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I'JTABA I. TPUTTOHOMETPUYECKHUE ®YHKIIUN
OCTPOI'O M TPOU3BOJIBHOT 'O YIJVIOB

§ 1.1 Yenn

HanoMHuM cieayromye onpeneaeHus U3 IKOJIbHOTO Kypca T€OMETPHH:

X /J[Ba myda, BBIXOAAIIME U3 OJAHON TOYKH, 00pa3yroT Gurypy, Kotopas Ha3bl-
BACTCS Y2IOM.

X VYTros Ha3bIBACTCS OCMPBIM, €CIM €ro TpaaycHas Mepa 3aK/IIOYeHa MEXKIY
sHayeHusmu 0° u 90°,

™. Vroa sBIseTcs npamovim, eCiau oH paseH 90,

Y. VYT0II Ha3BIBAETCS MYHBIM, €CIIA €T0 TPaaycHas Mepa 3akiroueHa Mexay 90°
u 180"

2. VT0II Ha3BIBAECTCS Pa3éepHynbIM, €CII OH paBeH 180",

IToxa MbI 6YI[€M paccMaTpruBaThb TOJBKO TAKHC YIJIbl, TdK KaK CHa4ajla MbI
6YII€M AaBaThb OIIPCACIICHUA TPUTOHOMCTPHUYCCKHUX BCIMYMH, UCXOOS HU3 ITIOHMA-
THA «mpey2olibHUK», OJHUM N3 KOMIIOHCHTOB ATOM HpOCTGﬁHIGﬁ reoMeTpuic-
CKOM SIBIISIETCS YTOJI.

§ 1.2. Tpuzonomempuueckue pynkyuu ocmpozo yana

PaccMoTpuM  NpsIMOYTOJIBHBIM ~ Tpe-
yrosibHUK ABC (Puc. 1.2.1) u BBeném 0003Ha-
yenus: AB=c, BC=a, AC=b.

HanoMHum, 4TtO €ciu B NpSIMOYTOJIb-
HOM TPEYTOJIbHUKE OTMEYEH OCTPBIN yroJ, TO
KaTeT, JIekKAIIU HATPOTUB ATOrO Yria, Ha3bl-
BAETCA NPOMUBONEHCAWUM KAMEMOM, a KATET,
SABJIAIOIIMKACS OJHOW M3 CTOPOH YTJIa, Ha3bI-
BAIOT NPULEHCAUUM KATNEMOM.

Tpuronomerpuyeckue (QyHKIIUA OCTPO-
ro yria (o wiu f3)

D Cunycom OCTPOTo yria MpsSMOYTrOJbHOTO
TPEYTOJbHUKA Ha3bIBAETCS OTHOLIEHUE IIPO- Puc. 1.2.1
THBOJIEKAILIETO KAaTeTa K TUIIOTEHY3€.

. a . b
[MumryT: SIN a:E wim SIn ﬂ=E.
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@KOC”HECOM OCTpOIo yria npsaMOyrojJbHOIO TpEyroJdbHHKa HA3bIBACTCSA OT-
HOIICHUC ITPUJICIKAIICTO KaTCTa K TUIIOTCHY3C.

b a
[InmryT: COS a=E unu COS ﬂ:E'

SIcHO, 4TO MU 3TOM BBINOJHAETCS PABEHCTBO + =90" (CymMMa OCTpBIX

YIJIOB  MPSAMOYTOJNILHOTO — TpeyroibHuka paBHa 90°), TO, OYEBHJHO,
sin ¢=cos [, a takxke COS a=Sin 3.

= Tanzencom OCTpPOro yriaa MpSAMOYTOJIBHOTO TPEYTOJIbHMKA Ha3bIBA€TCS OT-
HOILIEHUE MPOTHUBOJIEKALIETO KaTeTa K MPUIIeKaIIEMy KaTeTy.

[MumryT: tg (x=% nnm tg ,6’22.

= Komanzencom ocTporo yriaa OpsIMOYTOJBHOTO TPEYroJibHWKAa Ha3bIBAa€TCA
OTHOIIICHHE MPUJICKAILETO KaTeTa K MPOTUBOJICXKAIIEMY KaTETy.

a
[TumyT: ctg azg nnu Ctg ,BZB.
OueBUAHO, YTO MMEIOT MECTO paBeHCTBatg a=Clg ,B , a TaKxKe

ctg a=tg 5.

Kpome BBEeIEHHBIX UYETHIPEX TPUTOHOMETPUUECKUX (DYHKIMM (MX HA3BI-
BalOT OCHOBHBIMU TPUTOHOMETPUUYECKUMHU (YHKIHUSIMH) MOXHO PaCCMOTPEThH
emi€ 1Be PYHKIIMU CeKaHC U KOCEKAHC.

= Cekancom OCTPOTO yria IpPAMOYIOJIbHOT'O TPCYI'OJIbHHMKA HA3bIBACTCSA OTHO-
IICHUC TUITOTCHY3bI K ITPUJICIKAIIIEMY KATCTY.

C C
[TumryT: Sec Ol:B uim Sec ﬂZE.

= Kocexkancom octporo yria npsiMOYrojabHOTO TPEYTroJIbHHKA HA3bIBAETCS OT-
HOLLIECHHUE TUIIOTEHY3bI K IPOTUBOJIEKALIEMY KATETY.

c C
[Tumryt: COSeC 05:5 Wi cosec B Y

W3 onpenenennii TPUrOHOMETPUUECKUX (PYHKIIUI CIIEyET, YTO:

sina

g a= , (1.2.1)
COS
CoS &

ctg a=— ) (1.2.2)
Sina

Jlanee MoxeM TOJTydUTh (POPMYIIBI, BRIPAXKAIOIINE CBSI3b TAHTEHCA U KO-
TaHT€HCA OJHOI'0 U TOT'O K€ OCTPOrO yria MpAMOYTrOJbHOTO TPEYTOJbHUKA!

tg o= sina 1 1
cosa %2 ctga’ (1.2.3)
SInx
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oty =005 _ -1 _ 1
sinae @ tga (1.2.4)
cosa
N3 popmyi (1.2.3) u (1.2.4) HenmocpeICTBEHHO BBITEKAET (hopmyia
tg a-ctga=1. (1.2.5)

Hanee nmpumenum k tpeyroiabHuky ABC teopemy I[Iudaropa. Umeem pa-
BEHCTBO

a’+b*=c?.
Pa3nenum 00e ero yactu Ha c’. [Toyunm
2 2
a~ b
—2 + —2 — 1 .
C C
a__ . b
Tak kak E_Sm d u EZCOS Q' , TO MOCJHEIHEE PABEHCTBO MOXKHO Iiepe-

MUcaTh B BUJIE
(sina)2 +(cosa)2 =1
WIH
sin’a +cos’ a =1. (1.2.6)
PaBencTBO (1.2.6) Ha3BIBAIOT OCHOBHBLIM MPU2OHOMEMPUYECKUM M ONHC-

0ecCmeom.
Paznenum 06e yacTM OCHOBHOTO TPUTOHOMETPHUYECKOIO TOXKIECTBa Ha

02
cos’a u Sin‘a COOTBETCTBEHHO, MOJYYUM Takue (GOpMYJIbL:

1+tg’a = (1.2.7)

)
cos’ a

1+ctg’a =

—— (1.2.8)

sin‘a
.HeFKO 3aMCTHUTDb, UTO ®YHKHHﬂ CEeKAHC HeHOCpeI[CTBeHHO CBs3dHaA C KO-

CI/IHYCOM, a (IJYHKHHﬂ KoceKaHc — C CI/IHYCOM CHeI[YIOH_IHMI/I COOTHOIIICHUAMMU.

seca = L , (1.2.9)
cosa
coseca :_i. (1.2.10)
sina

Hcnonp3ys cootHomenus (1.2.9) u (1.2.10) dpopmynsr (1.2.7) u (1.2.8)
MOJKHO COOTBETCTBEHHO TIEpENCaTh B BUJIC:

1+tg’a=sec’a, (1.2.11)
1+ ctg’ar =cosec’a . (1.2.12)

OTMCTI/IM, qTO ABC ITOCIICOAHUC (I)OpMYJ'IBI MOJXHO IICPCIIMCAaTh B MHOM BH-
A€, poaAHAIICM UX C OCHOBHBIM TPUT'OHOMCTPHUUCCKHUM TOXKICCTBOM!

sec’ o —tg°a =1, (1.2.11%)
cosec’a —ctg’a =1, (1.2.12%)
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3aMeTuM Temnepb, YTO Ha3BaHUS TPUTOHOMETPUYECKUX (PYHKIUI momapHO
CO3BYYHBI ¥ OTJIMYAIOTCS JIUIIb HATUYUEM WM OTCYTCTBHEM INPHCTABKH «KOM.
[lo 5ToOii mMpUYMHE TPUTOHOMETpUYECKHE (PYHKLIUU MOKHO pa30HTh Ha JBE
IpyIIbL: 0€3 MPUCTABKH «K0» (YCIIOBUMCS Ha3bIBaTh UX OCHOBHbIMU TPUTOHO-
METPUYECKUMHU (PYHKIUSAMH) M COJEpIKallue MPUCTaBKy «xo» (OyneM Ha3BaTb
UX 0ONOIHUMENbHHIMY TPUTOHOMETPUUECKUMHU (PYHKIIHSIMH).

[IpencrtaBuM 3TO B BUJE CXEMBI.

TpurosoMerpudecKkHe PyHKIHH

o AW

OCHOBHBIE Jono/JTHHTEIbHbIE
Cunyc sinc cos Kocunyc
Tanzenc g a clg o Komamnzenc
Ceranc sec o cosec o Koceranc

Ha3Banue «kocumnyc» npenctaBisieT cOOOM COKpalleHue TepMHUHa COM-
plementi sinus (cuHYC JTOMOJHEHHUS ), BRIPAKAIOMIETO TOT (DAKT, YTO COS & PABCH
CUHYCY yTJja, JOMOJHUTEILHOTO K ¢ (T.€. COCTaBIsieT B CyMME€ C HHUM YTOJ,
pasusii 90°). TIo TakoMy ¢ TPUHIUIY OOPA30BAHBI HA3BAHHUS «KOMAHZCHCM
(TaHTeHC JOTOJIHEHUS ) U «KOCeKarcy (CEKaHC TOTIOTHEHU ).

OcCHOBHBIE U JIONOJIHUTEIbHBIE TPUTOHOMETpUYECKUE (HYHKIIMHA 00pa3yroT
JIBE TpymNMbl (MO TpU B Kakao) pyukuii. Kaxxayro rpymnmny QyHKIUN MO OTHO-
HICHUIO K IPYTOi, OyJIeM Ha3bIBATh «KO-QVHKYUAMUY.

§ 1.3.Tpuzonomempuueckue pynkyuu 0ononnumenvHoix y2ioe

X JIBa OCTPHIX yria, B CyMME COCTABIIAIOIIUX MPSAMOM YIroJl Ha3bIBAIOTCS 00-

NOJIHUMENbHIMU.
OueBHIHO, YTO OCTPBIE YIJIbl MPSMOYTOJIBHOIO TPEYTOJIbHUKA SIBISFOTCS

JOTIOJIHUTEIBHBIMHU IO OTHOLIEHHUIO APYT K APYTY.
B

Puc. 1.3.1
Ecmu B npsimoyrosibHoM Tpeyroibsauke AABC (£C =90), ocTpblii yroi
/BAC =« , TO BTOpOM ocTpbiid yroin £ ABC =90" -« .
N3 Puc. 1.3.1 umeem
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sin(90° —a) = b_cosa :

C
. a .

cos(90 —a) =—=SIna,

C
T.€. CUHYC OOHO20 U3 08YX OCMPBIX Yel08 PABEH KOCUHYCY OPY2020 Veld.
AHaJorn4Ho,

tg (90" -a)= b_ ctger,

a

ctg (90" - ) =%=tga,

T.€. MAH2EHC 00HO20 U3 08YX OCMPLIX Y2l08 NPAMOY2OJbHO20 MPEY2OJIbHUKA
paseH KomaHaeHcy 0py2020 yeid.
Kpome toro

sec(90° ~a)=-=coseca,

|0

cosec(90° —a)z%z seCa.

3aKII049aeM, YTO CeKaHc 00H020 U3 08YX OCMPLIX Y2ll08 NPAMOY20bHO2O0
Mpey20bHUKA Pa8eH KOCEKAHCy Opy2020 yaia.

Hanpumep, Sinl1l =cos79°, tg51" =ctg39°, sec27’ =cosec63".
§ 1.4. 3nauenus mpuzonomempuueckux gyuxuyuii yzinoe 30°, 45°, 60°

[Ipexne Bcero, 3aMeTUM, YTO B HPSIMOYI'OJIbHOM TPEYI'OJIbHUKE OTHOLIE-

HUE JBYX €rO CTOPOH 3aBUCHUT TOJIbKO OT BEJIMYMHBI OJHOI'O M3 OCTPBIX YIJIOB U

HE 3aBUCHUT OT JIMHEMHBIX Pa3MepoB CTOpPOH. Ecin

B VM3MEHUTH YIOJI, TO U3MEHUTCS OTHOILIEHUE; €CIIU U3-
MEHUTH OTHOLLIEHUE, TO U3MEHUTCS YIOJI.

JIns KaXaoro yria Takoe OTHOLIEHHE IOCTO-

SIHHO, 4TO JIETKO JT0OKa3aTh, UCTOJB3Ys MOJ00ue Tpe-

yroneaukoB ABC n AB,C, (Puc. 1.4.1).

[TosTOMy unCTIOBBIE 3HAYEHUS TPUTOHOMETPHU-
YeCKUX (YHKIMHA OCTPHIX YTJIOB,
HalJIeHHbIC, HATIPUMED, I Tpe-
YTOJIbHUKA C THUIIOTCHY30U, paB-
HOM enuHUIle, OyIyT TaKUMH KE
U s J1000ro  JIpyroro  Tpe-

YToJIbHUKa C TEMH K€ OCTPLIMH
Puc. 1.4.1 yIJaMU.

VYuuteiBas 3TOT ¢akT, npu
HAXOXKJICHUU 3HAYEHUW TPUTOHOMETPUUYECKUX (DYHKIIHM yT- Puc. 1.4.2
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o e ape . 1
noB 30, 45, 60 [1 rpagyc (1) —aT0 %0 94acTh IJIOCKOTO MPsIMOTO yria] Oynem,

Ui ynoOCTBa, paccMaTpUBaTh MPSMOYTOJIbHBIA TPEYroJbHUK C THIOTEHY30M,
PaBHOU €IUHUIIE.

[Tpu TakoM BeIOOpE TPEYroJIbHUKA MPOTHUBOJICKAIIUI KaTeT OyneT paBeH
CHHYCY YIJIa, a IPUIISKAIIHA — KOCUHYCY yTJIa.

Wtak, paccMOTpUM CHayajla paBHOOEAPEHHBIN MPSIMOYTOJIbHBIA Tpe-
yronsHUK ABC (Puc. 1.4.2). O6a oCTphIX yria paccMaTpuBaeMOro TPEyroJibHU-

Ka paBHBI 110 45", A Tak kak CB = CA, To 1o Teopeme Iudaropa CB? + CA? =1.

J2

3naunt, 2CA° =1, otkyga CB = CA=7.

J2

Taxum obpasom, Sin45" = cos45 27.

CnenosarensHo, tg45°=ctg45°=1.

PaccmoTpum Tenepb MpsIMOYTOJIBHBIM TPEYTOJBHUK C OCTPBIMHU YIJIAMHU

30" u 60° (Puc. 1.4.3).
B N3BecTHO, YTO KaTeT, Je)auu mpo-

TiB yria B 30°, paBeH MOJOBHUHE THUIIOTEHY-

3bl. [loaTOMYy BC:% u no teopeme Iluda-

ropa CA=«f12 —(%)2 =§. Otcrona cieny-

Puc. 1.4.3 er, w0 sin30’ :1’ c0s30° :g’
1 3

2
tg30° = E= 3 ctg30° :\/§.

Ne

C napyroi croponsl, kater CA, nexanuii TpoTuB yria 607, — 3TO CHHYC

B

sroro yria, a karer CB — kocunyc yrma. Takum oOpa3zom, Sin60°:7,

1 3

cos60° :%, tg60° =3, ctgb0' = ——==—.

J3 3

O6patum BHUMaHKE Ha TOT ¢akT, uto yriasl 30" u 607, a Taxke 1Ba yria
10 45" SBJIAIOTCS YaCTHBIMH CIyYasMH, TaK Ha3bIBAEMbIX, B3aUMHO JOTOJIHHU-
TEJILHBIX YTJI0B (cM. § 1.3.).

Jlst ymoOGCTBa 3aIOMMHAHKS 3HaUeHni cuHyca yriaos 307, 457, 60° (a Tak-
ke 0° 1 90°) MOKHO MCIIOIB30BATh NPABUIO IAOOHUL.

Ecnmu mpucBouTh KaXIOMY W3 TANBIEB JaJOHM HOMEpP M COIMOCTaBUTH
yroi (cMm. Puc. 1.4.4), To i HaX0XACHUSI CHHYCa KaXJI0r0 U3 3TUX YIJIOB J10-
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CTaTOYHO W3BJI€Yb KBAJIPAaTHBIM KOPEHb M3 HOMEpa Maliblia, COMOCTABICHHOIO
YTy, U TIOJTYYEHHBIN pe3ybTaT pa3ieauTh Ha /IBa.

Jn

Urtak, Sina=—.

Puc. 1.4.4

3anuieM pe3yiabTaThl, MOJIydaeMble C IIOMOIIBIO 3TOH (OpMYyNBl U
Puc. 1.4.4 B Buge Ta0IALIBL.

Homep u nassanue =N\e Voo sing
nanvya 1a0oHuU
Ne(Q — Mu3unern
n=0 | 0° | sinO’ =7O=o
Nel — be3pIMIHHBIN
n=1 | 30° |sin30 = Vi1
2 2
No2 — Cpennuii
’ n=2 | 45° sin45’ = 72
Ne3 — VkazareabpHbIN
n=3 | 60° sin60° = g
Ne4 — Bonpmon
n=4 90° sin90° :gzl

3ameuanue. C IMOMOMIBIO «IIpaBHJIA JAAOHHW» MOXHO HAXOAWTb M 3HAYC-
HHSA KOCHMHYCOB TEX JKC€ CaMbIX YIJIOB. I[J'ISI 9TOro Haao HadaTb HYMCEpAIMIO
maapneB HE C MU3HHIIA, 4 C OO0IBIIOTO majbna.
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§ 1.5. Yzon kax mepa nosopoma noosuixcnozo iyua 60Kpy2 OGHHOI MOUYKU

JIro6oit yron ZAOB, xak reoMeTpudeckyio GUrypy MOXHO IMOJIyYUTH B
pe3yJsibTaTe BpallleHUsl MOJABMKHOTO JIy4a BOKpPYT BepuIMHbI O OT HaydajabHOU
cropoHsl OA yria a0 ero KoHeuHoU ctopoHsl OB. Toraa BeIMYMHY OBOPOTA,
COBEPIICHHOTO 3TUM JIY4OM, HU3MEPSIOT BEIMYMHON YIJia, KOTOPBIA 00pa3yroT
ayun OA u OB. JIyu OA Ha3bpIBalOT Ha4aJIOM OTCYETa YIJIa, a o Jiyue OB roBo-
pAIT, 4TO OH ONpPEAEISAET YroJl IOBOPOTA.

X.VYT0J Ha3bIBACTCS HOAOHCUMEIbHBLM, €CITU OH 00pa30BaH MOBOPOTOM JIyda
npPOmMuUE X00a 4acoeoii CmpeaKu, i OMpPUUameIbHblmM, €Ciii OH 00pa3oBaH Io-
BOPOTOM JIy4a HO X00y 4aAco60ll CHIPEIKU.

O603Ha4YMM 4Yepe3 @ HaUMEHbIIHUNA HEOTPUIATENIbHBINA yToJ, 00pa3oBaH-

Helil mydamu OA4 u OB (Puc. 1.5.1).

B

A
Puc. 1.5.1

Ecnu nmyy OB coBepiiaer A0MOJIHUTENBHO MOJTHBIA 000POT BOKPYT TOUKH
O TpoTUB XOJla YacOBOW CTpPENKU (TakOM MOBOPOT CUMTAIOT MOBOPOTOM Ha

360°), To moyuaeM Apyryio BEIMUHHY yIia, paBHYI ¢+ 360°. A TOrga sCHO,
4yTO JI000H Yroy moBOpoTa @, onpeaensieMbiit iyaoMm OB, MOXKHO MPEICTaBUTh
B BUJIE

w=¢p+360"-n, |
e 0'<p<360",aneZ. -y L
Ha npakTtuke yxe 6ojiee Tpex ThICSY JeT N . /
3a CIMHHLY HU3MCPCHHA BCIIMYMHBI YIJld Mgy \g‘.,f,

1
TpUEATA o 9acTh MOIHOrO o0opoTta, Ko-

TOPYIO Ha3bIBAIOT 2PAOYCOM.

