', ne1. ()

Pasyienus Ha )", TIOIy4nM:

y" fl—y +p(x)y' " = f(x),
X

a 3aMCHa
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dz . d
Z=(1-ny L
dx dx
HpI/IBOI[I/IT K J'IHHCfIHOMy ypaBHeHmo OTHOCUTEJIBHO Z.

1 dz

T p(x)z = f(x).

z=y",

IMpumep 7.
]/'I]/4C08x+y-tgx, y,—y.tgx:y4cosx,
y 'y —y tgx = cosx.

1 dz 3 dy

v odx ytdx

Cnenaem 3aMeHy: Z =

OTHOCUTENBHOZ YpaBHCHHE CTAJIO JIMHEWHBIM:
1,
—52 —Z-1gx = cosx.

Pemnm ogHOpOIHOE ypaBHEHUE:

dz dz -3sinxdx
—=-z-tgx, —=——"", In|z|=3In|cosx|+
3dx z COSX

+InC,, z=Ccos’x.

HpI/IMeHI/IM MCTOJ Bapualuv MOCTOAHHBIX !
dz .
z=C(x)cos’x, —— =C'cos’x—3C(x)cos’ xsinx.
dx
[ToacraBuM 3TH pe3ysbTaThl B HEOAHOPOIHOE YPABHEHUE:

1 .
—gC’cos3 x +C(x)cos” x - sinx — C(x) cos’ x - tgx = cosx,

C'=-

3 3d
> C(x)z—I ;C =—3tgx +c.
cos” x cos” x
OKOHYATEIBHO T0JTy4aeM:

Y~ =(-3tgx +c)cos’ x =c-cos’ x —3sinx - cos’ x.
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Jlomonuum 510 001IEe penieHue YacTHbIM pemenueM i =0,

TNIOTEPSHHBIM HPH JIEIEHUH Ha y/°.

Ilpumeput pewienus 3aoau

3anaua 1. Haiiti obmee pernenne ypapuenus ' = e -y°.

Yka3zanue

Pa3nenure mnepeMeHHblE W INPUBEAUTE YPABHEHUE K BHUAY
-5 4x
Yy Cdy =e dx.
Pemienne
Paznienum nepemeHHbIe:

7

4
d_z =e*dx, J.d—z = J‘e“dx, y _ le“ _c
y y -4 4 4

e +y*=C.
Otser:e™ +y~ =C.

3anava 2. Pemnts 3anauy Komu:

(2x+2y-1)dx+(x+y—-2)dy=0, y(-1)=2.
Yka3anue

Crhenaiite 3aMeHy: t=x+y.
Pemenue

OOpaTuM BHUMaHUE Ha TO, YTO KOOPGUIIUEHTHI IIPU X U ) B

BRIpaKEHUAX 2x+2y-1 ® X+Y -2 NIpONnoOpUHOHAIBHBL.

[TooToMy MOXHO BBECTH HOBYIO HEHU3BECTHYIO (YHKIIHIO,

29



OTHOCHUTCIIBHO KOTOpOfI HCXOOHOEC YpaBHCHUC CTaHCT
YpaBHCHHUEM C PpasACIAOIUMHACA TICPCMCHHBIMU! t=x+ y .

Torma dy =d(t —x)=dt —dx,
¥ ypaBHEHHE IPUMET BHJL:

(2t —1)dx + (t - 2)(dt —dx) =0, (t—2)dt =—(t +1)dx,

(=2t _ ;. j(1—ijdt:—jdx,
t+1 t+1

f=3In|t+1]=-x—In|C|, (t+1)°=Ce™,
(x+y+1)° =Ce™.

Haﬁ,I[GM YaCTHOC pPCHICHHUEC, YOOBJICTBOpPAOMICC 3adaHHBIM
Ha4YaJIbHBIM YCJIOBUAM!

y(-1)=2=(-1+2+1)’=Ce??, 8=Ce’, C=8,
(x+y+1)° =8¢"" — nckomoe uyacTHoe pemene.
2x+y

Orser: (x+y+1)° =8e

3agauya 3. Haiitu ob1iee penieHre ypaBHEHUS

2 2
X"+
Y= LA 2_2}/'
b b
Ykazanue
Cnenanre 3amMeny = 1_
b
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Pemenue

CrenaeM cTaHIapTHYHO 3aMEHY, INPHUMEHSEMYIO IIPU PELICHUU
OJIHOPOJIHBIX YPABHEHUN:

=2,

X

y=tx, y'=tx+t

Tor;[a YpaBHCHUC ITPUMCT BUA:
At 2dx
1+ x

Ildttz =J.2dx, arctgt=2In|x|+In|C],
+ X

arctg LA In(Cx?), y=x -tg(ln(CxZ)).

X

tx+t=t+2(1+1t%),

Oteer:y =x- tg(ln(sz)).