B TexHuke 3a eQUMHUIly H3MEpPEHUS
YIJI0B IPUHUMAIOT HOJIHbLIL 060pOm.

B MopemnaBanuu 3a €IMHUILY H3MeE-

PEHHUSI YTJIIOB NIPUHAT pyMoO, paBHBIN é ya-

CTH TIOJTHOTO 000poTa.

10
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1
B apTmiepnn 3a e1MHUIYY U3MEPEHUS YIJIOB IPUHSATA 0 4acTh MOJIHOTO

1
000poTa, KOTOPYIO HA3bIBAIOT Ooibuium oenenuem yenomepa (0,01 dgactp
OOJBIIOTrO JIETIEHUS YTIIOMEpPa Ha3bIBAKOT MAJIbIM JIEJIEHUEM YIIIOMEpPa).

§ 1.6. Tpuconomempuueckas oKpysHcHoCmb

['panycHas mepa uM3MepeHHsl YIJIOB NMPHUBBIYHA, HO HE SIBJIAETCS €IWH-
ctBeHHOH. CylliecTByeT ené pajuaHHOe U3MEPEHUE YIIIOB.

BBenenue pagmanHoi (BrpoueM, Kak M IpaJyCHOM) MEpbhl OCHOBAaHO Ha
CJIEIYIOUIEM YTBEPKICHUU:
OmHowenue OUHbL Oyeu, Ha KOMOPYI OAHHLLIL UEHMPAIbHBLIL Y2071 ONUpa-
emcs, K paouycy OKpyHCHOCHU Onpeoesiemcs duulb moabKo OaHHbIM Y210M
U He 3a6UCAM Om GeIUYUHBL PAOUYCA.

BBeném Ha MIIOCKOCTH MPSMOYTOJIb-
HyI0 cucteMy koopauHat XOY u paccMoT-
pUM  €IUHUYHYIO  OKPYXKHOCThb, T.€.
OKPY>KHOCTh C IIEHTPOM B HEKOTOPOIl TOU-
ke O ¥ C paanycoM, PaBHBIM €IUHUIIEC
Macitaba. BeibepeM Ha 3TOl OKpY>KHOCTH =
HekoTopyto Touky A4 (1;0) (cm. Puc. 1.6.1),
JeXanen Ha 3TOM OKPYKHOCTH, Ha3bIBae-
MO «Hauanom omcuémay» (HE TyTaTh C
HayajoM KOOpPJIHMHAT). 37

Hampasnenue 06xoja 1mo oKpykHO- -
cTH npomué xo0a (no xo00dy) 4YacoBOM Puc. 1.6.1
CTpEJIKA OyJIleM Ha3bIBaThb HON0MCUMENb-
Hoim (ompuyamenvHbiM) HARPasIeHUEeM 00x00d.

to 15

A4 (1.0)

o

= BBeIEHHYI0 TaKUM 00pa30M OKPYKHOCTh Ha3bIBAIOT MPUZOHOMENPULECKOI
OKDYICHOCMbIO, A KPYT, KOTOPHI OHAa OTPAHHYMBAET, — MPUZOHOMEmpUYe-
CKUM _KDPY2OM.

ITo aHANIOrHMHK C YNCITOBON MPAMOIT KaxkoMy uncy ¢ € (0;27) moctaBum

B COOTBETCTBUE TOUKY P, JaHHOW €IMHUYHON OKPYKHOCTH TaKylo, 4TO JIMHA
nyru AP, paBHa o, npuuem nyra AP, oTkiaaabiBaeTcst OT TOYKU A IPOTUB 4aco-
BOoU cTpenku. Yucny 0 1 4ucity 27 TOCTaBUM B COOTBETCTBUE TOUKY A. Takum
o0pa3oM, MeXAy TOUKaMU €IMHUYHON OKPY>KHOCTH M YKCIIaMu MpoMexxyTka [0;
27) yCTaHOBJICHA B3aUMHO OJIHO3HAYHOE COOTBETCTBHUE.
_Yucno o Ha3bIBaeTCs paduanuou mepoii 1yru AP, 1 COOTBETCTBEHHO YyIJia
AOP.,.

N3 dopmynbl i BBIUMCICHUS JJIUHBI AYTU OKPY>KHOCTH CienyeT ¢op-
MyJia, CBSA3BIBAOIIAS PATUAHHYIO U TPALYCHYIO MEPBI yTJIa.

1Yzﬂomep — YCTpOMCTBO /17151 U3MepeHust yrios (cM. Puc. 1.5.2)
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JIeliCTBUTENBHO, €CH o — ITIMHA IyTH €IUHUYHOU OKPY>KHOCTH, Tpaayc-
Has Mepa KOTOpoi paBHa 3, TO

a=r=F. (1.6.1)

180 180°
Urak, nyra B I paduan conep>XuT —— TPpajlyCcoB:
/4

~57°17'45" . JTyra

T T
1° — . —~0,0175.
B 1° comepxut 180 paauaH 180

Mpumep 1.6.1. Haiiti pagnannyro mepy yrios 120°%; 320°.

Pemenve. Tak kak 1° = l, TO:
180

120 =% .120= 2%
180 3

320° = .390 = 167 _
180 9

Jlst mepeBoia Mephl yrila M3 TPaJayCHOM B paguaHHYI0 W 0OpaTHO CyIile-
CTBYIOT TaOmwmiel (Hampumep, B. M. bpaauc, YeTslpex3HauHble MaTeMaTH4e-
CKHE TaOJIUIIBI).

[TpuBenem TabuuIy 11 YIII0B U IyT, KOTOPBIE BCTpEUaroTCsl Hanbosee Ja-
CTO.

I'panycsr | 360° (180°| 90° | 60° |45°|30°(18°| 15° [10°| 1° | pg°
LI [ GO (R A IR NG
314 |6 |10 12 |18 | 180 (180

Paaunanbl 21 T

NN

CHOBa paccMOTpUM EIUHUYHYIO OKPYKHOCTh C BBIOpaHHOW TOUYKOU A
(Puc. 1.6.1).

Kaxaomy uncny o €(—27;0) mocraBuM B COOT-
BETCTBHE TOUYKY P, TaHHON €IMHUYHOU OKPYX HOCTH \
TaKylo, 4to JiuuHa ayru AP, paBHa |a| u nyra AP, ot-
KJIQJBIBAETC OT TOYKH A IO YaCOBOM CTpEJIKE 4 ;:
(Puc. 1.6.2). Yucny — 27 moctaBUM B COOTBETCTBHE
TOUKY A.

[Ipon3BOJIBHOE YHUCIIO O MPEICTABUM CIEAYIO-

; 2
muM obpasoM: « =, + 2Kz, rue K — HekoTopoe 11e- Puc. 1.6.2
JI0€ 9HCIIO, & o € |-277; 27| . 3aMeTnM, 9TO IUIst JTF06Oro ¢ TAaKOE MPECTaBIIe-

HUE BO3MOXXHO. Ternepp 4nuciy o OCTaBUM B COOTBETCTBHE Ty K€ TOYKY, UTO H
YUCIY 0, T. €. TOUku P, u Pa0 COBIAJIAIOT.

Takum oOpa3om, BBIIIE TTOCTPOEHO COOTBETCTBUE MEXIY IEHCTBUTEIb-

12
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HBIMM YMCJIaMHU M TOYKAMH E€JMHUYHON OKpYKHOCTH. M3 camoro moctpoeHus
3TOr0 COOTBETCTBHSA CleayeT, yro Touku P, . P, , P, coBmagaror. To ects,
€IMHUYHAsI OKPYKHOCTb — 3TO YKCJIOBas OCh B BHJIE€ TOHYANIIICH HEPACTSHKUMOM
HUTU, MBICIICHHO «HAaMOTAaHHAs» CBOUM IIOJIOKUTEIBHBIM JIy4OM Ha OKPYXK-
HOCTb IIPOTUB YaCOBOM CTPEIIKH.

O Touke P, roBopsT, 4TO OHA MOJy4aeTcs U3 TOYKH A MTOBOPOTOM Ha |a| pa-

JIMaH IPOTUB YaCOBOM CcTpeiku, eciu o> 0, 1 1o yacoBoi crpenke, eciu o< 0.
§ 1.7. Tpuzonomempuueckue pynKyuu npou3eo1bH020 apymenma

B mpenpiaymeM naparpade ObUIO YCTAaHOBJIEHO B3aMMHO OJHO3HAYHOE
COOTBETCTBHE MEXIY MHOKECTBOM BCEX JICMCTBUTEIBHBIX YHCEI U MHOXKE-
CTBOM TOYEK EIWHUYHOM OKPYKHOCTH.
KaxnoMy AeWCTBUTEIBHOMY YHUCIY O TO-
CTaBJIeHa B COOTBETCTBHME Todka P, emu-
HAYHOM OKPY’KHOCTH.

. Ocb M ORSEHCES

/tgc

™ CuHycom TPOU3BOJBLHOIO yria (Yucia)
a HazbIBaeTcs opournama Touku P, enu-
HUYHOU OKPY’KHOCTH, T.€.
sina=y,.

JIeCTBUTENBHO, UCXOSI U3 OIpele-
JIEHUsI CHHYCa, TpuBeIEHHOrO B § 1.2. cu-
HYCOM OCTpPOTO yTila IPsIMOYT'OJIbHOTO Tpe- !
YTOJIbHUKA HAa3bIBAETCSI OTHOLIEHUE MPOTHU- Puc. 1.7.1
BOJICXKAIErO KaTeTa K TUIIOTEHY3¢E, T.€.

sing=22 - Ya _ Yy .

1
X Kocunycom npou3BOILHOIO yria (4ucia) o HaszblBaeTcs abcyucca Touku P,
€AUHUYHON OKPY’KHOCTH, T.€.
CoSa =X,
Wtak, cuHyc U KOCHHYC yucna (yria) OnpeaesiioTCsl COOTBETCTBEHHO KaK
opounama u abcyucca TOYKH P, , TIOJyYEHHOM OBOPOTOM TOUKH P,(1,0) BOKpyYT

Hayaja KOOpJAWHAT Ha YroJl « pajuaH (rpaaycoB).

Omnpenenenus cMHyca U KOCHHYCa HOCST T€OMETPUUECKHUI XapakTep, TaK
KaK TMOJIy4aroTCsS M3 MPSMOYTOJHHOTO TPEYTrOJbHUKA KaK OTHOIICHHUE COOTBET-
CTBYIOIINX KATETOB K THIIOTECHY3E.

13
IIpumep 1.7.1. Haiitu cunyc uncna o = Eﬂ'.

13 V4
Pemenne. Tak kak Eﬂ' :E + 271, TO 3TOMY COOTBETCTBYET Ta K€ Touka P,

13
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7
YTO U YUCIY 5 Onyctum u3 touku P nepnengukymnssp PM Ha ocs Ox. Toraa

umeeM |[PM| = y. B npsMoyroibHOM TpeyrojibHuke POM IMHA THIIOTCHY3bI

1
OM paBHa | (Tak Kak OKpPYKHOCTb €QMHUYHAs), JUIMHA Kateta PM paBHa 5
(kak karert, jexamuii mpotus yriaa B 30°). CnegoBaTenbHO, OpAUHATAa TOYKU M
. 137
paBHa yuciay 0,5, T. e. y = 0,5. Takum oOpazom, sm? =0,5.

Hpumep 1.7.2. Haiitu sin 1,17.
Pemenne. Bocnone3yemcss KHUron  «YeTbIpex3HAayHbIE MATEMAaTUYECKUE
tabymie» B. M. Bpamuca: sin 1,17 = 0,9208 (Ctp. 62).
Yro KacaeTcsi TaHI€HCa M KOTaHT'€HCa, TO UX MOYKHO ONPEIEIUTh anreod-
panyecKu 4epe3 OTHOLLICHUE:

sina T
tga=——,a#—+7n,Ne’; (1.7.1)
cosa
cosa
ctigo=——, a7k, keZ. (1.7.2)
sina
Sina T
™ Tanzencom yria (4ucia) o, Ha3bIBa€TCs OTHOIIICHUE , O # 5 +7zn.
cosa

CoOS
=™ Komanzencom yria (dncnia) a Ha3bIBaeTCs OTHOLICHHE —— , o # 77K .
Sina

Bo MHOrux ciyyasix reoMeTpu4ecKue omnpezesneHust 0osnee yAoOHBI s
UCIoap30BaHusA. [loaToMy paccMOTpUM TE€OMETPUYECKYH) HHTEPIPETALUIO
OTIpEeJICICHHUI TaHTeHCA U KOTaHTeHCa.

1) IlycTe nana equHuyHas OKpYyKHOCTh. [IpoBeneM kacarenbHyto | K Hel
B Touke P, (Puc.1.7.1). Ecniu & - npou3BoibHOE 4Mcio Takoe, 4to CoSa # 0,

T o
T.C. a # E + 7N, neZ, to npsmeie | u OP, mepecekarorcs. Halinem koopauHa-

THI TOUKH T, TIEpECeUeHUs MPSIMBIX.

[Ipssmas | 3amaercst ypaBHeHueM X =1. [Ipsimas OP, mpoxoauT uepes
Hadano koopiuuat (0;0) u Touky P, (cosa;sinea). IostoMy ee ypaBHeHue
umeeT BUI: Y = (tga)- X.

x=1
Pemras cucremy , HAXOJIUM KOOpaHHAThI Toukn T, @ (Litgar).
y=X-1ga
Bri6epem Ha mpsimoii | HampaBieHHE, COBMAAIOIICEe C HAIIPABICHUEM OCH Op-
JMHAT, Havajgo oTcuera — Touky P, (tg0=0) v equHWYHBIA OTPE30K, PABHBIM

CAMHUYHOMY OTpPE3Ky OCHOBHOH CHCTeMBbl KoopauHAT. [lomydum KoopawHAT-
HYIO TIPSMYIO — OCh TAaHTE€HCOB. Torma MOXHO COPMYIHPOBATH CICTYIOIICE
onpeoeieHue.

14
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B Tanzencom yrna (yucna) (& Ha3bIBACTCA KOOPOUHAMA HA OCU MAH2EHCO8
TOYKH II€pecedeHmst ocu TaHreHcoB u npsmoit OP,, rme O — Hagano xoopu-
HaT, P, — TOYKa, MOJy4eHHas MoBopoToM Touku (1;0) BOKpyr Hauama KOOp.H-
HaT Ha yroil & .

Ipumep 1.7.3. Haiitu thTﬂ.

3z o
Pemnenue. qI/ICJIy T Ha YHUCJIOBOU OKPYKHOCTH COOTBCTCTBYCT TOYKa P, KOTO-

pasa sBiseTcs KOoHLOM nayru B 135°. Omyctum u3 .“’A
Touku P mepnenaukyinsp Ha ock Ox. TpeyrojibHUK
OPM mnpsMoyronbpHbIE W paBHOOEIpPEHHBIN (10- P
MOJTHUTEIbHBIN yron paBeH 45°). Koopaunatamu

Z 2

Touku P OyayT uncna: X =———, Yy =—. 455
2 2 e
Ciie10BaTeIbHO, M X
tg 3r_y J2 . J2 1
4 x 2 2
Puc. 1.7.2
1 A
m C‘__// 2) Ilo aHamorum ¢ OCBIO
R TAHT€HCOB TOJIYYUM OCh KOTaH-
y F, 7 cigor 0Cv ya
/ 3 ? comancencos TCHCOB. IlpoBenem KkacatenbHyrO
2 m K €IUHUYHOU OKPY>KHOCTH B
> touke P_ (Puc. 1.7.3). Bribepem
A 0 1/p X 2
3 Ha IPsSIMOM M HAaIlpaBJIEHUE, COB-
\ ,
‘\_/// NaJaollee C HaIMpaBICHHEM OCHU
abcIce, Hayajao OTcueTa — TOYKY
Puc.1.73

T .
P, (ctg—=0) u enquHUYHBIA OT-
2 2
PE30K, paBHBIM €IUHUYHOMY OTPE3KY OCHOBHOW CHUCTEMBI KOOpAHMHAT. MOXKHO
chopMyJIHpPOBATh CIEAYIOINIECE onpedeneHue.
™. Komanzencom yrna (4ucia) o Ha3bIBaCTCS KOOPOUHAMA HA OCU KOMIAH-
2eHco6 TOUKH TiepecedeHns ocu KotanreHcos u npsmoir OP,, rne O - Hawano
KOOpAMHAT, P, - Touka, momydeHHas moopotom Toukn (1;0) Bokpyr Hadana
KOOpAHMHAT Ha YTOJ (! .

1

CoOS

/4
X Cekancom yria (4ucia) o Ha3bIBAETCS] OTHOILICHHE , A #=—+7n.

15
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. Kocekancom yrna (4ucia) ¢ Ha3bIBA€TCSl OTHOILICHHE , a# 7K.

SInx
Ha Puc. 1.7.4 u Puc. 1.7.5 nzo0paxeH TpUroHOMETPUICCKUM KPYT, HA KO-
TOpPBI HAHECEHBI HAaOOJIEE YAaCTO BCTPEUAIONINECS YIJIbI (B pajiiaHax) a TaKxke
MOKa3aHbl 3HAYEHUSI OCHOBHBIX TPUTOHOMETPUYECKUX (PYHKIMI (CHHYyCa, KOCH-
HycCa, TAHTE€HCA U KOTaHTEHCA).

)
CUHYC

Tpuronoserpiacckit xpyr 9 \‘_x,

)
A

!} e '8 o3 »cly

- 0
. x $ 4 »cos
-8y 74 EE

|
o

Puc. 1.74 3

§ 1.8. 3naku mpuzonomempuueckux ynxuyuii

[Ipexxme Bcero, HAMOMHUM, YTO YTOJ ¢ IPUHAIICIKHUT:

1) nepeout (1) xoopaunarHoii yetBeptH, eciu 0° < <907;

2) emopoii (11) koopaunaTtHoit uetBeptH, ecmn 90" < ¢ <1807

3) mpemweit (111) xoopaunatroii uetBeptH, eciu 180" < ¢ < 2707

4) uemeepmoit (1\V) xoopaunatHoii uetBeptH, ecan 270° < <360°.

YroObl OnpeaeanTh 3HAKH TPUTOHOMETPUIECKHX (YHKIMHA CHHYC, KOCH-
HYC, TaHTCHC, KOTAHTEHC, CEKAaHC, KOCEKAHC BOCIOJb3YEMCS OIpPEACICHUIMH
THX QYHKIUH M3 MPeabIaynero maparpada.

1) Tak w3 ompeaesieHUus] CHHyCa MPOU3BOJBHOIO YIJIa 0 CIEIYeT, UYTO

sing =y, (opaunara Toukn P, Ha eMHMYHOI OKPYXHOCTH, COOTBETCTBYIOIIAS
yriy ). Ilostomy sina >0, ecnu Touka P, nexur sbime ocu aberucc (T.€. B |

u |l koopauHATHBIX 4eTBepTAX), U SiNa <0, ecnmu Touka P, nexut Hike ocu

aocuucc (1.e. B 11 u 1V koopauHaTHBIX YeTBEPTHX).
2) AHAJIOTUYHO, U3 OTPE/ICIICHUs] KOCHHYCa TIPOU3BOJILHOTO YIa:
OB x,
COSax=—=—"==X .
1 o

a

16
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3Ha‘II/IT, cosa >0 B Tex YCTBCPTAX, TI'AC a6cuHcca TOYKH Pa IIOJIOKH -

TenbHa (T.€. T.€. B | u IV KoopAMHATHBIX YETBEPTSIX), COOTBETCTBEHHO COS <0
oyzner Bo Il u 11l koopauHATHBIX YETBEPTSX.

“y

://—\\
_+_
|
T

CHHYC, KOCHHYC, TaHTeHc,
KOCEKaHC CeKaHc KOTaHTeHC
Puc. 1.8.1

3) Uto kacaeTcsi 3HaKOB TaHT'€HCA M KOTAHT€HCA, TO U3 ONPEICICHUHN 3THX
GyHKIUN cieayer, YTO Kak TaHTE€HC, TaK U KOTAHT€HC MOJIOKHUTEIbHBI, KOT1a
CHUHYC U KOCUHYC UMEIOT oAnHakoBbie 3HaKku (T.€. B | u |1l koopauHaTHBIX yeT-
BEPTSX) U OTPUIATEIBHBI, KOT/Ia CHHYC M KOCUHYC UMEIOT pa3Hble 3HAKH (T.€. BO
Il u IV xoopauHATHBIX YETBEPTSIX).

4) Insg  ompenesieHUs 3HaKa CeKaHca JOCTaTOYHO BCIOMHHUTH, YTO

1 T
seC@=——, a#—+7N, T.e. €r0 COBMIAJacT CO 3HAKOM KOCHHyca, a T.K.
COS o

1
coseCa=——, a# 7k , TO 3HAK KOCCKaHCa COBIIAAACT CO 3HAKOM CHHYCaA.

Sina
CxeMarnyeckoe pacnpeleseHUe 3HAKOB MO KOOPAWHATHBIM YETBEPTIM
npeacrasieHo Ha Puc. 1.8.1.

§ 1.9. Uémnocmo u HeuémHnocms mpuzoHOMempuUUeCcKux QyHKyuil

)
[TepeiinéM K pacCMOTPEHHUIO TaKOTO CBOM-

CTBa TPUTOHOMETPUUYECKUX (PYHKUUN, Kak YET- I I
HOCTb. VA e R
Paccmorpum Ttpeyronsauk OBP ., B koTo I’ \
pom yron BOP , =—« (cm. Puc. 1.9.1). Torna O|, a |B -
. BP - _ -a k1 X
sin(-a) = —== :ﬁz—ya:—sma, ol /
oP. 1 v 0,
a 3TO O3HAa4YaeT HEYETHOCTh CUHYCA. \‘\?/P_ 2
Hanee I IV
Puc. 1.9.1

17
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cos(-a):ooTBsz“: X, =cosa,

-a
4YTO CBUACTCIILCTBYCT O YETHOCTH KOCHHYCaA.
Tenepb pPaCcCMOTPHM 3TOT K€ BOIIPOC UL TAHTCHCA M KOTAHI'CHCA!

tg ()= = sin(-) _—sina __ sina _
cos(-a) cosa  cosa

1 1 1
= = =— =—ctgar .
tg(-a) -tga tga
[TomyueHHble pe3ynbTaThl TOBOPAT O TOM, YTO TAHT€HC M KOTAHTEHC 00-
JAJA0T CBOMCTBOM HEUETHOCTH.
Hccenenyem tenepb Ha YETHOCTh U HEUETHOCTh CEKAHC U KOCEKAHC.
1 1
sec(-a)== = =seca,
cos(-a) cosa
1 1 1
cosec(-a )==— =———=————=—Coseca.
sin(-a) —sina  sina
Taxum oOpazom, cekanc 00JamaeT CBOMCTBOM YETHOCTH, a KOCEKAaHC He-
yéteH. [IpenctaBuM nosyuyeHHbIC PE3yIbTaThl B BUIE CXEMBI

19,

ctg(-a)=

TpuzonomempudecKie
vy aryiLi

\
/

| Heuémmusie ‘ ‘ Oémnaste |

Cunyc
Kocunyce
Tanzenc

Komanzenc Cexanc

Kocexanc

§ 1.10. Ilepuoouunocmo mpuzonomempuyeckux ynkuyuil

R Oyukiusa f(x) Ha3bIBACTCA HepuoOUUecKoil, €ciii OHa 3aJaHa Ha TIepUoau-

YECKOM MHOXECTBE M CYIIECTBYET XOTs Obl ogHO ymucio | >0, takoe, 4To VX
3HavyeHus ¢pyHknun f(x) B Toukax X, X+1,x —| paBHbI.

I'padpuxom mepuoanyeckort QyHKIMM SBIASETCA Takas JUHUS, Y KOTOPOH
MO>KHO BBIIENTUTH HEKOTOPBIM y4acTOK (3BEHO), KOTOPBIN 3aTE€M «IIOBTOPSIETCS
OECKOHEYHOE MHOKECTBO pas3.

VYpaBHeHue, cofeprkaliee NepuoandecKyto (GyHKIHIO, KaK MpaBUIIo, UMe-
eT OECKOHEYHO MHOTO KOpHeW (ObIBalOT Ciy4yau, KOI/la MHOXECTBO PELIECHUMN
MyCTO).

18



llmaBa 1

Tpuronomerpuyeckue (YHKIHUU SIBISIOTCS MEPUOAUYECKUMH (DYHKIIUSA-
MHU.

<> Yucno 21 aensemcs HAUMEHLUIUM NOTLOMHCUM ENbHBIM nepuooom ona cu-
Hyca, KOCUHYCA, CEKAHCA U KOCEKAHCa.

JIECTBUTENBHO, CIPABEIJIMBOCTD 3TOTO YTBEPKACHUS CIEAYET HEMNO-
CPEIICTBEHHO U3 TOT'0, YTO 3HAYEHHE TPUTOHOMETPUYECKUX (PYHKIMI orpexe-
JISIFOTCS € TIOMOIIBIO KOOPJAMHAT BPAIIAIOIIENCA TOYKH.

Ho npwu BpameHnn 3ToM TOYKM MO €JUHUYHOM OKPYKHOCTH 4Yepe3 KaxK-
JBIA 00OPOT OHA 3aHUMAET TO KE CaMO€ TMOJIOKEHUE, U, KaK U3BECTHO, MOJTHBIN
000pOT TOYKA COBEpIIAET TOI/Ia, KOT/la MpUpalleHre apryMeHTa paBHO 2.

CrnenoBaTenbHO, 71 TOYKH, COBEpIIAlOlleld N MOJHBIX 000POTOB, CHpa-
BEJIJTUBBI (POPMYJIbI

sin (t +2zn) = sint,

cos (t +2zn) =cost,

sec (t +2zn) = sect,
cosec (t +2zn) = cosect.

Jlokaxewm, 4TO HHAKAKUX OPYTux MEPUOJIOB dbyHKIIUU
Yy =C0SXu Yy = SiN X HE UMEIOT.

JleficTBUTEIBHO, YKCTO |0 CIy>XKUT Tiepro oM GyHKIuH Y = COSX TOJIb-
KO B TOM cllydae, €CIIM HMEET MECTO TOXAECTBO: COS(X+1)=cosX wuiu

cos(x+1)—cosx=0. Torma —23in(x+|§)-sin|§so. T.k. sin(x+|§jne pa-

o
BCH TOXKJIECTBEHHO HYJIIO, TO SInE =0,= 1 =27k . Yto u TpeboBaIOCh TOKA3aTh.

<> Yucno  aensemen HAUMEHbUWUM ROTOHCUM EbHbIM nepuooom 011 mau-
2eHCa U KOmaHzencd.

IIpumep 1.10.1. C momoIIbi0 CBOKWCTBA MEPHOJIUYHOCTH CHHYCa Mpeodpa3o-
BaTh SiN 2672° k Oojiee MPOCTOMY BHIY.

Pemenue.
sin 2672° = sin (152°+7:360°)= sin 152°.

. I /4 11z
SINn— —CoSs—+tg——
3 6

25 137 . 3n°
COS——7-Ctg —— -sin——
6 4 2

IIpumep 1.10.2. HaiiTi 3HaueHNE BBIPAKCHHUS

Pewmenue. Jlyist kpaTKoCTH 3amnuceil 0003HaYUM JaHHOE BbIpaK€HUE OyK-
BOIl A ¥ BBIpa3uM BC€ YTJIbl Yepe3 YIJIbl, HAXOASIIUECS B Mpeesaax OqHOro 000-
pora Touku P,. [lanee, ucnosp3ys cBOWCTBA NEPUOJUYHOCTH, & TAKIKE YETHOCTH

Y HEUETHOCTH COOTBETCTBYIOMIMX (PYHKIIMM, MOJTYIUM:

19
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. Ir T 117 : 4 % 4
T cost - sin| 2r+— |—cos—+1g| 27 ——
sin 2 0053+tg 5 ( T 3) 3 g( T 6) B
25 137 . 3r . -
cos67r-ctg47z-sm; COS(47Z'+Z)'Ctg(3ﬂ'+Zj-Sln(2ﬂ'—7;j

sing—cosgﬂg(—”j V3 1 3

A=

= - i - f/§ 2 3 :33:/\5. Takum o6pazom,
Z.ctg| = |sin| == (=
cos6 cg(ﬂsm( 2) 3 1( 1)
3

§ 1.11. @opmynwt npueedenus

Dopmynamu npugedenusn Ha3bIBAIOT (HOPMYIIBI, BRIPAXKAIOIINE 3HAUCHUS
TPUTOHOMETPUUECKUX (DYHKIIUN YTIIOB BUJA!

%ia,(90°ia); ﬂia,(180°ia); B?ﬂia,(270°ia); 27zia,(360°ia);...

yepe3 PyHKIUU yria o U3 MepBOM KOOPAUHATHON 4yeTBepTU. TO ecTh, PopMyIibl
IIPUBEICHUS TO3BOJISIIOT YIPOCTUTH BBIPAXKEHUE 3a CUET 3aMEHBI IPUCYTCTBY-
IOIIEr0 B HEM yIJia yIJIOM MEPBOM YETBEPTH, HAXOXKICHUE 3HAYECHHI TPUTOHO-
METPUYECKUX PYHKLIMN 111 KOTOPOTO HE MPEJICTABISIET IPOOIIEMBI.

BeiBogsitcs GopMyiibl IIpUBENEHUS
pa3HbIMH criocob6aMu. MBI )Ke 0CTaHOBUM-
csl Ha clenyromux cooOpaxkeHusx. OTme-
THM Ha TPUIOHOMETPUYECKON OKPYKHO-
ctu (Puc. 1.11.1) Touku:

Aas A%_al A§+a’A7Z'_a’

Arva Py P Pona

COOTBCTCTBYIOIIHC yIJIaM:

T VA r
a,——a,—+a, 17—, "3; G o
2 2 ) & 2
3 3 Puc. 1.11.1

T+, ——-a,—+a,2rxr—a
2 2

CnpaBe1JIMBOCTh PABEHCTB
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(7 T . T
SIH(E—aJ:COSa, COS(E_aj:SIna’ a TaKxe tg(z—aJ:Ctga,

V4
ctg (——aj:tga BBITEKAECT HEMOCPEACTBEHHO M3 (haKTa, YCTAaHOBJICHHOTO B

§ 1.3, xacaBIIerocst CBOMCTB JIONOJIHUTEIbHBIX YTJIOB.

Janee 3ameTnm, 4ro Toukd A, m A, CHUMMETPUYHBI OTHOCHUTENIBHO

ocu OpI[I/IHaT, CJICA0OBATCJIbHO, CI/IHYCBI COOTB@TCTBYIOH_[I/IX UM erIOB paBHBI, T.C.
Sin(ﬁ—a):sina.

B TO XKC BperI KOCI/IHYCBI ITUX erIOB OTJIMYAKOTCA 3HaKOM, T.K. TOUKHU
Aa 51 Aﬂ'—d HUMCIOT paBHBIe I10 MOI[y.TIIO, HO paSHBIG I10 3HaKy a6CHI/ICCBI, I10-
TOMY

cos(ﬂ—a):—cosa.

AHaHOFI/IIIHO J0Ka3bIBACTCsI CHpaBe,Z[HI/IBOCTB BCCX OCTaJIBHBIX (1)0pMyn
npuBeAeHUs Uil GYHKIUNA CUHYC U KOcUHYC. DOpMyIibl IpUBEACHUS IS TaH-
I'€HCa, KOTaHI'CHCa, CCKaHCa U KOCCKaHCa SABJIAIOTCA CIICACTBUAMU (I)OpMYH HpH-
BCACHUA HJIs1 CI/IHyca 51 KOCI/IHyca.

Hanpiniep, tg(7—a)— sin(z—a) _ sina __ sina ~ tga,
cos(r—a) —cosa  cosa
1 1
sec(ﬁ—a): = =— =—SeCo .
cos(z—a) —cosa  COSa

Pe3ynbraTel popMyI1 puBEIEHNUS MOXKHO COOpaTh B TAOIUILY.
Taonuya Nel. @opmynst npusederus

3
DyHK- T T 3T T ia
——a —+a T—«a T+a ——a | 2 2T —«o
st 2 2 2
_ _ ] —COS ]
sin CoSx CoSx SInx —SInNx —COS« —SIino
] ) —COS ] )
coS SIna —Sinx —C0sa —Slna SInx Cosax
tg ctgo —Ctga —tgo tga Ctgo —Ctga —tgo
ctg tgo —tgo —Ctgo ctga tgo —tgo —Ctgo
coseca| _ —COSeca| coseca
sec COSECA| _gocer | —seca seca
coseCa| —coseca —CoSseca
cosec seca seca —SeCca | —seca
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Ecnu B mpoiiecce pelieHus Kakou-au0o0 3a71aud BO3HUKAET MOTPEOHOCTh
OPUMEHUTH (POPMYJIbl MPUBEACHHS, TO HET HEOOXOJUMOCTH MOMHHUTH BBHIBOJ
3TOM (OpMYJIBI U 3HAHUS COOTBETCTBYIOMIEH stueriku u3 Tabmunel Nel. Kaxmyro
dbopmyy TpHUBEIEHUS JIETKO BOCCTAHOBHUTH, €CIM BOCIOJIb30BATHCS CIEAYIO-
IIUM [IPABUIJIOM, Ha3bIBAEMBIM MHeMonuYeckum® npasuIom:

1) Ecnm yroi OTKIAABIBACTCS OT 20PUBOHMANLHOU OCU, T.€. YTIIbI BHJIA:

ﬂia,(180°ia);27ria,(360"ia>;... ,

TO Ha3BaHHWE MPHUBOJIUMON (MpeodpazyeMoii) GyHKIMH coxpaHsemcs. Ecnm xe
YTOJI OTKJIAJIBIBACTCS OT 8EPMUKAIbHOU OCU, T.€. YTIIbI BUJIA!

%ia,(90°ia);%ria,(ﬂoc'ia);--- :

TO Ha3BaHME NMPUBOIUMON PYHKIIUU MeHsemcs Ha «KO-QYHKIIUIOM.

2) 3HaK Tepe MpUBEACHHON (ITpeoOpa30oBaHHOM) (QYHKITUCH CTaBUTCS Ta-
KOM, KaKOB 3HaK MPUBOAMMON (DYHKIMH B COOTBETCTBYIOLIEH YETBEPTHU, €CIIH
CUUTATh YTOJ 0, OCTPHIM.

Takum 00pa3oM, IIpU UCMOIB30BaHUU (POPMYJ IPUBEACHUS HAJIO CIEIUTD
3a IByMSI MOMEHTaMU: MEHSIETCS JIU Ha3BaHUE (DYHKIMU WM HET, a TaAKXKE Me-
HSETCSA JIA 3HAK PE3yJIbTaTa MPUBEACHUS WU HET.

IIpumep 1.11.1. Haiitu 3Hauenue cos 315°.

Pemenue. cos 315° = cos (270° + 45°), T.e. yrojl oTKJIabIBaeTCA OT BEPTH-
KJIbHOM OCH. 3HAYUT, KOCUHYC CIEAYET 3aMEHUTh Ha CUHYC 45°.

Tak kak yroa 315° nHaxoautcsa B IV KoopJIUHATHOW YETBEPTH, T/I€ MPUBOIH-
Masi (PYHKIUS KOCHUHYC MPUHUMAET IMOJIOKUTEIbHbIC 3HAYCHHS, TO TMepe]] pe-
3yJbTaTOM MPUBEACHUS CIEAYET COXPAHUTh 3HAK +.

Hrak,

cos 315° =cos (270° + 45°) = sin 45° :g.OTBeT:%.

IIpumep 1.11.2. YpocTUTh BhIpaXeHUE

003(72[—aj-sin(2+aj-tg(7z—a) |

ctg (72[+aj~sin(7z—a)

Pemienue.

cos| Z—a |-sin| Z+a |-tg(7-a)
2 ¢ p e )lrma _sing-cosa - (—tga)
Ctg(72r+a)-sin(7z—a) ~lga-sina

=cos¢g -OTBeT: COScx.

2 .
[TpoHCXOMUT OT TPEUECKOTO CIIOBA MHEMOHUKA (LUVIUOVIKOV —UCKYCCBO0 3ANOMUHAHUSL)
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§ 1.12. Tpuconomempuueckue ynKyuu 0eiicmeumeibHo20 apZymenma, ux
ceoiicmea u zpaguku

K TPUTOHOMETPUYECKUM byHKUIUSIM OTHOCSITCSI:
y=SINX, y=C0sX, y=tgx, y=ctgx, Y =SecX, y =COSECcX.

[IpoucxoxaeHre Ha3BaHUI TPUTOHOMETPUUECKUX (PYHKIIMI CBSI3aHO C UX
r€OMETPUYECKUM TPE/ICTaBIIEHUEM KaK OTPE3KOB (JIaT. CuHyc — KPUBU3HA, MAaH-
2€eHC — KACAIOIUNCS, CeKaHc — CEKyIIast).

PaccMOoTprM OCHOBHBIE CBOMCTBA KAXKI0U U3 HUX.

I) y =sinx
1) D(y)=R;
2) E(y)=[-11];
3) dbyHkuus HeuéTHasl, TpadUK CUMMETPHUYCH OTHOCHTEIBHO Hadyayia KOOPIH-
HAT;
4) ¢byHKIMS Iepuoandeckas ¢ IepuooM T, =27 ;

5) dbyHkumMs ~ BO3pacTacT  Ha (—% +27n ;% + 27znj , yObIBaeT  Ha

(£+2ﬂn;3—ﬂ+2ﬂnj,n el,
2 2

6) maxy=1 npu x:%+27zn, miny =-1 mpu x:—%+2;rn,nez;

7) y=0npu x=zn,ne’Z;
8) y' =cosx;
9) I'paduk — cunycouoa.

e N, P il

Puc. 1.12.1

I1) y =cosx
1) D(y)=R;
2) E(y)=[-L1];
3) dynkius uétHas, rpadUK CHMMETPUYCH OTHOCHTEIBHO ocu OY;
4) GbyHKIUSA TepUOINYECKas ¢ epUuoIoM T, =27 ;
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5) ¢yHkums ~ Bo3pacTaeT  Ha (-7 +27n;27n), yObIBaeT
(27rn;7z+ 27rn),n e’l;
6) maxy=1npu x=2zn, miny=-1npu X=x+2znNneZ;

7) y=0 mpu X:%+7m,neZ;

8) y' =-sinx;
9) I'paduk — kocunycouoa.

Y =COSX

1
3\ /.\ ,{’t 3/-\5\’x-
—on n I oft ont

2

Puc. 1.12.2

1) y =tgx
1) D(y)={x/x¢%+7zn};
2) E(y)=R;

Ha

3) dynkiusa HeuéTHas, TpadUK CUMMETPUYCH OTHOCHTEILHO Hayasla KOOPIH-

HarT,
4) (byHKLII/IH nepuoauyeckas ¢ nepuoiomM TO =1,

V4 /4 .
5) dyukiusa Bo3pacracTt Ha(—z + ﬂn;E + ﬂn] ,Ne€Z , To ecTh Ha BCceil obacTu

OIpEeICIICHUS;
6) SKCTPEeMyMOB HET; ”
7) y=0npu X=zn,neZ; y=tgx
, 1

8) y = 2 ;

COS™ X
9) TI'paduk — maneencouoa.

“3n ) T 3n ¥
2 T -3 9 BSF 8
Pre.1.12.3
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V) y=ctg x
1) D(y)={x/x=#zn};
2) E(y)=R;
3) ¢dynkus HeuérHas, TpadUK CUMMETPUYCH OTHOCHTEIHHO Havajaa KOOPJIH-
HaT;

4) (yHKUHUS HEPUOANIECKAs C TIEPUOLOM Ty = 17T;
5) ¢yHKIMs YOBIBAET HA
(7n;z+7n),neZ, To ecTh Ha Beeii v

y=cigx

00JIaCTH OIpeeIICHHUS;
6) SKCTPEeMyMOB HET;

7) y=0 npu X=%+7z'n,nez;

1

8) y'=- ;
sin2x

9) TI'paduk — komaneencouoa.

Puc.1.12.4
V) y =secx
1) D(y):{x/x¢%+ﬂn};

2) E(y)=(-o0;-1]U[L;+w);
3) dyHkuus yétHasi, rpaduk CUMMETpHUYEH OTHOCUTENIBHO OY;
4) GbyHKIMS IeproandecKas ¢ IepruooM T, =27 ;

5) ¢yHKIHs Bo3pacTaeT Ha (2 TP ”nju[ AP ﬂnj, ¢GyHKkIMs yObIBaeT Ha
bl 2 2 bl
[—72' + Zﬂn;—% + 272'“) ) (—% + 27m;27m) !

6) maxy=-1npu Xx=7z+2zn, miny=1npu X=2zn,neZ;

7)

8) y#0;

9) y’=( L j = szx =ty X-Secx;
COSX ) COS”X

10) TI'paduk — cexancouoa.
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1) D(y)={x/x=zn};

y
y =secx
1 |
3n -7 n 0 n n 3n X
2 2 2 2
1 -1 :
Puc. 1.12.5

2) E(y)=(—o0;-1]U[L;+0);
3) dyHKIUA HeuéTHas, Tpa@UK CUMMETPUYEH OTHOCHMTEILHO Hayalla KOOPIH-

HAaT;

V1) y = cosec x

4) GbyHKIMS IepUoanYecKas ¢ IepUoJoM T, =27 ;

5) byHkus Bo3pacTaeT Ha (% +27n; 7+ Zﬂn) V) (72' + 27zn;3?7Z + Znn) , yObIBaeT Ha

(—%+ 27rn;27zn)u(27m;2+ Znn] ,

6) maxy=-1 mpu x=—%+27zn, min y=1 tipu X=%+27m;

7) y#0,

8) y’=(

9) I'paduk — xocexancouoa

_ —COS X

sin’ x

Ctg X-COSecx;
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v
: ‘ 5
« 7 19 . A ) :
-T2 ' P 2”277’.*
- g & Y ¥ b
| 28 2 :
' : '
Puc. 1.12.6

3ameuanue. KpoMe OMMCAHHBIX MIECTH OCHOBHBIX TPUTOHOMETPUYECKUX
GbyHKIMI, THOT/Ia paccMaTpUBaeTCs emé OJHAa TPUTOHOMETpUYECKass (PyHKIIHS
cunyc-gepcyc (00pamiéHHbIM cuHYC): versSina =1—cosa. Ho kak Oyzaer ycra-
HOBJICHO Jajee, e€ aHaJuTHYecKas 3alich MOXET OBITh MpPEICTaBICHA 4epes
CHHYC TIOJIOBUHHOTO apTyMEHTA.