3anaua 4. Pemuts 3anauy Kommn:
(12x + 5y —9)dx + (5x + 2y - 3)dy =0, y(0)=3.
Yka3zanue
Cnenaiite sameny: X=x-X,, Y=Y—1V,,

12x+5y-9=0,

roe \ X, — peleHne CUCTEMBI
(xo:30) {5x+2y—3=0.
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Pemenue

Pemmm cucremy 12x+5y—9:O:>x =3, 1,=9
5x+2y—3=0 SR
¥ IIepeiiieM K HOBBIM IepeMeHHbIM: X =X +3, =y —9.
ITpu sTOM dx =dx, dy=dy,
" YpaBHCHHUEC CTAHOBUTCA OJHOPOAHBIM
(12x +5y)dx + (5x +2y)dy =0
¥
dg__12w+s5y_ PPy g
dx  5x+2y 5.0 x’
X
— 12+5t 28 +10t+12
tx+t=-— , tx=- ,
5+2t 5+2t
(5+2t)dt J'dx _J' (> +5t+6) J-d_f
£ +5t+6 x’

It +5t+6
~In|t* +5t+6|=2In|X|-In|C|
—2 —
(# +5t+6)=C, f{%—z+5¥+6]=c,
X X
y>+5xy +6x> =C,
(y—9)* +5(x+3)(y —9) +6(x +3)* =C,

6x> +5xy +y°> —9x -3y =C

Haiinem yactHoe penieHue
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y(0)=3, 9-9=C, C=0,
6x> +5xy +y> —9x -3y =0.

Oreer: 6x” +5xy +y* —9x — 3y =0.

3agauya 5. Haiitu oOuee perieHue ypaBHEHUs

y' =8xy + 4" sin2x.
Ykazanue
Haiinure perienuie oMHOPOJHOTO ypaBHeHHs 1’ = 8xy,
a 3aTeM NMPUMEHUTE METOJ] BapHalluy NOCTOSHHBIX.
Pemienne

Haiinem pemieHne oTHOpOJAHOTO ypaBHEHUS:

y' =8xy, Id—y]/szxdx, In|y|=4x*+In|C]|,

4x*

yoBH = Ce

HpI/IMeHI/IM MCTOA Bapualuu NOCTOAHHBIX!

Y, =C(x)e™, y' =Ce™ +8Cxe*”,
Cle* +8Cxe™ =8xCe* +4e™ sin2x,
C'=4sin2x, C= 4Isin2xdx =—2cos2x+C;
Y= et (C —2cos2x).
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OtBet: = ¢ (C — 205 2x).

3anaua 6. Pemuts 3anauy Komu:

Y- 3y +x°y* =0, y(1)="7.

X
Yka3anue

Cnena 3ameHy z=1/y, Bbl MONYYHTE JIWHCHHOC ypaBHEHHE
U1 Z.

Penrenne

2.
Paznenum 00e yacTtu PaBCHCTBA HA ) .

%—§-1+X3=0, _%4_%.1:3{3.
y. xy y xy
, 1 , , 3z 3
z=—=7=-=y' =>7+—=x" -
y X

JUHENHHOe ypaBHeHHMe. Hailinem pemeHne  OZHOPOAHOIO
YPaBHEHUS:

3 d d
z+f=ajf:4}§

In|z|=3ln|x|+In|C|, 2, =<.
X

HpI/IMeHI/IM MCTOA Baprualvy MOCTOAHHBIX !

34



35

2 =8 o 30xt =
X
Cx:3c+£: 3, C'=x°, C
X X
xX+C X
7x° x +C



2. IudpepennunaibHbie ypaBHEHHUs BbICIIHX MOPSIKOB.
Cucrembl JTUHEeHHBIX TP PepeHINATBHBIX YPABHEHUI

2.1. /Tughpepenyuanvnvie ypasnenus evicuiux nopsaoKoe.
3aoaua Kowu. Ilonamue o Kpaeewix 3a0auax 01
ougpgpepenyuanvnvix ypasnenuii. Ypasnenusn, oonyckaroujue
nOHUdICEHUE NOPAOKA

Paccmorpum muddepennmansroe ypaBHEHHE #1-TO TIOPSIIKA:
F(x,y,y',. . .,y“l)) =0, (1)

rae F mpeamonaraercss HempepblBHOM (YHKIMEH BCEX CBOMX
apryMeHToB. Torga mo TeopeMe OCYIIECTBOBAHUU HESBHOUN
(GYHKIIUM MOKHO pa3pelIuTh 3TO ypaBHEHHE OTHOCUTEIBHO
cTapliei Mpou3BOIHOM:

v =f(xyy. ") @)

u chopmymupyem st Hero (0e3 JOKa3aTenbCTBA) TEOPEMY
CYLIECTBOBAHMS U €JUHCTBEHHOCTH PELICHMUS:

Teopema 1. CymiecTByeT €IUHCTBEHHOE  pEIICHHE
ypaBHeHUs (2), yIOBJIETBOPSIOLIEE YCIOBUAM

Y)=Yor Y)=Yor - ¥ )=y (3)

€CIIH B OKPECTHOCTH HAUYaJbHBIX 3HAYEHHUH (X0 , 0 , V0 seees
yo(”'l)) Gynkims f sBIseTcs HEMpepbIBHON (QyHKIMEH Bcex
CBOMX apryMEHTOB M YJOBJIETBOpSAET yciaoBHIO Jlummmia o
BCEM aprymMeHTaM, HaurlHas CO BTOPOTO.

3ameuanue 1. Tak ke, kak u Ang AudPepeHInanbHOro
ypaBHeHHsI 1-TO TOpsAKa, 3amada OTHICKAHWS —PEIICHUS
ypaBHeHUS (2), yIOBIETBOPSIONMIETO YCIOBHUAM (3), Ha3bpIBaeTCA
3apa4eit Komm.
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3ameuanue 2. Teopema |1 yTBepkIaer CyIIECTBOBAHUE
YacTHOTO pemieHus ypaBHEHUs (2), YAOBICTBOPSIOIIETO
JaHHBIM Ha4YaJbHBIM yCIOBHSIM. C reOMETPpUYECKOH TOYKH
3pEHHsI 3TO COOTBETCTBYET CYIICCTBOBAHHIO WHTETPATHHON
KpHBOIi, Ipoxozsiweii gepes TouKy (Xo, Yo, Yo, --r (()”_1)). Ho,
UCIIONIB3YSl 3Ty TEOPEeMYy, MOXKHO JI0Ka3aTh M CYIIECTBOBAaHUE
o0miero pemenusi ypaBHeHus (2), comep)kamero n
MIPOU3BOJILHBIX MIOCTOSTHHBIX U HMEIOIIETO BU/I:
y=9(x,C,C,...C,) (4
WJTU, B HESIBHOM (hopme:

®(x,y,C,,C,,...C,)=0. (5)

CootHomienue (5) Oyaem Ha3piBaTh OOIIMM HHTEIrPaJioM
ypaBHenus (1) unu (2).

2.2. Ypaeuenusn, oonyckaoujue noHusicenue nopaoka

B HekoTopbIx ciydasx mopsAoK U depeHIuanIbHOro
YPaBHEHHS MOKET OBbITh MOHMXEH, YTO OOBIYHO O0JIeryaeT ero

UHTErpUpoBaHue. PaccMOTpUM HECKOJIBKO THIIOB MOJOOHBIX
YPaBHEHUM.

1. VpaBHeHne He COAEPKUT HCKOMOM (QyHKIMH U ee
HPOU3BOJHBIX 1O MOPsiIoK (K — 1) BKIFOYHTENBHO:

F(x,y®,y*™,..,y") =0. (6)

B 5TOM ciydae MOKHO cuenarh sameny p = y, koropas

MTO3BOJISICT MOHHU3UTh MOPAAOK YpaBHCHHA 10 N — k, TaK Kak
ITOCJIC 3aMCHBI YPAaBHCHHUEC ITPUMET BU

F(x,p,p',...,p(”‘k)) =0.
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W3 sToro ypaBHeHust MOkHO HaTu p = p (x, C1, C2,..., Chi), @

3aTeM HAWTH ) C TOMOIIBI0 HHTErpupoBaHus K pa3 GyHKIUH

pP=p (x, C1 B Cz P Cn-k)-
IIpumep 1.YpaBHenue

ym — yrrZ
U 3aMeHe
p()=y"
CTAHOBUTCS YPABHCHUCM IICPBOTO IMOPAJAKA OTHOCHUTCIIBHO p:
' 2 dp
p'=p°, omxyda —=dx,
p
1 1
—Z=x+4C,, p=- .
p ¥ P x+C,
Torma
y'= Ip(x)dx = —J‘ ax__ —In(x+C))+C,,
x+C,;
y=[ydx=—[(n(x+C,)-C,)dx=
=—[In(x+C,)dx +Cyx+C, =

=—xIn(x+C,)+] dx+Cyx+C, =
x+C,

=—xIn(x+C))+x-C, In(x+C,)+C,x+C; =
=C, +Cx—(x+C,)In(x +C,).

2.  YpaBHEHHE HE COACPKUT HE3aBUCUMOM IepeMeHHOM:
Fyy,...y")=0. (7)

[Topsiiok Takoro ypaBHEHHsS MOXHO TOHU3UTh Ha CIUHHILY
3ameHoi y' = p(y). Ilpu stom npousBogHbie pyHKIME f(X) MO
apTYMEHTY X HY)KHO BBIPa3UTh Yepe3 MPOU3BOIHBIC p TIO ):
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W _ ), dy _dp_dpdy
- dx*  dx  dy dx
HpnMep 2. Vpasuenue y" =2yy'.