Wtak, cnenaemM HEKOTOPHIE BBIBOIBI, KACAIOIINECS CIIOCOOOB OIpeICTICHHS
TPUTOHOMETPUUECKUX (PYHKIMI. DTO MOXKET OBITH AAHO C MTOMOILBIO:

1) eIMHWYHOIO Kpyra:

a) abciucca (KOCUHYC) U OpJiMHaTa (CHHYC) KOHIIA pajinyca eIUHUYHOTO
Kpyra, 00pa3yIolIero yroj o ¢ ocbio adcuucc;

0) mpu BCeX JOMYCTUMBIX 3HAYEHUSX YTl @ TaHTEHC TOTO YIJia paBeH
OpAMHATE TOYKH, B KOTOPOI OCh TAHT€HCOB MEPECEKAETCS C MPOJAOKEHUEM pa-
Juyca eIMHUYHON OKPY>KHOCTH, 00Pa3yIOIIEro yroj & ¢ OChI0 a0CIUCC;

2) Kpyra ImpoW3BOJBHOTO Paauyca: KOCUHYC U CUHYC IIPU 3TOM — CyTh OTHOIIIE-
HUs aOCHMCCHI ¥ OPAMHATHI KOHIIA PaInyC-BEKTOpa K Painycy Kpyra;
3) BEKTOPHOW MHTEPIPETALUU: KOCHHYC yIiia €CTh OTHOIICHUE MPOCKIIUU BEK-
TOpa, 00pa3yIoIIEro yrojl & ¢ OChbIO a0CIIUCC aH ATy OCh, K JUTMHE BEKTOPA.
4) TeOMETPUYECKON WHTEPUpPETAIMH: KOCHHYC OCTPOTO YIJia €CTh OTHOIICHUE
pUJIEKAIEro KaTeTa K TUIIOTeHY3e.

Tpuronomerpuyeckyro (GyHKIHIO MOXHO paccMaTpUBaTh Kak (PYHKIIMIO,
JUTSl KOTOPOW 3HAYEHUSMH apTyMEHTa SIBIISIIOTCS YTJIbI, & 3HAUYCHUSIMU (PYHKITUU
— ypcna. TpuroHoMeTpuyeckyro (pyHKIIMIO MOKHO paccMaTpuBaTh Kak (yHK-
LIUIO yTHU (37€Ch Ayra — yroi), 3Ha4uT, TPUTOHOMETPUUECKYI0 (QYHKILIUIO MOX-
HO pacCMaTpUBaTh KaK (DYHKIIMIO YHCIIOBOTO apTyMEHTA.

ApPryMeHT TPUTOHOMETPUUECKON (PYHKIIMU HA3BIBACTCS 0Y20ll WU VelloM,
HO I0J1 HUM NOJIpa3yMeBaeTcs He cama JIyra, YroJ, a Yicio, UX U3MEpSIoIIee.
O DnemeHTapHas MaTeMaTHKa BBIHYXJEHA CTPOMTh TPUTOHOMETPHUIO Ha 0ase
re€OMETPUUYECKON TEOPUH, TaK KaK MOCTPOUTH (OPMYIIBI, BHIPAKAIOIINE 3HAUE-
HUSl TPUTOHOMETPUYECKUX (DYHKIMK MOCPEACTBOM TOJBKO JIMIIE alredpande-
CKHUX JICMCTBUU HAJl ApTYMEHTOM, HEBO3MOKHO.
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W3 mKoapHOTO Kypca HaM M3BECTHBI 3HAYEHUSI OCHOBHBIX TPUTOHOMET-
N . . 0 0

puueckuxX (QYHKIHMHA YIIIOB MEpBOM equHUYHON oKpyxHOCTH (0T 0° 1m0 90°), no-

MOJIHUM 3Ty TaOJIUIly 3HAUCHHUSIMU CEKaHCa U KOCEeKaHca!

Taonuua Ne 2. 3nauenun mpuzoHomempudeckKux

dynkuuil naubonee 8aXsCHLIX Y2108

o sina coso 9o Clga seca coseca
0° (0) 0 1 0 — (uer) 1 — (uer)
15°
(Z) 2B | 2B | 5 B | 2eB | VB-VZ | VB2
0
8| 5o1 |V10+25 J25-105 50-104/5
— -~ - 4 5 5+ 245 5 J5+1
10 4
0° N
s 1 J3 J3 2+/3
[3%) z 2 3 . 3 :
60
ﬂ 10— 25 N 25+10+/5 e 50 +10/5
B 4 7 5-245 5 5-1 5
A 2
Blele] o]
4 2 2
547
(3_7rj J5a1 | N10-2V5 J25+10/5 50 +105
10 2 4 5 5-245 5 J5-1
0° 3
1 2
Ol 23| s8] |
B
T
) 2l | V2B | aiys | 2B | VBeVZ | VB2
OO
@ 1 0 — (mer) 0 — (mer) 1
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TpuroHomeTpus urpaer oueHb BaXHYIO POJIb MIPU PEIICHUH F€OMETpUY e-
CKUX 3a1a4. PaccMoTpuM 0J1HO M3 TakuxX MpuiokeHui. Eciiu u3BecTHa cTOpoHa

dpy IIPaBUIBHOIO N-yrOJbHUKA, BIIMCAHHOIO B €IMHHUYHBIM KPYT, TO JIETKO BBI-

jui
. 7 180
YHUCIIUTh 3HAYCHHS] TPUTOHOMETPUUECKUX (PYHKIIUH OT yria —=——.
n n
JI1s1 3TOrO mpUMEM 3a HAYaJIbHBIN, paanuyC, AEISALIIUN MON0JaM CTOPOHY

a V4
BIIMCAHHOTO N-yroJbHUKA, TOTJA 7” ABIISIETCS CUHYCOM yrja —, a anodema
n

2
an
Ih = 1—7 — €ro CUHYCOM.

. T a
Hrak, SIn—=—, cOS—=4/1——.
n 2 n 4

Puc. 1.12.7

TpuronomeTpusi UrpaeT BaXHYI poOJib MPHU peIIeHUH PU3NYECKUX 3a]ad.
Oco0eHHO ATO KacaeTcsi TEOpUH KoJieOaHUN.

B Maremartuke npocmuvim 2apmoHuuecKumM uau CUHYCOUOANbHBIM Kojle-
Oanuem  HazpiBaeTcs Bcskag — QyHkuua (a  Takke rpaduk)  BuAa
y=Asin(ox+a),A#0,0>0.

< @yukuus Yy = Asin(wX + @) ABIACTCS MEPHOIMYECKOil C HAMMEHBIIMM IT0-
2r

JIOKUATEIBHBIM MIEPUOAOM | = —.
w

[TpocTeiiiee rapMoHUYECKOe KojieOaHUE ¢ 3aJaHHBIM MEpUooM T MOXK-

. (27X
HO IpeAcTaBuTh B BHae Y = ASIN T +a |.
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MHorue npoueccel, pacCMaTpuBaeMble B (PU3UKE U TEXHUKE, MOTYT ObITh
U3Y4YeHBbl C IOMOINBIO TaPMOHUYECKHX KOJIeOaHUU. DTO: paclpoOCTpaHEHUE
BOJIH, JIBIDKCHHE MEXaHU3MOB MAapOBOM MalllMHBI, CHJIa M HampsDKeHHE Tepe-
MEHHOTO AJIEKTPOMArHUTHOTO MOJIS U T. [I.

Paccmotpum  rapMonuyeckoe ~— koiebaHue B OOmIEM  BHUJIE:

: a :

y = AsiIn a)(XJr—j. 3nech: A — amrumatyaa, A sinx— npeodpa3oBaHUE aMILIHU-
®

TYABI, @ — HadanbHas (aza, Sin(X+oa)— casur dasel, sinwx — npeodpasopa-

HUE MIEpUoJa.
I'padux »s1oit (yHKIMHM TOIyH4aeTcsl W3 OOBIKHOBEHHOW CHHYCOWJIBI
y =sinX IyTeM MOCJIEJOBATEIBHOIO BBIIOJHEHHS MPOCTEUIINX MpeoOpa3oBa-

HUU:
1) x 1= X', y, = sinwx’ — npeobpa3zoBaHue NEPUOJIA;

o .
2) Xy =X+—1Y, :Sln(a)x+a) — MEpPEeHOC Hayalla KOOPAWHAT B TOUKY
w

a
—— |, TO ecTh, CIBUT (ha3bl;
w

3) yq = Ay 5= ASin(a)X + a)— npeoOpa3oBaHne aMILIATYIbI.

Ecnin nBa rapMOHMYECKMX KOJEOaHUs y, = A1 Sin(a)lx + al) u

Y, = A2 sin(a)zx +a, )I/IMCIOT OJIVH U TOT e nepuop 7, To 0 =0,

CyMMa JIByX TapMOHHMYECKHX KOJICOaHUM Y1 + Yo — FapMOHHYECKOE KO-
nebaHue, paBHOE Y, +Y, =asinox+bcoswx, rae a=Acosa, +A,CoSa,,
b=Asino, + A sina,.

Ciiez10BaTeNnbHo, Yy + Yo = Asin(wx+a), rae

AZ\/(AlCOS(Xl-i-AQCOSOLZ)Z +(Asina, + A sina,)’ =\/Af +A; +2AA, cos(o, — o)

n

Acosa, + A,cosa,  sing= Asino, + A, sina, |
A A

CyMmMma ABYX TapMOHMYECKUX KOJI€OAHUM C pPa3IUYHBIMU TEepUOAaMu
(HAUMEHBIIMMU TOJIOKUTETLHBIMU) SIBIISETCS MEPUOANYECKON QYHKIIMEH B TOM
Y TOJILKO TOM CJIy4ae, €CJu UX MEPHOJIbl COU3BMEPUMBI (MMEIOT OOIIYI0 MEpy).

OO6uuM MepruooM CyMMBI JBYX TFapMOHUYECKHX KOJICOaHHWI C cou3Me-
PUMBIMH TIEPUOAAMHU SIBISIETCS 00111ee KPaTHOE UX TIEPHOIOB.

HanmeHblIM NOJI0KUTEIBHBIM MIEPUOJAOM CYMMBI IBYX FAPMOHUYECKUX
KOJIeOaHMI SBISETCS HaWMEHbINIEEe 00IIee KPAaTHOC HAUMEHBIINUX MOJIOKUTETb-
HBIX MIEPHOJIOB.

Ccosa =
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[Ipu crnoxxeHuM OBYX TapMOHHYECKUX KOJIEOAHUH C HECOU3MEPHMBIMU
HepuoIaMH MOJTydaeTcs Herepuoaudeckas QyHKIIHS.

Tpuronomerpuueckue (GyHKIMHM — TpaHCIEHIAEHTHbIE. M3 paccMmoTpeH-
HBIX HaMH B TIEPBOW YacTH MOCOOMS TPaHCIICHACHTHBIMHU (OT Jat. transcendens;
B HAIlIeM CJIy4ae — BBIXOISIIMKA 3a Mpeaeibl MOHWMAaHUs) SIBISIOTCS TMOKa3a-
TeJNbHAs U Jorapudmuyeckas QyHKIUH.

<> (c6oiicmeo mpancyendenmHocmu mpueoHoMempuyeckux QyHKkyuil): HA OJIHA
U3 TPUTOHOMETPHUUYECKUX (DYHKIMA HE YIOBIETBOPSIET HUKAKOMY aireOpande-
CKOMY YPaBHEHUIO.

Cnedcmeue. 3aKOH COOTBETCTBUSI TPUTOHOMETPUUECKUX (DYHKIIMI HE MO-
XKET OBITh BBIPAXKEH MOCPEICTBOM ajreOpandyecKux ACHCTBHIA Haa apryMEHTa-
MHU.

JleficTBUTEIbHO, U3BECTHOE M3 MAaTEeMaTHYECKOTO aHaliu3a Ipe/cTaBlie-
HUE TPUTOHOMETPUUECKUX (PYHKITUI TIPU MOMOIIM CTENEHHBIX PsIIOB, KpOME all-
reOpandyeckux JEUCTBUI HaJl apryMEHTOM, COJEPKUT OMEPALUU MPEACIBHOTO
nepexoja (CyMMUpOBaHUE OECKOHEUHOTO psija).

§ 1.13. @opmynst cymmsl u pazHocmu ap2ymeHn o8 mpuzoHoOMempuiecKux
dynkyui

Teopembi crooicenus apryMEeHTOB TPUTOHOMETPUUYECKUX (PYHKIMHA IEMOH-
CTPUPYIOT, YTO TPUTOHOMETPHUYECKHE (YHKUIHUU OT CyMMBI (Pa3HOCTH) ABYX
CJIara€MbIX BBIPAXKAIOTCA AIreOpanyecKy Yepe3 3HaYeHUs! TPUTOHOMETPHUUECKHUX
dbyHKIui oT 3TUX ciaraemeix. Hanbonee BaxkHble (OPMYIIbI BHITEKAIOT U3 TEO-
peMBI CokeHusA. boIbMHCTBO (POPMYJT TPUTOHOMETPUU MOKHO TOJYYUTh KaKk
€€ CIEICTBU.

JlokazaTenbCTBO TEOPEM CIOXKEHHUS 3aKIII0YaeTCsl B YCTAaHOBJIEHUH COOT-

BETCTBYIOIIUX (HOPMYIT:

cos (a + ) =cosacos —sinasin f; (1.13.1)
cos (a— 8)=cosacos f+sinasin B; (1.13.2)
sin(a + ) =sinacos f+cosasin B (1.13.3)
sin(a— B)=sinacos f—cosasinf; (1.13.4)
tga +1gf
t = : 13.
g(a+p) I o tof (1.13.5)
tga —tgp
tg (a—B)= - 13,
g(a )1+tga-tg,8’ (1.13.6)
ctga -ctgf —1
t — .
ctg (o + B) prm—a (1.13.7)
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Ctga -ctgf +1
ct -p)= _
J (a ﬁ) ctgf —ctga

[TpuBeném mo0Ka3aTEIBCTBO OHON M3 MPEACTABICHHBIX (POPMYIL.

Hanpumep, nokaxkem Gopmyiy Kocu-
nyca paszwocmu (1.13.2), cMbIcT KOTOpOW
MOXHO C(OPMYJIUPOBATH CIIEAYIOIIUM 00-
Pa3oM: KOCUHYC pA3HOCHU 08YX Y2108 pa-
8€H NPOU3BEOCHUI0 KOCUHYCO8 IMUX Y2108,
C/LONCEHHOMY C NMPOU36eOeHUEM UX CUHY-
cos.

(1.13.8)

[Ipenmonoxum, 9TOo Yriibl @ H f
YIIOBJIETBOPSIIOT CIICAYIOIINM yCIOBHSIM:

1) 0<La<2r;

2) 0< f<2r;

3) a=>p.

Ha Puc. 1.13.1 uzo0pa>keHbl yribl
a (£ AOC)u (£ AOB). Touku A, B, C
JeKaT Ha €IMHUYHON OKPYKHOCTH
(OA= OB= OC = 1). 3ametum, uto £ BOC =« — . Kpome cucteMbl KOOpau-

Puc. 1.13.1

HaT XOY OyzmeM paccMaTpuBaTh €lI¢ HOBYIO cuctemy koopauaatr X'Oy’, mosryda-
EMYIO M3 CTapOi CHUCTEMBI KOOpPJMHAT MOBOPOTOM Ha yroua A . B mampHeimem

OyzeM ucrnoJyib3oBaTh TOT (DakT, uTto paccrosiuue BC, BrIUUCIEHHOE B CTapoid
cucreme koopauHaT XOY U B HOBOM cructemMe koopauHat X'Oy’, OyneT onnHaKo-

BO.
B cucreme koopaunar XOy touka B nmeer koopauHater (cosf;sing), a

Touka C(cosa;sina).

N3 mkoibHOTO Kypca TeoMeTpuH H3BeCTHA (GopMyiia, MO3BOJISIONIAS
HAaXOJUTh PACCTOSHUE MEXAY JBYMs TOUYKAMH B JIEKAPTOBOU CHUCTEME KOOPIU-
HaT. Mcnonb3ys e, Haiiaém paccrosiaue Mexay Toukamu B u C.

BC? = (cosf — cosa)2+(sinﬁ - sinoz)2 ;

2 2

BC?2 :coszﬂ—Zcos,Bcosa+cos a+sin2,8—23inﬂsina+sin o=

= 2—2(cosfcosa + sinfsina ) = 2(1—cosfcosa —singsina)  (*).
B  cucreme  xoopmunar  X'Oy’  Ttouka  B(1;0), a  Touka

C(cos(a — f);sin(a— B)). Haiiném BC2 B HoBoii cHcTeMe KOOP/IMHAT:
BC? = (cos(a - ) —1)2 +sin? (a-B);
BC? = cos? (a—p)—2cos(a—p) +1+sin? (a—p)= 2(1— cos(«a —ﬁ)) (**).
[TpupaBHuBas mpasbie yacT hopmya (*) u (**), monydaem
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2(1-cos(a - B))=2(1-cosScosa —sinsina).
Otkyna
cos (a— ) =cosacos S +sinasing.
Jlist noxasarenbecTBa hopmyisl kocurnyca cymmst (1.13.1) ngocratodro B

nokazanHou popmyne (1.13.2) 3amenuts B Ha —f .
JIeCTBUTENBHO,

cos (a + ) =cos (a —(—B)) =cosacos(—B) +sinasin(-B) =

=C0Sa Cos f —sinasin f.

[Ipu 5TOM MBI BOCHIOJIB30BAJIUCH CBOMCTBOM YETHOCTU KOCHHYCA U HEUET-
HOCTH CHHYCA.

®opmyny cuHyca cymmbl (1.13.3) MOXKHO JIETKO TOJIYYHUTh, MCIIOIB3YS
dbopmyty IpuBEICHUS.

JlelicTBUTENBHO,

sin(a + ) = cos |:%—(a+ﬂ):|=005 K%—aj—ﬂ}:

= C0S (%—a}cos/ﬂ sin(%—ajsinﬂ =Sina Cos f +cosa sin 3.

[Tpu HEKOTOPHIX YACTHBIX MPEANOJIOKEHUIX OTHOCUTEIBHO 3HAUCHUH o U
S GbopMymBl CIOKEHUS MOXKHO YCTaHOBHTH Pa3IUYHBIMU CIOCOOAMH, B TOM
qrcie, HEMOCPEICTBEHHO ITeOMETPUYECKH. DTH CIOCOOBI YacTO BCTPEUAIOTCS B
IIKOJIbHBIX yYEOHUKAX, HO JOKA3aTeIbCTBAMU TEOPEMBI CIIOKEHUS CIYKUTHh HE
MOTYT, TaK KaK B HUX BBICKA3bIBAIOTCS TOJIBKO YaCTHBIC MPEATIOIOKEHUS 00 ap-
T'YMCHTaX.

OTH TEOMETPUYECKHE PACCYKICHHSI — HE B
JOKa3aTeNbCTBA, & TOJIBKO HMHTEPHPETALUHN TEO-
PEMBI CIIOXKCHHUS:
1) au f— octpeie yriabl AABC:

ITycTs /B=a+f3, /(c,h)=«a, ¢
Z(a,h)= B (Puc. 1.13.2). Torma h

1 .
SABC =§ac-3|n(a+ﬂ).
C npyroii CTOpOHBHI, Puc. 1.13.2

:EAD-h+1CD-h,
2 2

SaBc =SaeD *SpBC
rneh=acos f=ccosa, AD =csina, CD=asing. Torma

1 . 1 . 1 : :
SABC :Ecsma-acosﬂ+§asmﬂ-cc05a:Eac(smacos,8+smﬂ005a).

CpaBHuUBasi pe3yJIbTaThl BHIYMCICHUS TUIOMIAAN TPEYTOJIbHUKA JIBYMs CIIOCO0Oa-
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MH, 3aKIT04aeM, 4to Sin(a + f)=sinacos f+cosasin . Tem caMmbIM MbI e1ié

pa3 MOJATBEP MM CIIpaBeITMBOCTE Gopmydsr (1.13.3).
2) Jlns WHTEepIpeTalud TEOPEMBI CIOXKEHHS MOYKHO
UCXOJUTh U3 HEMOCPEICTBEHHOTO IMOCTPOCHUSI TPUTO-
HOMETPHUYECKHUX JIMHUM CYMMBI (PA3HOCTH) YTJIOB:
BHecéM momnosiHUTENbHBIE TIOCTpOeHUsT B Puc.
1.13.1. TIloctpoum cnenyromue otpe3ku CD L OB,
DM LCN, CN LOA,=ZMCD =« (kak yrisl co

B3aMMHO MEPNEHANKYJSIPHBIMUA CTOpOoHamH) (cM. Puc. ]
1.13.3). Puc. 1.13.3
Hmeem: sin(a+)=CN=CM +MN,
MN = DK,
DK =0ODsina =cos #sina,,
MC =CDcosa =cosasin 3,
= sin(a + B)=cosasin g +cos Ssina .

3) MOXHO HHTEPIPETUPOBATH TEOPEMY CIIOKEHHSI MPH TIOMOIIU Hleopembl
Ilmonemesn, cornacHO KOTOPOU: npousgedenue oua-

20HAJIell BbINYKII020 YemblPEXY20NbHUKA PABHO CYMMe
npoussedeHull NPOMuU8oOnoNI0NCHbIX cmopoH (cMm. Puc.
1.13.4).

JIeWUCTBUTENBHO, MYCTh OJHA W3 JUAaroOHaJIEN
yeThipéxyroiiburka ABCD, BIiMcaHHOTO B €TUHUYHYIO
okpyxHocTh paBHa AC, T.e. AC = 2 u mnyctb
/BAC=a, £ZDAC=«. Torna yron ~BDC=«,
T.K. OH ommpaercsa Ha Ty e ayry BC, uro m yromn
ZBAC =« . Yron £ZCBD = £, Tak OH onupaercs Ha

Puc. 1.13.4

nyry CD.
ITycTth Touka O — nienTp okpyxHOCcTH. Torna / BOC =2« , T.K. OH sABIIS-
€TCsl IEHTPAJIbHBIM  yIioM, onupatomuMmes Ha ayry BC, mostomy

~ BOA=180° — 2, kak cMesxHBIii yriry £ BOC =2« .
Tak kak Tpeyronsauk ABD Bmucan B OKpy>XHOCTb, TO MO CIIEJACTBUIO U3

BD
TEOPEMbl CHUHYCOB MOXKEM 3alUCaTh— =2R, a tx. R = 1

sin(a + f)

, TO

BD =2sin(a + f3).
Tpeyronsuuk AOB — paBHoOeapennsiii, T.k. AO = OB (paauycsi). Yron

TIpU BEpILMHE 3TOro TpeyronbHuka ~ BOA =180 — 2¢ — HeHTpabHbIii, ciie10-

BaTenbHO, yron £ BDA=90" —«.
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AHAJIOTMYHO UMEEM:
AB

sin(90O —a)

=2,T.e. AB= 23in(90° —a): 2CoSc .

Tax kax TpeyroiasaHuk BCD Bnucan B OKpy>KHOCTb, THaMETp KOTOPOU pa-
BEH 2, TO IO TEOPEME CHHYCOB MOKEM 3aIMCaTh
BC CD
— =2, —=2.
Sinx sing

N3 yero nonyyaem
BC =2sina, CD=2sing.
J1J1st BO3MOXKHOCTH IIpUMeHeHus1 TeopeMbl [ITonemes octanock Haiitu AD.
Paccmotpum  TpeyrompHuk  AOD. On  sBhsieTcs paBHOOCAPEHHBIM, T.K.
AO = OD =1 (paamycesl) U Yroia Npud OCHOBAaHWU paBeH [, TOrma yroi

AOD=180° - 253.

3naunt, AD=2c0s/.

3amumiem Teopemy [ITonemes ans Hamiero ciaydas:

AC-BD=AB-CD+BC - AD.

HOI[CTaBI/IM Haﬁl[eHHBIe paHeC NJIMHBI COOTBCTCTBYIOIIHUX OTPE3KOB, IIO-

Jqy4aeMm
2-2sin(a + B)=2cosa - 2sin S+2sina - 2c0s 3.

COKpaHlaSI 00€e yacTu IMOCJICAHCTO PAaBCHCTBA HA YUCIIO 4, IMOJIY4YUM (1)Op-

MyJly CHHYCa CYMMBI JIBYX yTJIOB
sin(a+ ) =sinacos B +cosasin .

sinasin B
1=

i cos(a+p)
T

cosasinfB

sin(a+p)

i

Puc. 1.13.5
Ha Puc. 1.13.5. npeacraBiena emié ojHa reoMeTpudecKkas MHTepIpeTaius
cpa3y IBYyX (pOPMyJI CHHYCa CyMMbI U KOCUHYCa CyMMBI.
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sin10° cos 20° + cos 10° sin 20°

c0s19° cos11° — sin19°sin11°

Pewmenne. Bocnonbszyemcs popMmynamu cunyca cymmsbl U KOCUHYCA CYM-
Mbl, TIOTYYUM

sin10° cos 20° +¢0s10°sin 20 sin30°
c0s19°cos11° —sin19°sin11°  cos 30° 3

IIpumep 1.13.1. Beruuciaurte

OtBeT: —.
3

3ameuanue. MOXHO A0Ka3aThb CIIPaBCAJIMBOCTDb oﬁoﬁmelmblx meopem cjiorice-
Hus»:>
sin(a + f+ y)=sIinaCos FC0S y + COS & Sin [FC0OS ¥ + COS ax COS Asiny —sina sin Ssiny

. n N
smizlai = COS 04 COS Tl ...COS Oy -[pl— P3+Ps - ] (1.13.3)

rie pl :tga1+tg0(2 +..., p2 Ztg(llthLZ +ththgO(3 + ...
cos(o+ P +vy)=cosacosPcosy—sinasinBcosy —sino.cosBsiny —cosasSinfsiny

n
cosiglai =C0saL COSaL,...COS O .[1— Py + p4__—...] (1.13.1)
tg(o+B+y)= tgo +tgP +tgy —tgatgPtgy

1-tgotgp —~tgotgy —tgpigy
§ 1.14. @opmynvl Kpamuozo apcymenma
B ToXmecTBeHHBIX MPpeoOpa30BaHUSAX TPUTOHOMETPHUUYSCKUX BBIPAKCHHM,

a TaKXe MMPU PELIEHUHA TPUTOHOMETPUUYECKUX YPABHEHUN U HEPABEHCTB BAXKHYIO
pOJIb UTPAKOT TaK HAa3bIBAEMbIE (YOPMYIbL 0OIIHO20 AP2YyMEeHm .

sin 2a =2sinxcos« (1.14.1)
c0s 20 = cos? & —sin® (1.14.2)
thaszozl,a¢£+”—k,a¢1+7zn,k,nez; (1.14.3)
1-t9°« 2 2
2, _
ctg2a:Ctg—al, aiﬂ—k,aiﬂn,k,nez. (1.14.4)
2Cctga 2

[TpuBeném nokazaTenbCTBa KaXA0U U3 ATUX (HOPMYIL.
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Jns nokazarenbctBa popmyssl (1.14.1) moxkem Bocmosib3oBaThest (hop-
MYJIOU CUHYCA CYMMBbL.
JleficTBUTENBHO, TTOJIOKUM B (popMyie

sin (o + B) =sinacos B +cosasin B
[ =a, Oyaem umeThb
sin (o + ) =sinacosa +cosa sina

NN
sin 2a =2sinacos«

YTO U JOKa3bIBAET CIPABEAIUBOCTD (POPMYJIIBI CUHYCA JJBOMHOTO YyIJia.
[Tepeiiném k nokazatenbcTBY dopmyibl (1.14.2), mist 3TOro BoCcmoJib3y-
emcst hopmyIioit Kocunyca cymmei.
JleficTBUTETBHO, TTOJI0XKUM B (hopmyJie
cos (a + ) =cosacos S —sinasin B
[ =a, 0ynem umeTh
cos (& +a)=cosacosa —sinasina

NI

2 2

COS 2a =C0S“ a —Sin“ «,

TE€M CaMBbIM TOJIYYHIIH PE3yJIbTaT, COOTBETCTBYIOMIUM Gopmyie (1.14.2).
Jameuanue 1. C moMONIbI0 OCHOBHOTO TPUTOHOMETPUYECKOTO TOXK/IECTBA

dbopmyna KocHHYca ABOMHOTO yrila MOXET ObITh MOAU(PHUIIMPOBAHA, MPUUYEM

nBakapl. CHavama MOXXHO MOJY4YuTh aHasor Ggopmysl (1.14.2), B mpaBoit yactu

KOTOpOro OyJIeT MPUCYTCTBOBATh TOJILKO (DYHKIMS KOCHUHYC, a 3aT€M — TOJIKO

CUHYC.

T.K. OCHOBHOE TPUTOHOMETPUYECKOE TOKIECTBO UMEET JIBA CJICJICTBUS:
sin2z=1-cos? @ u cos? @ =1-sin? e, 10
3aMeHUM cHadana B ¢opmyne (1.14.2) cmaraemoe sin“a ma paBHOE €My

1—-cos? a , TIOMY4NUM

COS 2a = 0052 a-— (1— cos2 a) = Zcos2 a—1.
Hrak,
COS2c = 20052 a—1.
AHAJIOTUYHO, 3aMEHHB CJIAraemMoe COS2 o Ha 1— Sin2 o , IOJIy4YUM
cos 2a =1—sin® o —sin @ =1— 2sin a.

B cBsi3u ¢ 3T hopMyIity KoCuHYyCa JBOMHOTO apryMEHTa ClIeayeT Mepenu-
caThb B BUJIE
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cos2 a— sin2 a,

2

Ccos2a =| 2c0s”«a -1, (1.14.2%)

1—23in2a.

[epeiineM K JOKa3aTENbCTBY (POPMYIIBI MAHSEHCA OBOUHO20 Ap2yMeHma.

_ _ 2sinacosa
t92a=3m2a= 2sinacosa _ cos?a  __29a
C0s2a¢  cos? ¢ —sin?e  cosZ a=sin’a 1—'[9205
cos’ &

Tem cambim nonyuunu gopmyny (1.14.3). Ciaegyer oTMeTUTh, UTO 3Ta
dbopmya cripaBe/JIMBa HE JUIsl BCEX 3HAYCHUN apryMeHTa, a JIUIIb JIJIs TeX, KO-

T T T
TOPBIE YAOBJIETBOPSIOT YCIOBUSIM & # 2 + Bl o+ 5 +zn,k,neZ.

AHaJ0orn4Ho,
5 5 cos a—sina 5
Ctgza_COSZa_COS a-sin“a  sin?g < Ctgca-1
sin2a 2sinacosa 2singcosa 2ctgar
sin o

Tem cambiM monyumnu Gopmyny (1.14.4). Ota dpopmyna Takxke HUMeET
OrpaHUYeHMs B IUIaHe €€ npuMeHUMocTd. OHa BepHa JIMIIb JUIsl TEX apryMeH-

7k
TOB, KOTOPBIE YIOBJIETBOPSIOT YCIOBHAM & # TR a#zrnh,kneZ.

3ameuanue 2. OopMynbl TaHT€HCAa U KOTAHTE€HCA JABOMHOTO apryMeHTa
TaK>Ke MOTYT OBITh MOJIM(ULIMPOBAHBI, KX MOXHO MEPENUCATh B BUJE:

tg2c = (1.14.3%)

ctga —tgar
Ctga —tgo
5 :
®opmynbl (1.14.3*) u (1.14.4%) cinexyroT HEMOCPEACTBEHHO U3 (HOPMYI
(1.14.3) u (1.14.4) myTreM nAeieHUs YHCIHMTENS U 3HAMEHATENS WX MPaBbIX 4Ya-
cTeil Ha tgJa u Ctga coorBeTcTBeHHO. ClieyeT MOMHUTh, UTO 00JIaCTh MIpUMe-

Ctg2a = (1.14.4%)

HUMOCTU MOJU(PUIIUPOBAHHBIX (POPMYJT TAK)KE OTpaHUYEHA.
IIpumep 1.14.1. JToka3atb CripaBeJIMBOCTh PABEHCTBA

T 27 A 87 167 2r 1
COS—-COS—-COS—-CO0S—-COS——-COS— = —.
65 65 65 65 65 65 64

Pemenne. O003HaunNM JIEBYIO YacTh JIOKA3bIBAEMOI'0 PABEHCTBA uepes A.

. T
YMHOXHM U pa3feianuM OJHOBPEMEHHO A Ha ZSIHE , IOJIyYUM
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T T 27 A 87 167 32
2SIN—C0S— - COS— - C0S— - COS— - COS - COS
A= 65 65 65 65 65 65 65 _

Zsini
65

3amMeuaeM, 4TO B YUCIIUTENE JpoOu MosiBUIIAaCh (hopMyJia CUHyca JBOWHO-
ro yria. [IpuMensis e€, a Takke e U YMHOXKasi Ha 2 MOJIy4YeHHOE BbIpaXKEHUE,

OyJileM UMETh

.27 27 47 8 167 327
2SIN—-C0S— - C0S— - COS— - COS - COS
A= 65 65 65 65 65 65 .

4sin£
65

HOCTyrIaH TaK U AAJICC, ITIOJIYUHUM LCIIOYKY IMTOXO0KUX PABCHCTB!

. Ar 47 87 167 32
2sin— -Cc0S— - COS—— - COS - COS
A= 65 65 65 65 65 _
. T
8sin—
65
. 87 8 167 327 . 167 167 327
2sin— -Cc0S— - COS - COS 2sin - COS - COS
65 65 _ 65 65 65 _
16sin£ 323in£
65 65
. 327 327 . T
2sin - COS Sin—
_ 65 __~ 65 _ 1
64sin£ 64sin£ 64
65 65

1
Hrak, A= a , 4TO U TpeOOBAJIOCH JJOKA3aTh.

HemanoBaxkxHyto poJib B TPUTOHOMETPUM UTPAIOT €1I€ U ghopmyast mpoii-
HO20 ap2ymenma.

sin 3a:33ina—4sin3a; (1.14.5)
cos 3a=4cos3a—3003a; (1.14.6)
.3
tha:w, a¢£(2n +1),neZ; (1.14.7)
1-3tg
3ctga —ctg Su 7k
ctg3a = > ,az—,keZ. (1.14.8)
1-3ctg”ax 3

JlokakeMm cHaudasia nepBble JIB€ U3 MpeCTaBICHHBIX (hopmyn. Mmeem:
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sin 3¢ = sin(a + 2a) =sina cos2a + Sin2a CoS & =

2

:sina(l—ZSinza)+25inacos a =sina—25in3a+23ina-(1—sin2 ):

3 3 3

=Sina —2sin"a + 2sina —2sina =3Sina —4sin” «.

Tem caMbIM MoOKa3aHa cripaBeAIMBOCTh Gpopmyisl (1.14.5).
€os 3a = cos(a + 2ar) = COS & COS 2x — Sinex sin2a =

2 3

= COSa(ZCOSZa —1)—23in Q. COSo =2C0S” o —COS ¢t — 2(1—c052a)c03a =

3 3 3

=2C0S” o —COSax —2CO0Sax + 2C0S” @ =4¢0S” ¢ — 3C0S ¢x.

JlokazaHa TaKxxe crpaBeiTuBOCTh popmyisl (1.14.6).
Janee nokaxem popmyny (1.14.7):
20
_ tQ2a+tga l—tg2a
1-t92a-tga 4 _ 29
1-tg 2a
ot a3 _in2
ga+tga—tg~a |- [1-1g"« 3tga—t93a

(1—tgza)~(1—tgza - 2t92a) 1-3tg2a

+1go
tg3a =tg (2 + )

‘9o

AHanornyHo fokas3biBaeTcsi GopMysia KOTAHI€HCAa TPOMHOTO apryMEHTa.
Cnengyer OTMETUTh, YTO CYIIECTBYIOT allbT€pHATUBHBIE (POPMYIIBI TPOM-
Horo aprymenTa. [IpuBeném nx 6e3 10Ka3aTesbCTBa.

sin Sa:4sina-sin(%—a)-sin(%+a); (1.14.9)
oS Ba=4c05a-cos(%—a)-cos(%+a); (1.14.10)
tg3a=tga-tg(%—aj-tg(%+aj; (1.14.11)
ctg3a =ctga - ctg (% — aj -ctg (% + aj : (1.14.15)

Ilpumep 1.14.2. IIpoBepuTh CIpaBeNIMBOCTH PABEHCTBA
tg®20° —33-t9%20° + 27-tg220° = 3.

Pemenue. Ilonoxkum cHauana thZO° =Y. Toraa naHHO€ PaBEHCTBO MO-
JKEM TIepenucaTh B BUJIC

y3 —33.y2 +27.y=3 mmyS —6y2 —27y2 +9y +18y =3.
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Hanee
Yo —6y2 +9y =3-18y +27y2,

y( 6y+9) (1 6y+9y)

y(y-3)*=3(1-3y)°,
y(y- 3)2 _3
(1-3y)
N3Bieuém KBa,HpaTHBIﬁ KOpPCHBb U3 00eux yacrei IMOCJICAHCTO pABCHCTBA
2
W3
(1-3y)?

N -y

1-3y

ITofcTaBuM BMECTO Y 06paTHO tg 250°, NOTyYUM

2000 _
th20°~ tg 202 3 _f3.
1-3-tg©20°
200° _
1g20° - tg 202 3 _ 3,
1-3-tg©20°

3 o o
tg~20" —-3-tg20 B3
= 3_
1-3-tg220°

B neBoii yactu mocneaHero paBeHCTBa CTOUT (popMyJia TaHTeHCa TPOMHO-

ro yriia, H03TOMy
tg(3.zo°)=4§,

tg60° =+/3,

V3=13,

Tem campIM TOMYyYWJIM BEPHOE YMCIOBOE PABEHCTBO, YTO M JOKA3bIBACT
CTPaBeIIMBOCTh UCXOAHOTO PABEHCTBA.

®opMmysbl ABOMHOTO apryMEHTa MOXHO MOJYYUTh U3 (GOPMYJ CIOKEHHUS
apryMeHTOB. MBI MOKa)keM, KaK MOJIy4duTh Oojiee oo1mre GopMyIibl.

YroObl BEIBECTH 00II€e BBIpAKEHUE I COSNow M SINNQL, TOCTATOYHO B
dopmyrnax cnoxenwms (1.13.1) m (1.13.3) Bce o,3aMeHHTh Ha o, TO €CTh,

o, =0, =...=0, Toraa:
cosna.=cos" oo —C?sinacos" ?a+C’sin*acos" a—...  (1.14.16)
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n-1
2

Iocienuuii wieH B 91oit Gopmyrne paser (—1)2 n-cosa-sin" o wist HeudTHO-

n
ro N wiu (—1)2 sin" o st 9€THOTO N.

cosna.=cos" o.—C? sinacos"? o +C’sina.cos" o — ... (1.14.17)
n-1

2
HOCJ’Ie,Z[HI/Iﬁ YJICH B 3T0ﬁ q)OpMYJ'IG paBeH(—l) SlnnOLIIJ'ISI HEYETHOTO N HUIHn
n-2

2 - —_ .o
(—1) n-sin"to, — s uéthoro n .

3ameuanme 3: i Gopmyi (1.14.16) u (1.14.17)B kinaccuveckoit mtepa-
Type MO>KHO BCTPETUTH clieluanbHble 0003HaueHUsAC oo 1S oL COOTBETCTBEHHO.

Ot GopMyIIBI MOKHO TOIYYUTH IPYTUM CITIOCOOOM, BOCIIOJB30BABIITUCH

bopmyoit Myagpa u3 TEOPUH KOMILUIEKCHBIX YUCel:
PN . . .

(COSoc+|S|noc) =cosna +isinno. JleByto vacte 3Toit hopmyinel mpeobpaszo-

BBIBaIOT 10 dopmysie OuHoma HeroToHa. 3aTeM NMpUpaBHUBAIOT JCHCTBUTEIIb-
HYI0 1 MHUMYIO YaCTH KOMIUIEKCHBIX YHCEN, CTOSIIIUX B JIEBOM U MIPABOM 4aCTAX
paBencTBa. 13 paccmorpenust hopMys cosnow B SiNNou (JIEBBIX YacTel), CIeay-
€T, YTO MX MOXXHO IpeoOpa3oBaTh B OJHOPOJAHBIE MHOTOWICHBI (OJHOPOIHBIM
HA3bIBACTCA MHOTOWIECH, KAl WIEH KOTOPOTO MMEET OJUHAKOBYIO CTEIICHb
NIEPEMEHHOI) CTEIIeHN N OTHOCHUTEIBHO COSo M Sino. JIeBas dacTh TOXIecTBa
JUISL COS NOL COAEPKUT TOJIBKO YETHBIE CTETIEHU CUHYCA, NX MOHO BBIPA3UTh Ye-

: k
pe3 KocmHyC: Sin* o :(1—COS2 oc) . Torga ¢opmyna asns cOSNo. MPUMET BUIL:

cosno=cos" oo —C? cos" ?a(1—cos®a ) +C?cos" * a(1—cos*a )’ —...
Ecnu B aTOM pOopMyInie CcOSol 3aMEHHTH Ha X, TO MOJTy4aeTCs MHOTOWIECH,
KOTOPBINA Ha3bIBAETCS N-M noaunomom Yebwviuesa

T (X)=X"—C2X"?(1-x*)+CX"*(1-x*)* —...
3Haunt, cosna =Tp(cosa).
anee,
H e 1 n-1 3 ain? n-3 5 aind n-5

sinna=sina(C,cos" o —C>sin“acos"“a+C’sin"acos" o —...) Bel-
paXKeHHE B CKOOKAX COACPKUT CHHYCHI TOJILKO B YETHBIX CTEIEHSX, 3HAYUT, €r0
MOXXHO TMpEACTaBUTh B BHAE€ MHOTOWIEHa OTHOCHTEJIBHO KOCHHYCA:
U (X)=CX"" —C3(1—x*)X"° +C>(1—x)’X". DT0 BBIpa)KEHUE HOCUT HA3Ba-
HUe N-20 noaunoma Yedwvuuesa 1l-2o pooa. 3naunt, sinna =sino-U (cosa).