=p-p’ um.o.

Hycrs  y'=p(y), y"=p-p', moeda pp' =2yp.
Ormerum yactHoe peuenne p =0, to ecth y' =0, y=C. Ecin

p # 0, nocue coxpaenus Ha p HOIy4nM
'[ dp = J2ydy,
Y

= Idx,—urctgc— =

pP=

17

= x+C2,y = Cltg(Clx+C2).

3. Ypasuenue F (x, Y, V' ..., V) = 0 0IHOPOAHO OTHOCHTENHHO

aprymeHToByY, Y’ ..., y(”), TO €CTh CHPABEIJIMBO TOXKIECTBO

F(x,ky,ky', ky", ... ky")=k"F(x,y, v, y", ... y'").
B stom CIy4a€ MOKHO IIOHU3UTH IOPpAAOK YpPaBHCHHA Ha
CANHUIY, BBOASA HOBYIO HCU3BCCTHYIO q)YHKI_II/II'O Z, Mt KOTOpOﬁ
jzdx
y=e . Torma
, fzdx " J.zdx
y=e z, y'= (z*+2) um.o.

Ipumepuvr pewrenusn 3adau
3agaua 1. Haiitu oGee peiieHue ypaBHeHUs

y"sin® x =sin2x.
Yka3zanue

Hcnone3yiite 10, uTo 1" = jy”’dx um.o.
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Pemenue

sin2x sin2x
" __ " __ m _ —
=—F —Iy dx—j ——dx=
sin” x sin” x
2sin xcosx d(sin” x) 1
ZITW:Iﬁ:Cﬁ 5
sin” x (sin” x) sin” x

y':jy”dx:j(cl— 12 )dx:Clx+ctgx+C2;

sin” x
y =Iy’dx =I(Clx+ctgx+C2)dx=
:%x2+ln|sinx|+C2x+C3 =
=In|sinx |+C,x* + C,x + C,.
Oteer: y =In |sinx [+C,x* + Cx +C;.

3agauya 2. Haiitu oO1ee perieHue ypaBHEHUs
(1-x)y"—xy'=2.

Yka3zanue
Crnenaiite 3ameny:  y'=p(x), y"=p'(x).
Pemenue

y'=p), Y =px)
(1-x*)p' —xp=2.
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OnHOpOHOE YpaBHEHHUE:

(1-x*)p'~xp=0, jd’”_j ax
1n|P|=—11n|1—x2|+1n|C1|, pUaH:L;
2 1-x7
CW o a1
HeodH ’ =Cl1-x)?-=C.(1-x") 2(2x)=
Puon = s P =Cil=x) 2 =5 G(1=x7) 2 (=23)
_C(-x*)+Cx
- ey
(1-x7)?
C{(l—x2)+Clx_ C,x _s.
(1—x2); V1-x2
Ci:i C1=jﬂ:2arcsinx+(_?1.

N N1-x7

_ 2arcsinx+C, , 2arcsinx+C,

1= 7 v = Ji—2 7

(2arcsmx+C j

= arcsin® x + 2C, arcsinx + C, =

=arcsin® x + C, arcsin x + C,.

Oteer: y = arcsin’ x + C, arcsin x + C,.

41



3agauya 3. HaiiTu o0O1uee pelieHue ypaBHEHUs
m,n

2xy"y" =y"-1.
Yka3zanue
Crnenaiire 3ameny: y" = p(x), y"=p'(x).
Pemenue
y'=p(x), ¥ =px);

2xp’p=p* -1, I;ff’%]d—;z

In|p2—l|:1n|x|+ln|Cl|,

p=%JCx+1, y":i‘/C1x+1;
2 3
y :i_[ Clx+1dx:i3—Cl(C1x+l)2+C2;
— + 2 C 1% C -+ 4 g
y=| o (G 1)+ G, x__@(clxu) +C,x +C,.

1

5

Oreer:y = i%(clx +1)2 + Cx +C,.
1

3anaua 4. Pemnts 3anauy Kommn:

v'-y?=0, y0)=1, y'(0)=2.
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Yxkazanue
Cnenaiite 3ameny: y'=p(y), y"=pp".

Pemienue
Cnenaem sameny: y'=p(y), y"=pp’

Torna
, d d
ypp'—p° =0, I?P=I?y, In|pl=In|y[+In|C],
p=Cy, p(0)=2, y(0)=1=2=C-1=C=2,
, d
p=2y, y'=2y, J.?y:_[de,

In|yl=2x+In|C|, y=Ce*, y(0)=1=
=1=C¢", C=1, y=¢*.

Otger: y = e,
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