Msuorounen T, (X )umeer n-10, a U (X)n-1-10 crenens.

Mnozcounenvr Yedviuésa — 310 ABE MOCIEN0BATEIBHOCTH MHOIOWJIEHOB,
Ha3BaHHbIE B YECTh PYCCKOro mMaremaruka M mexanuka [ladpuyrtus JIbBoBHYa
YeObiméa. OHU MOTryT naTh HauOoyiee TOYHOE MPUOIMKEHHE (DYHKIHH.
Omubka 3Toro mMpuOIMKEHUsI 04eHb Majia. MHOTrowIeHbl (X Yallle Ha3blBaloT
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nojrmHoMaMu) YeObIEBa UCTIOIB3YIOT JIJIsi KOPPEKTUPOBKHU Pa3I0KeHUS (yHK-
uuu B psp Teinopa.

§ 1.15. @opmynst nonosunnozo apzymenma
(popmynvt nonusicenus cmenenu)

[lon ghopmynamu nonosunnoco apeymenma nOHUMAIOT GOPMYJIBIL:

sin==+,[————, 1.15.1
5 5 ( )
cosﬁzi,/m, (1.15.2)
2 2
g% =4 [LZ005C (1.15.3)
2 1+cosa
2 l1-cosa

s nmokasarensctBa popmyn (1.15.1) u (1.15.2) Oyxaem ucnoian30BaTh
dopmyny (1.14.2*)u3z § 1.14.
JlencTBUTENBHO, BO3BMEM COOTHOIIICHHUE

COS 2 :1—23in2a.

OTKy,Z[a IIoJy4acMm

. 2 1-cos 2«
sin“qg=——.

a
3aMEHHUM B IMOCJICAHEM PAaBCHCTBC & Ha E U 20 HA COOTBCTCTBCHHO,

MOJy4YUM

N3Bnekas KopeHb KBaJpaTHBINA U3 00EUX YacTei ATOr0 paBEeHCTBa, OyaemM
MMETh

e 1-cos
sSIN—==«, | ——.
2 2
Tem cambiM popmyna (1.16.1) cunyca nonosunnoco apeymenma noxasza-
Ha.
Bo3bméM Tenepb COOTHOLLIEHUE
cos 2a = 2c0s% o —1.

Otkyna
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2 1+cos2a

cos“aq=————.
2
a
I{enaﬂ 3aMCHY & Ha E U 20 Ha COOTBCTCTBCHHO, IIOJIYYUM
20 1+cosa
cos"—=——.
2 2

W3Bnekas Tenepb KOPEHb KBAAPaTHBIA U3 00€UX YacTel 3TOr0 paBEHCTBA,

OyJeM UMETh
a 1+cosa
coS—==,[——.
2 2

Tem cambIM mOKa3aHa CIPaBEINIMBOCTh (POPMYIIBI KOCUHYCA NOIOBUHHO2O
apeymenma (1.15.2).

Jnia monyderust GOpMYIIbl maHeeHca NOJ0BUHHO20 apeyMeHma TTIOCTYITUM
CJIEAYIOIINM 00pa3oMm:

a

) 4 1-cos o
S'”E T 2 . fl—cow

tgg_
2 cosg + 1+cos«a 1+ cosa
\/ 2

Takum oOpazom, Mbl oyuman Gopmyiy (1.15.3).
Jlanee BOCIIOJIb3yeMCSl COOTHOIIIEHUEM, CBSI3bIBAIOIIMM TAHT€HC U KOTaH-
T'€HC OJTHOTO M TOTO € apryMeHTa
a
ctg —=——-
2 tg a
2
Torna

I+

+
1+cosa

[Tonmyyena hopmyna (1.15.4).
3ameuanue 1. ®opmyinl (1.15.3) u (1.15.4) MoryT OBITH IPECTABICHBI B

HECKOJIbKO HHOM BHJIC, 3 UMCHHO:
a sina _1-cosa

2 1+cosa  sina

1+ cos sin
g === (1.15.4%)
2 Sinx 1-cosa

[MpuBeném muiip gokasarenbcTBo (opmynbl (1.15.3%), ubo dopmyna
(1.15.4*) moskeT OBITH MOJyYCHA aHATIOTUYHBIM CITOCOOOM.

a 1 1+cosa
Clg—=——m—=—== ‘f— .
2 fl—COSa l1-cosa

(1.15.3%)
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in% 2sin%.cos? sin[2-Z] .
sm2 _23|n2 0052 B 2)  sina sine - (1-cosa)

2a l+cosa (1+cosa)-(1-cosa)

tg< =
2 cosg ZCOSg-COSg 2C0S
2 2 2

_sina-(1-cosa) sina-(1-cosa) 1-cosa

1-cos? o sin o sihx

N3 dhopmyn MOTOBHHHOTO apryMEeHTa HEMOCPEICTBEHHO BBITCKAIOT TaK
HA3bIBAEMBIC (hOPMYJIbl ROHUMCEHUS CHLENEeHU.

HerictButensro, ¢Gopmynsl (1.15.1) u (1.15.2), 3anucaHHble COOTBET-
CTBEHHO BH/IE

gn2a::312%5§1 (1.15.5)

S2g_1+cosoz
2

MPEACTABIISIOT CO00M (OPMYIIbl TOHUKEHUS CTETICHHU.

Ipumep 1.15.1. Haiinure Hanbobiliee U HAUMEHBIIIEE 3HAYCHHUE BhIpa-

KEHUS s,in4 o+ cos4 o .

Pemenune. Bocnonb3yemcs popMmynamMu NOHHKEHUSI CTETIEHH

sin? x + cos? X:{(l—cc;st)} +{(1+c:;>32x)} _ (L-cos2x) Z(l—cost)

co (1.15.6)

2

2 2

1-2c0s2X+ cos

2X +1+ 208 2X + C0s 2X B 2+ 2082 2x _1+cos
4 4 2

Teneps scHO, 4TO HanOObIIEE 3HAUCHUE JTOCTUTACTCS MPU Cos2 2x=1, a
2

HauMeHblee — npu C0S~ 2x=0. Wtak, Hanbombliee 3HaUCHUE BHIPAKCHUS PaB-
HO 1, a HaumeHb1ee paBHO 0,5.
Jameuanue 2. K popmynaM MOHWKEHUS CTEIIEHU MOKHO OTHECTH TaKXKe:

2X

sin3a=%(35ina—sin3a) (1.15.7)

008 & :%(3c03a+cos3a), (1.15.8)

KOTOpbIE HEMOCPEACTBEHHO BBHITEKAIOT U3 (POPMYJI CHHYCa U KOCUHYCA TPONHO-
ro apryMeHTa.

35+9sin3i.
9 27

. 3X .
Ipumep 1.15.2. YopocTute BoIpakeHue S|n3§ +3sin

Pemmenue.
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sin3§+3sin3§+9sin3i:E 3sin5—sinx +3-E Bsini—sin5 +
3 9 27 4 3 4 9 3

1 . X . X 3. x 1. 9. x 3. x 27 . X 9 . Xx
+9.—| 3sin—-sSIn— |=—sSIn——=SINX+—SIN———SIN—+ —SIN— — —SIN—=
4 27 9 4 3 4 4 9 4 3 4 27 4 9

27 . x 1. (. x .
=—sin———=sinx==| sin—= —sinx |,
4 27 4 4 27

§ 1.16. @opmynvt npeodpazoeanus npouseedeHUs MPU2OHOMEMPULECKUX
¢ynkyuit 6 cymmy

Baxnyto ponb urpaiot emé u (opMyJibl, MO3BOJSIONINE BBINOJHATH 00-
paTHbIE JEHCTBHS MO OTHOLIEHUIO K (opMysaMm, WLIIOCTPUPYIOIIUM TEOPEMY
CJIIO)KEHMS, — TaK HA3bIBAEMBIE OpMY/Ibl NPEoOPA306aAHUA CYMMbL MPUZOHO-
MempuuecKkux YyHKuuil 6 npou3eeoenue:.

cosxcosy:%(cos(x—y)+cos(x+ y)); (1.16.1)
sinxsinyzé(cos(x—y)—cos(x+ y)); (1.16.2)
sin xcosy:%(sin(x+ y)+sin(x—y)). (1.16.3)

@opMyibl TpeoOpa3zoBaHus MPOU3BEICHUS TPUTOHOMETPHUUECKUX (PYHK-

IUHA B CyMMY MOXHO IMOJYYUTh, OYIEHHO CKJIa[bIBasi WIK BbIYUTAsA (POPMYJIbI
CJIOKEHUSI apTyMEHTOB.

JlokakeMm MepByIO U3 MPEACTaBICHHBIX popMyi. UMeem:
COS(X—Yy)+CcoS(X+Yy)=C0SX-COSY+SinX-SinNy+COSX-COSY—SIiNX-sSiny =

1
:cosx-cosy+cosx-cosy:2cosx-cosy,:>cosx-cosy:§(cos(x—y)+

+cos(x+Y)).
Tem cambIM TIOKa3aHa CpaBeITUBOCTE opmydbl (1.16.1).

OctanbHble POPMYJIIBI TOKA3BIBAIOTCS AHATIOTUYHO.

Cneocmeue: IlocnenoBarenbHbIM NpPUMEHEHHEM (OPMYI CYMMBbI apry-
MEHTOB, 174 NEPEMHOKEHUEM, MO>KHO mo0oe MIPOU3BEJCHUE
cosa, - ...-Cosa, - SiNP; - ...-SINP,, nmpeobpazoBaTh B cyMMy KOCHHYCOB M CH-
HYCOB.

IIpumep 1.16.1. Beruncauth npousBeacHUE

sin20° - sin40°” - sin80°
Pemrenue. [Ipumenum caavana gpopmyiy (1.16.2):
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sin20° -sin80° = %(cos 60° —cos100° ) .
TOI‘I[& JAHHOC BBIPAKCHHUC MO>XHO IICPCIIncCaTb B BHUIC
sin20° - sin40° - sin80° =
%(cos 60° —c0s100° ) -sin40° = %cos 60° -sin40° — %coslooD -sin40° =

L L6ina0° —Lcos100° - sin40° = Lsina0® — Lcos100° - sin4o® =

2 2 2 4 2

= lsin(1800 —140°) —~ 1(5in140° —sin 60°) — Lgin140° - Lsin1a0° + L. ﬁ = ﬁ
4 4 4 4 4 2 8

3ametuM, 4T0 (hopMyIBl peoOpa3oBaHMs MPOU3BEACHUS TPUTOHOMETPHUCCKUX

(GyHKIMHA B CyMMYy 3/€Ch NMPHMEHSIOTCSA ABakabl (cHadana (1.16.2), a 3arem

(1.16.3)).

§ 1.17. @opmynvt npeodpazoeanus cymmvl mpuzoHOMempuiecKux QyHKyuil 6
npouszeeoenue

Ilog dopmynamu npeoodpazosanus cymmovl MmMpPUZOHOMEMPUUECKUX
dynukyuii 6 npouszeedenue NOHUMAIOT CIENYIOLIHUE:

sinxisiny=23inxzycosxzy; (1.17.2)
cosx+cosy:2cosXJ2rycosX;y; (1.17.2)
cosx—cosy:—ZSinXzysinxgy;. (1.17.3)

tgaitgﬁz%;fg (1.17.4)

HeiicTBuTeNbHO, UcTIONb3yeM Gopmyibl (1.13.3) u (1.13.4):
sin(a + ) =sinacos S +cosasin S (x)
sin(a — ) =sinacos f—cosasin B (**).

B PE3YJbTATC IMMOUYICHHOTO CJIOKCHUS WU BBIUYUTAHUA OTUX PABCHCTB IIO0JTY-
YUM:

sin(a + f)+sin(a+ £)=2sinacos
sin(a+ f)—sin(a+ f)=2cosasinf’

[Tonoxum B 3THX paBeHCTBAX « + f=X,a— [ =Y. Peias 3tu ypaBHe-

X+ X—
HUSL OTHOCHUTEIIBHO @ U [, IOIYYUM O = Xy , B = Ty .

2
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B (*) u (**) noacraBum Beipaxkenus 111 &+ f, a— [, a u B. Ilony-
gum (1.17.1).
OctanbHbie GOPMYITBI JOKA3BIBAIOTCS aHAJIOTUYHO.
Sin4x+sin5x+sin6x

Ilpumep 1.1/.1. HaliTu 3HaueHue qpodu

C0S4X+C0S5X+C0S6X
Pemenue. [Ipumennm popmysnst (1.17.1) u (1.17.2), nomyunm:
Sin4xX+sin5x+sin6x _ 25In5X oS X +Sin5x _ 2cosx+1:tg5x
COS4X+C0S5X+C0S6X 2C0S5XC0S X +C0S5x 2C0sx+1 ’

npu yCHOBHHX¢i2§+2ﬂk,k e”Z ,X¢%(2m+1),mez.

§ 1.18. Tpuconomempuueckue mno2ouienwl

Cpenu BBIpaXCHHUH, B KOTOPBIE BXOSAT TPUTOHOMETPUYECKHE (PYHKITHH,
€CTh BBIPAKECHUS ONpPEACIEHHOTO BUA, MPEO0Opa30BaHUE K KOTOPBIM SIBJISIETCS
CaMOCTOSITEJIbHOW 3a/1auei.

Bripaxxenue BUJIA
P(a)=a,+(acosa+bsinB)+ ...+ (a, coska+b, sinkp)+...
+(a,cosno+ b, sinnB) waseiBacTcst mpuzonomempuueckum muozounenom N-
20 nopaoka, nipu stom [a,|+|b,|#0.

Teopema. Besikad nienast HeoTpuiiaTeNbHasi CTENEHb KOCHHYCA U CHUHYCA
(cos"x m sin™X), a TakKe BCSIKOE MPOU3BEIACHHE STHX CTECIEHEH MOTYT OBITh
npeoOpa3oBaHbl B TPUTOHOMETPUUECKUI MHOTOUJICH.

Teopema. Bcsikuil TpUrOHOMETPUYECKUN MHOTOYJIEH MOKET OBITH Ipe-
oOpa3zoBaH B  MHOTOWIEH  OTHOCUTEIBHO  KOCMHyca W  CHHYyca:
P(a)=Q(cosa,sina), tame P(o) — TpUTOHOMETPUYECKUN MHOTOWICH,
Q(X,y)— HEKOTOpBIH MHOTOWIEH OT JBYX apryMeHTOB. [Ipu 3TOM mMmopsitok
TPUTOHOMETPHUECKOTO MHOTouJeHa P(ol) paBeH CTEMeHH COOTBETCTBYIOIIETO
mHorouwieHa Q( X,y )u oOpaTHO. DTO MpeACTaBIICHUE HE €AMHCTBEHHO, TaK KaK
mobast copeprkamiasics B Q(X,y) u€THas cTenmeHb KOCHHYyca (CHHYCa) MOXET
OBITH BRIpAKEHA Yepe3 CUHYC (KOCHHYC).

Ilpumep 1.18.1. TlpeoOpa3oBaTh BBIpaKEHHWE B TPUTOHOMETPUYECKHUUN
MHOTOUJIeH 2C0Sa —SiN ¢ -Co0Sar+C0s° @ —sin‘ «r

Pemenne.  Ilpumenum  dopmynsr  (1.14.1)Sina-cosa = %Si n2au

(1.15.8) cos3 o = %cow + cozSa :
Kpowme Ttoro,
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., ., v (1 cos2a) 1 1 cos? 2
sin a:(3|n2a) :[i_Tj :Z_ECOSZOH—:
1.1 11 3.1 1
=7 2c032a+4(2(1+cos4a)]—8 2c032a+8cos4a.

3ameTM, 9TO MPH IPeoOpa30BaHUH MTOCICIHETO BBIPAKEHUS MBI HCIIOJb-
30BaJIM (POPMYJTy TOHUKEHHUS CTCTICHHU.

Urak:
cos3a 3

8

] ] 1. 3
2C0Sa —Sina -cosa +¢os® a —sin' « =2c03a—§sm 2a+zc05a+

+10032a—£cos4a =Ecosa—lsin 2a+30032a—lcos4a—§.
2 8 4 2 2 8 8

§ 1.19. Ilpeobpazosanue mpuzonomempuueckux evlpaxceHuil

Tpuronometpust 06J1a1a€T JOCTATOUHO OOJIBIIUM apCEeHATIOM crienuduye-
CKUX (popMyI1, MO3BOJIAIOIIMX YHPOIIATh COOTBETCTBYIOIINE BBIPAXKEHUS, aHa-
JUTUYECKOE BBIPAXKEHNE COOTBETCTBYIOIIUX (PYHKIIUH.

[IpeoOpa3oBaHre TPUTOHOMETPUUECKUX BBIPAXKEHUN OCYLIECTBIIAETCS I10
npaBwiaM. OTHU TpaBuja oOLIUE Ul BCEX alreOpanvyeckux BBIPAXKEHUM, HO,
KPOME TOTO, €CTh CrenupuIecKrue MpaBmuiia, OCHOBBIBAIOIINECS HAa TMPUHIIMIIAX
paboTHI ¢ yrilaMH WK TyTaMHu.

B ToXaecTBeHHBIX MPeoOpa3OBaHUSAX TPUTOHOMETPUUYECKUX BBIPAKCHHIMA
MOTYT OBITh HCIIOJIb30BAHBI BCE W3BECTHBIE U3 alreOphl MPUEMBI U METOJBI:
CII0)KCHHE WM BBIUMTAHUE OJIMHAKOBBIX CIAaraéMbIX, BEIHECEHHE OOIEro MHO-
KUTEIS 32 CKOOKY, YMHOXKEHHE U JIeTICHUE Ha OJHY U Ty K€ BEJIHMUUHY, MPUMeE-
HeHue (OpMyJl COKpPAUIEHHOIO YMHOXKEHHS, BBIJCJIICHUE IIOJHOTIO KBajpara,
pa3ioXeHHe TpexuJeHa Ha MHOXKHUTEIHN, BBEJICHUE HOBOW MEPEMEHHON C LENbIO
YIOPOIIEHUS TPeoOpa3oBaHUN.

[Ipu nmpeoOpa3oBaHUU TPUTOHOMETPUUECKHUX BBIPAXKEHUM, COAEpIKaIUX
poOH, pEeKOMEHIYETCsl MCIOJIb30BaTh: CBOMCTBA MPOIOPLKH, OCHOBHOE CBOM-
CTBO poOU, IPABUJIO MPUBEICHUS IpoOe K 00IIeMy 3HaAMEHATEI0, BbIJICTICHHUE
LEeJION YacTu B ApoOU, YUET OAHOPOJHOCTH YUCIIUTENS WA 3HAMEHATeNs, Ipei-
CTaBJICHHE APOOM B BUAEC CYMMBI MJIU PAa3HOCTH HECKOJIBKHX OOJiee MPOCTHIX
JpoOeil.

OCHOBOI1 BBITIOJIHEHUS TOKJIECTBEHHBIX NTPeoOpa30BaHUil TPUTOHOMETPHU-
YECKUX BBIPAKEHUH SBISIOTCS PACCMOTPEHHBIE HAMH BBIIIIE TEOPEMBI CIIOKEHUS
U BBITEKAIOININE W3 HHUX CIEICTBUS, a TaKK€ OCHOBHBIE TPUTOHOMETPUUECKHUE
ToxkaecTBa. Ho ToxkmecTBeHHBbIE MpeoOpa3oBaHUs TPUTOHOMETPUUYECKUX BhIpa-
KEHHH, KaKk Mo eNH, TaK U 10 METOAaM, BechMa pa3HooOpa3Hbl. HaBbiku B pa-
IUOHAJILHOM BBITIOJTHEHUH MpeoOpa30BaHUil TOCTUTAIOTCS PAKTUKOM.
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Wrak, B 3aBUCUMOCTH OT HMCIOJIb3YEMBIX METOJOB U IPHUEMOB, MOKHO
BBIJIEJIUTh HECKOJIBKO TPYII OAHOTUIIHBIX 33J1a4, OTHOCUTEIBHO MpeoOpa3zoBa-
HUS KOTOPBIX MOYKHO J1aTh CIEAYIOIIHNE METOAUYECKUE YKa3aHHUSL.

[TpumeHsist memoo epynnuposku, pEKOMEHIYETCS:

J BBIICJINTH B PACCMaTPUBAEMOM BBIPAKEHHUH TE€ 3HAYEHUS TPUTOHOMETPHU-
yeckuX (YHKIUH, y KOTOPBIX apryMEHThl B CyMME WJIM Pa3HOCTH JAAIOT YToll,

., T
KpaTHBIN > 3aTeM CTPYINIUPOBATH WX COOTBETCTBYIOIIMM OOpa3oM H YIPO-

CTUTH IO (popMyJiaM MPUBECHUS;
o OMPENEINTh U COOTBETCTBYIOIIMM OOpa3oM CrpYNIHUPOBATH TE€ YJICHBI
paccMaTpuBaeMOro BBIPAKEHHUsS, KOTOpbIE MOCie MpeoOpa3oBaHUN MO OCHOB-
HBIM TPUTOHOMETPHUUYECKUM TOXKIECTBAM JIal0T W3BECTHBIC 3HAUCHHUS TPUTOHO-
METPUYECKUX (PYHKIUH;
o JUISl WICHOB paccMaTPUBAEMOTO BBIPAXKEHUS, COAEPKAIIMX PA3HOBEIUKHE
KO PULIMEHTHI, MPOBECTH, B cliydac HEOOXOAUMOCTH, COOTBETCTBYIOIIECE BHI-
paBHUBaHHE KOXPDUIIMEHTOB MyTeM J00aBJICHUS W BBIYUTAHUS OJUHAKOBBIX
CJIaraeMbiX.

Ipumep 1.19.1. Beruucauts cymmy ctg9° —ctg27° +ctg81° —ctg63°.

Pemenune. Crpynnupyem ciiaraembie, pyKOBOJCTBYSCh MPEII0KEHHBIMHU
BBIIIIE PEKOMEHIAIUSAMU, TaK, YTOObI apryMEHTHI, MOMABIIKE B OJHY TPYIIY, B
CyMME€ J1aBaJIH 90°:

(ctg9° +ctg81°) —(ctg 27° +ctg63°) :(

C0s9  cos81’) (c€0s27° COS63
sin9”  sin81° ) {sin27°  sin63°
_ C0s9°-sin81° +c0s81°-sin9” _ cos27°-sin63” +c0s63"-sin27° _

sin9°-sin81° sin27°-sin63°
_sin90°  sin90° sin90° B sin90° B
sin9°-sin81° sin27°-sin63°  sin9°-sin(90°-9°) sin27°-sin(90° —27°)
1 1 22 _sin54°—sinl8
8in9°-c0s9°  sin27°-cos27° sin18° sin54° T sinl18°sin54°
sin18°-cos 36° c0536°

sin18°sin(90° —36°)  c0s36°
3aMeTI/IM, 4TO, IOMHUMO OCHOBHOI'O, OIIPCACIIAIOIICTO IIYTh PCIICHUS, MC-
TOAAa TPYNIUPOBKU, B PELICHUH ATOTO MPUMEPA UCIOIb30BATUCH TPUTOHOMET-
pudeckue GOpMyIIbl pa3IUYHBIX TPYIII.
Memoo Odomuodicenusi UCNONB3YETCsI, KOTJa paccMaTpUBacMOEe BhIpake-
HUC HpeO6pa3OBBIBaeTC}I MyTCM YMHOXCHHA U JCJICHHA COOTBCTCTBYHOIIUX
YJICHOB Ha MOAXOASAIIYI0 TPUTOHOMETpUIECKY0 dhyHKIMi0. Hanmpumep:

° JUISl TIPOW3BENCHMsST BHaa COSXCOS2X-...- COS(Z" X) PEKOMEHIyeTCs

YMHOXEHHE U Jieenne Ha 27! sinx ;
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o CYMMBI COSX+ COS2X+...+COSNXHu SINX+ SIN2X+ ...+ SinnXmpeooOpa-
X
3YIOTCA YMHOXCHHUCM M ACJIICHHCM Ha 2sIn E C nocjacayromuM IIPUMCHCHUCM

dbopmy mpeoObpa3oBaHUs TPOU3BEACHUS B CYMMY HUJTH Pa3HOCTb.

Hpumep 1.19.2. Haiitu cymmy 00827”+COS4—7Z+C086—”.

7 7

. TT
YMHOXHUM U pa3ieuM JaHHOE BbIpaKeHUE Ha 2SIN =

Torma

. 27 A or
2sin —| C0S—— +C0S——+COS— Zsinz-cosz—”+Zsinz~cos4—”+23in£c036—”
7 7 7 7 7 7 7 7

Zsinz Zsinf
7 7
.37 . 1T .57 .37 . . 57 LT
Sin — —sin = +sin = —sin — +sin 7 —sin — sin—
__ 7 7 7 7 7 _ 7 __1
Zsinﬁ 25in§ 2

Memoo nonyuenus ypagueHuil 015 UCKOMOU BeIUYUHbI PEKOMEHIYETCH,
eclii, Tocye psaaa npeoOpa3oBaHUil, MOKHO CBECTH BBIUMCIIEHHUE paccMaTpUBa-
€MOT0 BBIPAKEHHS K PEIICHUIO COOTBETCTBYIOLIETO YPAaBHEHUS WM CUCTEMBI
YpaBHEHUN OTHOCUTENBHO TPEOYEMON BETUUHNHBI.

Ipumep 1.19.3. Boruucnuts Sinl8°.

Pemenne. Mcnonp3yem COOTHOIMIEHUST MEXAY JOMOJHUTEIBHBIMA YIIaMU
sin36° =sin(90° —54°) =cos54°.

Hanee ucnonb3zyem GOpMyJIbl KPATHOTO apryMEHTa:

sin36° = 2sin18° cos18°

c0s54° = 4¢0s*18° —3¢0518°
3aTeM 00BETUHSIEM TTOTYUCHHBIE PE3YIIbTATHI:
2sin18° cos18° =4c0s°18° —3c0s18°,
2sin18’ =4co0s°18° -3,
2sin18° =1-4sin’18"

IIpeobpasosanus npoBoaunucsk npu ycnosuu SiN18° #0, uto ouesnano,
Tak kak 18°— yrox nepBoi 4eTBepTH, OTIINYHEIH OT 0.

Janee Tpakryem 3anuch 25iN18° =1-4sin*18° kak BepHOE ymCIIOBOE pa-
BEHCTBO (9TO JIOKAa3aHo, TaK KaK JUIA BBIBOJA €r0 IMPUMEHSIMCH TOXKIECTBA), KO-
TOPOE TIOTy4aeTCsl PH MOICTAHOBKE KOPHS BMECTO MEPEMEHHOM.

3a1aIMMCsl BOITPOCOM — KaK BBITJIAIENIO YPABHEHHE, B KOTOPOE MOICTAB-
e kopenb  SiN18°. Dro  ypaBmemme4a®+2a-1=0. 3mauur, uucno

~1++/5
4

a=sinl8’ = , Tak kak a>0.

CyuiecTByeT TakoW THI TOXKAECTBEHHBIX NPeoOpa3oBaHUM, KOTOPHI
IPEIIOIATAET UCKTIOUEHUE HEeUIBECMHBIX U3 cucmemvl ypasHenuii. Tpedyercs

o1
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HalTH HeoOXoauMbIe (B 00IIEeM cllydae HE JI0CTaTOYHBIE) YCIIOBHS B BUJIE YPaB-
HEHUMU, KOTOPBIM JOJKHBI yJIOBJIETBOPSTh 3HAUCHUS MMApaMETPOB, YTOOBI JaH-
Has cucTteMa uMmena peuieHusi. To ecTh, B pe3ylibTare MpeoOpa3oBaHUN HEW3-
BECTHBIE JOJKHBI «UCUYE3HYTh», & OCTAHETCS TOJILKO PABEHCTBO, BhIpaXKkarollee
3aBUCUMOCTh MEX]ly MapaMeTpamMu, €clid UX HECKOJbKO, WM 3HauyeHue mapa-
MeTpa, eCiIH mapameTp oauH. [Ipu BBITTOIHEHNH TaKUX MPeoOpa3oBaHUM HaJjIe-
KUT PYKOBOJICTBOBATHCS CIACAYIOMUMH YKAa3aHUSIMU:

1) momycTHMBI MPeoOpa3oBaHus ypaBHEHUH, B Pe3yJIbTaTe KOTOPHIX MHO-
YKECTBO BCEX PEIICHUN CHCTEMBI pacIIupseTcs (TO €CTh, BO3MOYKHO TOSIBJICHUE
MOCTOPOHHUX PEIICHUI), HO HEIOIMYCTUMBI MpPeoOpa3oBaHus, MPHU KOTOPHIX
IIPOUCXOJNT MOTEPS PELICHUM;

2) ipeoOpa30BaHusl YPaBHCHHUI BBITIOJIHSIOTCS C TEM pacdéToM, 4TOOBI B
KauecTBE CJICJICTBUN U3 JAHHBIX YPAaBHEHUH MOIYYWINCH YPABHEHUS MEXIY Ia-
pameTpamu, He CoJiep>Kalllie HEU3BECTHBIX U HE 00pAaIllaloIIUecs B TOKIECTBO.
tg’x+ctg’x=a,
tg*x+ctg‘x=h.

Pemenne. TpeOyercs HalTH COOTHOIICHHE MEXIy MapameTpamMu a u b,
SIBJISTFOIITECS. HEOOXOAMMBIM, HO HE JJOCTATOYHBIM, TIPU KOTOPBIX BBIMOTHSIIOTCS
00a TaHHBIX PAaBEHCTBA.

Bo3Beném B kBagpar nepBoe paBeHCTBO: tQ*x+ctg’x+2tg’x-ctg’x =a’.

Ipumep 1.19.4. VcKII0YUTH X U3 CUCTEMBI YPaBHEHUI

B cuiny BTOpOrOo paBeHCTBA W, yUWTHIBas, 4TO tQx-ctgx =1, moiydaem
b+2=a’

[TpeoOpa3oBaHre TPUTOHOMETPHUUCCKHX BBIPAKEHUH MOXKHO IPOU3BO-
JTNTh, BBE/ISI HOBYIO HEM3BECTHYIO C IISJIBIO paIlMOHATN3AIINH.

Teopema. Jlns mo6oii pynkmmm R(COS X,SiNX), panuoHaIbHONR OTHOCH-

. X o
TEJIBLHO COSX M SINX, moacTaHoBka t =1g 2 ABJISIETCS] PALIMOHATIM3UPYIOUIEH, TO

ecTh, ecii pyHKIMs R(COS X,SiNX) MOXKeT OBITH MpEACTaBICHA B BUIE CIOXKHOM

byHKIUN oT IPOMEKYTOYHOTO aprymenrat = f(x), TO

ectb, R(CosX,sinx)=R,(t), rae R (t)— parmonanbuas hyHKIms.
JlokazarenbcTBo. JlokakeM, 4TO COS X M SINX palMOHATbHO BBIPAKAOTCS

yepes t =tg§.

Taxk,
X . ,X
0052§ smzE
X . ,X X X X
cos* ~—sin*>  cos’~ cos’~ 1-tg*>
cosx=coszg—sinzg: § )2(: i )% — )2(
coszé+sin2§ coszE sinzE 1+th§
+
X X
Cos’~ CoS’ =
2 2
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B xone nokazatenbcTBa mMcmoJib3oBasiach Gopmyna 1.14.2 ¢ mocnenyro-
MM JICJICHUEM YHUCIUTENs U 3HaMeHaTells Ha OJIHO U TO K€ BhIpakeHue. B

X
YaCTHOCTH, Ha COSQ?
. X .
3ameuanme: [ToacranoBky t =tg > Ha3bIBAIOT YHUBEPCANBHOLL.

X . .
He Tonbko t=tg > SABJISIETCS] pallMOHAIM3UPYIOIIEeH moacTaHoBKOM. EcTh

U Jpyrue cliydau, B KOTOPBIX PaIlMOHAIU3AIMS MOXET OBITh IOCTUTHYTa IO-
cpencTBaM 0oJiee MPOCTHIX MOICTAHOBOK:
1) ecmm R(COS X,SINX ) COEPKUT TPUTOHOMETPUUIECKUE (PYHKITUH TOIHKO

B YETHBIX CTEIMEHAX, TO t =SiNX (t=C0SX) — panroHAIH3UPYFOIIast TOCTAHOB-
Ka, TaK Kak C0s™ X =(1-sin’ x)k . (1—t2)k . R(cos® x,sinx) = R(1-t,t);

2) eclii YNCTUTENh ¥ 3HAMEHATEINb BeIpaxkeHuss R(COS X,SiNX ), sBISrOIIE-
rocsi anreOpanveckoi ApoObI0 OTHOCHTEILHO COSX H SINX, €CTh OJHOPOJHBIC
MHOT'OYJICHBI OJHOH M TOH e CTermeHu K OTHOCHTENIBHO COSX M SINX, TO
t=tgx (t=ctgx) — panmoHaMM3UpyIOIIas MOJICTAaHOBKA; Torma SiNX=t-CoSX;
MIOCJIE 3aMEHBI BCE YJIEHBI YUCIUTENS U 3HAMEHaTesl OylyT UMeTh OOUINIl MHO-
KUTENb COS* X, Ha KOTOPBIH U MPOU3BOAT COKPAIICHHE;

3) ecnu BCe WICHBI YHCIMTENSI M 3HAMEHATENs BeIpakeHUs: R(COS X,Sin X )
UMCIOT YETHYIO0 (HEYETHYIO) CTEIEHh OTHOCHTENBHO COSX (SINX), TO mojcra-
HOBKa t ={gX — panmuoHanM3upyromas; CTeeH! IBYX Pa3JIMYHBIX YWICHOB YHC-
JUTENST U 3HAMEHATENsl OTJIMYAIOTCS JPYT OT JIpyra Ha 4ETHOE YHCIIO CIMHHUIIL,
CJIEIOBATEIILHO, MOXXHO 3aMEHUTH YHCIUTENIb ¥ 3HAMEHATEIb TOX/IECTBECHHBIMH
OJTHOPOJTHBIMH MHOTOYJICHAMH, TO €CTh, YMHOXHTh WICHBI 00Jiee HU3KUX CTe-
TEHEW HA HEKOTOPYIO CTEIEHb TPUTOHOMETPUYECKON €IUHHUIIBL;

4) ecn ynkums R(COSX,SinX)— uéTHas, TO MOACTAHOBKA t =COSX— pa-

[IUOHATU3UPYIOIIIAS.
Creocmeue xk 4): ecma  R(cosx,sinx)— mHeuérhas — QyHKOMA, TO
1 : ,
——R(cosa,sina) — uérHas QyHKIHsL.
SIino
Ilpumep  1.19.5. BeIpa3uTh  4Yepe3 TaHMEHC W KOTAHIEHC
I 00p ———F———.
POOP Sin? x-cos? x
Pemenue.
. 2
1 _(cos? x+sin* X} cos? x+2c0s? X-Sin? X+sin? X _
sin®x-cos’X  sin®X-Cos? X sin? X-Cos? X
cos* X sin® x
ﬁ'F +ﬁzctgzx+tgzx+2.
SIN“ X-COS” X SIN“ X-COS” X
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[IpeobpazoBanus MOCPECTBOM 88€0eHUsI BCNOMO2AMENILHO20 Y2ld B 00-
IIEM BHUJIE MOKHO XapaKTEepPH30BaTh CICAYIOMUM 00pa3oM: JaHHOE YHCIIO WIIH
BBIpXEHUE pacCMaTPUBACTCS KaK 3HAYCHUE TPUTOHOMETPUYECKON (DYHKIIUU OT
HEKOTOPOTO apryMEHTa, Ha3bIBA€MOTO BCIIOMOTATEIBHBIM YIJIOM (BCIIOMOTA-
TEBHBIM apryMEHTOM). VI3 MHOKeCTBa BCEX BO3MOXKHBIX 3HAYCHUU TSI BCIIO-
MOTaTEIBHOTO YyIJia BEIOUpAETCsl OJHO, BIOJHE ONMpPEASIEHHOE 3HaUeHUE. DTHUM
BBEIOOPOM BCTIOMOTATENIBHBINA YTOJI TI0 33JJaHHOMY 3HAYEHUIO €r0 TPUTOHOMET-
pUYeCcKO (YHKIIUU BIOJHE OMPEISIIETCS W B NaTbHEUITNX MPeoOpa3oBaHUIX
CUHMTAETCS] H3BECTHBIM.

Utak, paccMOTpUM paBeHCTBO asinX+bcosx=c, a”+b” =0. Pasgenum
JIBYIO U TIPaBYIO YacTH €ro Ha Va’ +b” :

b c
—SiNX+ —— cos X=——
\/a +b? Ja?z +b?
Tak xak a J b 1 TO CYHICCTBYCT YIoOJ TaKOI/I
T = Q,
Ja? +b? a’+ b2
4TO COS( = a singp = _b , IPH 3TOM (p = arccos a (nnn
Ja2+b?’ \/ a?+b?
b
¢ =arcsin———).
Ja?+b?
Torna PaBEHCTBO MIPUMET BUJI:

SINXCOS ¢ + COS XSiNg = < sin(x+o)=

C C
L L =,
JaZ+b? Ja® +b?

x+(p:(—1)k arcsin——— 4 ik, =,

Ja® +b?

x=(—1)k arcsin —arccosL+nk,k cZ.

C
Ja’® +b? Ja? +b?

IIpumep 1.19.6. Jlokaxkure, 9T0 1+ sinZa =19 (Z + a) :
CoS 2 4

Pemienue.
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1+sin2¢ _ (1+5sin2a)-(1-sin2a) 1-sin?2¢ _ cos? 2a

CoS 2« cos2a - (1-sin2a) cos2a-(1-sin2a) cos2a-(1-sin2a)
_cos2a cos o —sin’ o _(cosa—sina)-(cosa +sina)
1-sin2a  sjn2 4~ 2singcosa +cos2 & (cow—sina)z

Ny N2 . T
: B X J2cos| = —
_cosa+sina o CoSa + 5 SIna 4 a

T
= — = = :Ctg[——aJ:
cose—sina \/ZECOSa—S\/ZEina \/ESiﬂ(Z—aj 4

ol {5 -ulioe)

K BbIOOpY yrina ¢ B 3ajayax ¢ mapaMeTpaMu HajJ0 OTHOCUTBHCS BHUMAa-

TEJBbHO, TaK KaK BBIOOp ¢ = arccos+ WA @ = arcsinL HE BCerjaa
a’+b’ a’ +b?
pPaBHOCHUJICH.
BBenenne BcnoMorarenpHOTo yriia UCTOIb3yeTCs IPH:
1) nepexooe k nonsipuvim KoopouHamam, €CIHM XOTsA Obl OJHO W3 YHCEI a
win b otauuno ot 0, To B [0,27) wiun (-7, CyIIEeCTBYeT €IMHCTBCHHOE 3HaYe-

HHE ¢, IIPH KOTOpOM a=rC0S@ u b=rsing,a r=a’ +b°.
Ecmu a m b ecTh neficTBUTENbHAS M MHUMAsI YaCTH KOMILICKCHOTO YHCIIa

Z=a+Dbi, To mepexon Kk MOJSAPHBIM KOOPAMHATAM O3HAYACT MEPEXOJ K TPHUTO-
HOMETPHUYECKON (hopMe KOMIUIEKCHOTO 4rcia: Z=r(CoS@+ising).

2) npeobpazosanuu cymmor 6uoa aSINOX +DCOSAX ; 11 STOr0 BBOIAT
TIOJIIPHBIC KOOPAMHATHI, TOTIa
asinax+bcosax=rsin(ax+@)=rcos(ox—y).

3) npumenenuu pazIUYHBIX NPUEMOS NPeOOPA308AHUS ANCeOPAUUECKUX
CYMM 6 HNpOU38e0eHUs, COOepHCauuUx 6 Kauecmee MHONCUmenel U3BecmHble
yucna u mpuecoHomempuieckue QyHKYuu om 6CHOMO2AMENbHO20 Ap2YMeHmda,

b
1° . Tano:a+b. Beegem o =arctg—, Toraa
a

x/fasin(ow;c)

cosa

(mocneaHWI mar BBHIMOJHEH C MCMOJIb30BAHUEM OJIHOTO W3 CIIEACTBUN (opMyl
npeo0pa3zoBaHus CyMMbl TPUTOHOMETPUYECKUX (PYHKIIMI B IPOU3BEIICHUE).

) ﬁasin(i—a]

cosa

a+b=a(1+gj:a(1+tga):

2° a-b
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3%, Ecou ab >0, To 9>0 51 oc:arctg\/E, TO
a a

cos20.
sec’a

a+b=a(l+tg’a)=asec’a,a—b=a(l-tg’°a)=a

4° a—_b—[a:arctgg}:l_tga :tg(E—aj.

a+b a

5%, Ecom ‘b‘ S‘a

, BBOIUM OL = arCSinE ¥ TOra
a
b? .
a’-b’=a’ [1——2]=a2(1—sm2 a)=a’cos’ a
a
Ecnu xe BzaI’CCOSB, 10 a° —b® =a’sin’p.
a
0 b 2 2 o @ 2 2 202
6°. Ecm |b|<|a|, B=arccos—, To a’—b’=b F_l =b*(sec’f—1)=b’tg°p.
a

b
7°. Ecmn o = arctg—, o @’ +b® =a’sec® o (ucmompsyem 3°).
a

BBGI[CHI/ICM BCIIOMOI'aTCJIIBHOT'O aprymMCHTaA IIOJIB3YIOTCA JIA Hpeo6pa3o-
BaHHWA HCKOTOPBIX HPPAIHUOHAJIBbHBIX BI;Ipa)KeHHﬁ B pallMOHAJIbHBIC OTHOCH-
TCJIBHO TpHFOHOMGTpH‘lGCKOﬁ (bYHKHHI/I OT BCIIOMOTI'aTCJIBbHOI'O yIJIa, HAIIPUMCDP:

1) R(x,Na’-x*),a>0,R(u,v) — paroHa bHast byHKIWMS, rIe

X .
—a<x<ax=acost,t=arccos -, roraa Va2 —x* =,/a*(1—cos*t) =alsint|;
a

2) R(x,Nx*—a®), npuuém ‘X‘Za. BBoguTcss moacraHoBka X =asect wiun

a atgt,a< x <+
t =arccos—, Torma VX* —a’ = altgt|= J
X —atgt,—o < x<—a.

3) R(x,/x*+a”).BBoaurcs moacraHoBka X =a-tgt u Vx> +a’ =a-sect.

VYka3zaHHbIC MOJICTAHOBKH IMPUMEHSIOTCS B MaTEMaTHUUYECKOM aHaju3e MpH
WHTETPUPOBAHUHU BBIPAKCHHUM M TIPU BEIYMCIICHUH CYMMBI KOCUHYCOB ¥ CHHYCOB
JIyT, 00pa3yomux apuOMETHIECKYIO POTrPECCHIO:

cosa +cos(a + h) +cos(a +2h) +...+ +cos(a +nh) = 2 cos(a +kh) .
k=0

. h 1| . h ) h)l.
sin—cosa.==|sin| a+— |—sin| a—— | |;
2 2 2 2
. h 1| . 3h ) h
sm—cos(a+h)=— sinf o+— |=sinl a+—1]...
2 2 2 2
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Cn0XUM NOYJICHHO U pa3aciiiM Ha sin E , IOJIYUHUTCA:

( nhj . n+1
CoS| o+ — -smT-h

Enjcos(owkh): 1 h{sin(ow2n+1hj—sin(a—hﬂz 2 n
k=0 2sin— 2 sin—

2
Ecnu 3aMenuTs oo Ha g— o, a h Ha-h , To moyryanm

sin(o+™My.sin "L
2 2

Zsin(a+kh)= n
k=0 sin—
2
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I'JIABA II. OBPATHBIE TPUTOHOMETPUUYECKHUE ®YHKIIUN
U UX CBOMCTBA

§ 2.1. Apkcunyc

Paccmotpum dyHkmmio y = Sinx. Tak kak €€ 0071acTbIO ONPEICIICHUS SB-
asiercst Best ocb Ox (—oo<x<+o00), a 00JacThIO 3HaYCHHI — OTpe30K [—1, 1] ocu
Oy (-1<y<1), 1o 06 o6patHOl GyHKIMH (110 OTHOMIEHHIO K QYHKIMHU y = SiNnx)
MO>KHO TOBOPHUTH JIMIIIh Ha oTpe3ke [—1, 1] ocu Oy.

PaccmotpuMm, Hanpumep, 3Hadenue y = 0. OyHkus y = Sinx gocturaer
ATOTO 3HaYEHUS Ha OECKOHEYHOM MHOXECTBE (OYEBHIHO, YTO ITO MPOUCXOTUT
NPy 3HAYCHHUIX apryMmeHTax = 7K , cM. Puc. 2.1.1).I1o naHHOMY 3HaYEHHIO ) He-
BO3MOXKHO HaWTH OJHO €IWHCTBEHHOE 3HAUCHHME X. 3HAYUT, HAa Bcell ocum Ox
byHKIHS y = Sinx 00paTHOI (0JJHO3HAYHOH ) (DYHKIMH HE HMEET.

I\

j | 1
/\-:z E ” /\f
27 Y % \/2;: Jn &
¥

— -

Puc. 2.1.1
[Tepexon k oOpaTHOM (YHKIIMK CTAaHET BO3MOXKHBIM, €CIIH pacCMaTPUBATh
Yy = SINX HE IpH MPOU3BOJBHBIX 3HAYCHHUSX X, a JHUIIb Ha KaKOM-IHOO MpoMe-
KYTKE, B KOTOPOM 3Ta (DYHKITHS SBISETCS MOHOTOHHOM.
B xaudectBe mpomexyTka ocu Ox, Ha KOTOPOM paccCMaTpuBaeTCs (PyHKIIHS

. . . . T.T
y = SINX B Kyne ¢ oOpaTHOM K Hell (yHKIHel, 00bI4HO OepyT 0Tpe301{—§ ,E} :

T V4 .
OuyeBHIIHO, YTO HA HpOMe)KYTKe—E <X< E dbyHKIMS y = SINX BO3pacTaet, mpu-
HUMas BCe 3HA4YeHUs, u3MeHstomuecs ot —1 qo +1. CrnenoBaTenbHoO, a5 11000-
ro Yous orpeska [-1, 1] ocu Oy Hailingercs, U IPUTOM TOJIBKO OJHO 3HA4YCHHE,

T.T .
3Ha4YCHME Xy U3 OTpGSKa‘:—E;E} ocu Ox Takoe, 4ro Yy =SINX, Ha yKa3aHHOM

OTpe3Ke CyiiecTByeT oOpaTHas (oHO3HaYHAs1) GYHKIUS KOTOPYIO MaTeMaTHKU
YCJIOBUJIMCH HA3bIBATb APKCUHYCOM.

= DyHKIwMs, oOpaTHas GyHKIUHU Y = SIN X, HA OTpe3Kke —1< X <1, Ha3bIBACTCSI
apKkcunycom v 0603HavaeTcs y = arcsinx.

WNuaye roBOps, CHMBOJIOM arcsinxo0o3Hawaercs Jyra CIWHUIHON

T T o
OKPYXKHOCTH, B34TasA HAa OTPE3KE |:—§ ,E:| , CHHYC KOTOPOM pPaBEH X.

58



[maBa IT

IIpumep 2.1.1. Haiitu « =arcsin0,5.

JlaHHBIN TIpUMep MOAPOOHO MOXKHO CPOPMYIHPOBATH TaK: HANTH TakKou
o T T
apryMeHT (!, JIeKAIUKU B IIpeenax oT - 10 > CHUHYC KOTOpOro paseH 0,5.

Pemenne. CymiecTByeT OECUHCIEHHOE MHOXECTBO apryMEHTOB, CHHYC

T 5Sr 13rx 1
KoTopbIX paBeH 0,5. Oto, Hanpumep, —, —, —, ——— U T.1. Hac unrepecyet

6 6 6 6

. T
TOJIBKO TOT apryMEHT, KOTOPBIM MPUHAIEKUT OTPE3KY [—E 'E} Takum oOpa-

i V2
30M, UCKOMBIM apryMeHTOM OyieT % Hrak, arcsin0,5= s

Jameuanue. Ecnu jxe apryMeHT X TPUTOHOMETPHUUECKON (YHKIIUU TpaK-
TyeTcs Kak yroJl WiId Jyra, TO H arcsSiny cieayeT MOHUMATh KaK yroJl I CO-
OTBETCTBYIOIIYIO JYTY.

Hcnionb3ys ob1iee mpaBuiio MOCTpOeHUs Tpaduka oOpaTHOW (GyHKIIUH,
3HaeM, YTO OH JIOJDKEH OBITh CUMMETpUYEH ¢ TpadrKkoM OCHOBHOW (DYHKIIMH
otHOocuTeIbHO Ouccektpuckl | u Il koopaunaTHeix yrios. [TosTomy mist dpar-

. T
MeHTa rpaduka GyHKIUM Y = SIN X, r1e X € [—E E} IIOCTPOUM CUMMETPHUYHO

eMy OTHOCHTEJIbHO MpsIMOM Y=X npyroi rpaduk (cm. Puc. 2.1.2). Oto u Oyxer
rpaduk GpyHkIuu y =arcsinx.

Puc. 2.1.2

PaccmoTpum emé onuH cnoco® mojydeHus apkcuHyca. B aToMm cirydae
HAJI0 IOMEHSATH POJISIMH apryMEHT M (PYHKIIMIO B 3aIIKCH ) = SiNX.
Taxum o6pazom, moayuyum
x=siny,

Vs T
rne ——<y<—,a-1<x<1.
2 y 2

3arem TpebOyercs BbIpa3uTh Y yepe3 X. C yuéTom paHee CKa3aHHOTO, O4e-
BHJTHO, YTO Y =arcsinx.
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3aMeTuM, YTO BBIp@XEHHE arcSinX caMo mo cebe MMeeT CMBICI JIUIIb
TOIBKO JUIA TEX 3HAYCHHH X, KOTOpBIC yHOBICTBOPSIOT HepaBeHCTBY |X|<1. B
CBSI3H C OTHM CTAHOBHTCS OYEBHIHBIM CBOHCTBO
sin(arcsinx) =x, |x|<1. (2.1.1)
Ucnonw3ys Puc. 2.1.2, mnepeuncium jgajgee CBOMCTBA (PYyHKIIHUH
y=arcsinx:

1) D(y) =[-1, 1];
T
2) EY)=|—7=i= |5
) E(y) { 5 2}
3) ®yHKIMsA HEYETHAS, T.€.
arcsin(—x) = —arcsin x; (2.1.2)
JIeCTBUTENBHO, C OJHON CTOPOHEI sin(arcsin(—x)):—x (mo dopmyiie
(2.1.1)); a ¢ apyroit: sin(—arcsinx)=—sin(arcsinx)=—x (s cuy HeueTHOCTH

cuHyca). Tak mpaBble YacTH 3allMCAaHHBIX PABEHCTB COBIAIM, TO MPUPaBHUBAS
UX JIEBbIE YaCTH U OTOpachiBas CHUHYC, IMOJyYUM JOKa3blBaeMylo (opMyiy
(2.1.2).

4) OyHKIHS HETIEPHOIUICCKASL.

JleficTBUTENBHO, €ciii (DYHKLIHS Y = f(X)I/IMeeT nepuox T #0, To mms

Bcex XeD(y) crnpasemmBo Bkmouenue (X+KT)eD(y), rme keZ , uro
03Ha4YaeT HEOrPaHMYEHHOCTh obnactu ompenenchHust QpyHkuuu f. O6macTs ke
onpeseneHus GYHKIUM Y = arcSinX sBiseTcs 00NacTbI0 OMPAHUYEHHOM, a 3TO

03HAYaeT, 4TO ATa PYHKIHS — HETIEPHUOINICCKAsI.
5)  Toukoi mepeceueHus ¢ koopauHaTHbIMH ocsiMu siistercs (0,0).
Takum obpa3om, rpaduk GyHKIIMK Y = arcSinXmpoXoauT 4epe3 Hadaao Koop-

JTUHAT W JTOJDKEH OBITh CHMMETPUYCH OTHOCHTEIIBHO 3TOW TOUYKH (B CHITY CBOM-
CTBa HEYETHOCTH).
6) arcsinx>0 npu 0<x<1,
arcsinx <0 mpu —1<x<0.
7) B obOnactu onpezencHuss QyHKIUSA SABISIETCS MOHOTOHHO 603pdc-
marowei.
CrpaBeITMBOCTh 3TOTO CBOWCTBA ClEAyeT W3 TOTrO, YTO (DYHKIHS

: . T.T
¥ =SIN x sABISETCS BO3pACTAONIEH HAa MPOMEXKYTKE [—E,E} , 4, KaKk WU3BECTHO,

oOpaTHas el pyHKIMS Y =arcsSinx Oyaer Takke BO3pacTaroiieil, HO Ha IMpo-
MexyTke [—1, 1], KOTOpBIi sIBIsETCS OOJACThIO 3HAYEHUH ISl «OCHOBHOI
byHKUIHU.
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8) HauMenbiiumM  3HaueHueM  (QYHKIMM ~ SIBIIETCS  3HAYCHUE

. T .
arc sm(—l) = 5 Haun0oab1mM sk 3HaUYeHUEM 3TOM (DYHKIHUN SBJISCTCS YUCIIO

i V4
arcsinl=—,
2
I'padux hysaxkmm cxematnaHo n3obOpaxer Ha Puc. 2.1.3.
a __}’
2
sl I
3
S
6
'.' | E }
- H g
2 P
s
6
. [{9e T
3
i |1 T
3
Puc. 2.1.3

§ 2.2. Apkkocunyc

Paccmotpum GyHKIIHIO Y = COS X MPU BCEX BO3MOMXHBIX 3HAUCHUSX X
(—co<x<+w0).

Bo3bmewm, Hanpumep, 3HaueHue y = 0. yHkuusa y = COS X TOCTUTAET 3TO-
ro 3Ha4eHUs] Ha 0ECKOHEYHOM MHOXXECTBE (OUEBHJIHO, YTO 3TO MPOUCXOAUT MPU

V4
3HAUCHUSAX apryMEHTa X=E+7rk, cMm. Puc. 2.2.1). [lo nanHOMYy 3Ha4YeHUIO )

HEBO3MOKHO HAaMTH OJIHO €IMHCTBEHHOE 3HAaucHHE X. 3HAUMT, HA Bcel ocu Ox
byHKUHS y = COS X 00paTHOM (0JHO3HAYHOI) (PYHKIIUN HE UMEET.

9} y=00sz

i
=
LS
wof
C
N
A
&Y

Puc. 2.2.1
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Jl71s1 TOro 4T00BI MOKHO OBLIO BBECTH (YHKIIMIO, OOPATHYIO MO OTHOIIIE-
HUIO K QYHKIMHU ) = COS X, HAM HYXKHO B35Th HAMOOJBIINIA OTpe30K ocu Ox, Ha
KOTOpPOM OHAa WJIK MOHOTOHHO BO3pacTaeT, WM MOHOTOHHO yObiBaeT. Kak u3-
BECTHO, (PYHKIUS ) = COS X MOHOTOHHO Bo3pacTtaet ot —1 a0 +1 Ha a1060M OT-
peske Buga [(2k-1) 7, 27 k], rone k =0, +£1, +£2, ... ¥ OHa MOHOTOHHO YOLIBA€ET OT
+1 o —1 Ha r000M otpeske Buaa [27K; (2k +1) 7], tne ke Z.

B kauectBe oTpe3ka ocu Ox, Ha KOTOPOM paccMaTpuBaeTCs (PYHKIIHS
Y = COS x U oOpaTHas K Hel GyHKIHUs, 0OBIYHO OEpyT OTPE30K [0;72]. Ha srom
MPOMEXKYTKE (PYHKIMS ) = COS X MOHOTOHHO yObIBa€T, MPUHUMAs BCE 3HAUCHHUSI
ot +1 go —1. CnenoBarenbHo, 1151 T000T0 )o U3 oTpe3ka [—1, 1] ocu Oy HaliaeT-
csi, ¥ TIPUTOM TOIBKO OJHO, 3Ha4YeHHE Xo W3 oTpeska [0;z]rtakoe, uro

Yo =COSX,, T.e. [uIsl pyHKLUHU ) = COS X HA YKa3aHHOM OTpPE3KE CYIIECTBYET 00-

paTHas (0QHO3HAYyHas) (PYHKIUSA, KOTOPYIO YCIOBUJIUCH HA3bIBATb APKKOCUHY-
com 1 0003HaYaTh TaK: Y = arccos X.

D OyHK1uMA, oopaTHas GyHKIMH ) = COS X, Ha OTpe3Ke —1< X <1, Ha3bIBAETCS
apkKocunycom v 0603Haudaercs y = arccos X.
WNuaye roBOpsi, CHMBOJOM arccos X o0o3HayaeTrcss Jyra eIuHUYHOU

OKPY’KHOCTH, B34Tasi HA OTPE3KE [O;;z] , KOCUHYC KOTOPOU paBeH X.

NG

Hpumep 2.2.1. Haiitu @ = arccos Y

3Ty 3aJada MOXXHO HCTOJIKOBAaTb TakK: HAWTU TaKOHU aprymMeHT « , Jiexa-

3

i B npeaenax ot 0 10 77, CHHYC KOTOPOTO paBeH 5

Pemenne. CymiecTByeT 0€CUUCICHHOE MHOXECTBO apTyMEHTOB, KOCUHYC

3 S Tr Sx TIx

KOTOPBIX paBeH —— . DTO, HalpuUMep, — , — , ——, ——— u T.1. Ho Hac uH-
2 6 6 6 6

TEPECyeT TONBKO TOT apryMEHT, KOTOPbIi mpuHamIexKuT otpesky [0;rn]. Takum

J3)_57

o
00pa3oM, HICKOMBIM apryMeHTOM OyJeT e Hrak, arccos R

Hcnionp3ys ob1iee mpaBuiio MOCTpOeHUs Tpaduka oOpaTHOW (PYHKIUH,
3HAa€M, YTO OH JOJDKEH OBITh CUMMETPUYEH C TpadUKOM OCHOBHOU (GyHKIIUU
otHOocuTenbHO Ouccektpuchl | u Il koopaunaTHeix yrios. [losTomy ans dpar-
MeHTa rpaduka QyHKIHEE y = COS X, rae X €[0;7] mocTpouM CHMMETPHYHO eMy

OTHOCUTEJIBHO MPsAMOM Y=X npyroil rpapuk (cM. Puc. 2.2.2). 3to u Oyzaer rpa-
¢buK QyHKIIMU Y =arccosX.
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‘ ",' //.

= larccosy /

Puc. 2.2.2
PaccmoTpum emi€ oauH cnocod nojiydeHus: apkkocuHyca. B atoM ciyuae
HaJI0 TIOMEHATH POJISIMU apryMEHT U (DYHKITUIO B 3alKCH ) = COS X.
Takum 06pazom, MOITyIUM

X = COS y,
rme 0<y<rz,a -1<x<1.
3aTeM TpeOyeTcs BeIpa3uTh Y uepe3 X. C yuéToMm paHee CKa3aHHOTO, OYe-
BUIOHO, 4TO Y = arCCcosS X.
3amMeTuM, 4TO BBIPAKEHHE arcCoSX caMo Mo ce0e MMEET CMBICH JIMIIb
TOJIBKO JUJIA TE€X 3HAYEHUU X, KOTOPBIEC yIOBJIETBOPAIOT HEPABEHCTBY ‘X‘ <1.B
CBSI3M C 3THM CTAHOBHUTCS OYEBHIHBIM CBOHCTBO
cos(arccosx)=x, [x|<1. (2.2.1)
Ucnone3yss Puc. 2.2.2, mnepeuncnum [1ajgee CBOWCTBA (PYHKIHH
Yy =arccos Xx:

1) D(y) =[-1, 1];

2) E(y) = [0;7];

3) DyHKIMS HU YETHAs, HU HeueTHad. J[Jist He€ BBIMOJIHAETCS TOXKAECTBO

arccos(—x) = £ —arccos x; (2.2.2)

JIeCTBUTENBHO, C OJHOM CTOPOHBI cos(arccos(—x)) =—X (mo dopmyie
(2.2.1)) n cOS( 7 —arccosx) =—cos(arccosx)=—x (mo dbopmyse MpHBEIEHNS).
C npyroit CTOpOHBI, TaK MO ONPEACICHUIO APKKOCUHYCA

0 <arccos(—x) < 7; 0<arccosx <

M M3 BTOPOT'O JIBOIHOTO HEPABEHCTBA CJIElyeT HEPABEHCTBO
0>-—arccosx>—r,
a, 3HAYUT, U HEPABEHCTBO
O<rzm—arccosx<r.
[TpuxoauM K BBIBOAY, uTO yMcia arcCoS(—X) m 7 —arcCoSX, mMeromye

OJMHAKOBBIN KOCHHYC ¥ NPHHAIIEKAIINE OTHOMY HPOMeXyTKy [0;7], coBra-
JAI0T, UTO U J0Ka3biBaeT hopmyiy (2.2.2).
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4) OyHKIUA HE SBISICTCS IEPHOIUICSCKOM.

O6ocHOBaHKE CIIPaBEUIMBOCTH ATOTO CBOMCTBA aHAJIOTUYHO TOMY, KOTO-
poe ObLI0 MPUBEACHO A1 GYHKITUH Y = arcsinx.

5) ®yHKIMSA UMeeT eAMHCTBEHHBIN Hyb pu X = 1. T.e. Toukoi mepece-
yeHus ¢ ocbto OX sBisercs (1; 0). Touka mepeceuenus ¢ ocbto Oy nMeeT Koop-

Vs
muHaTH | 0;— |.
( 2 )

6) OyHKIMsA OTOKUTENIbHA IPU BeeX X e[-1;1].

7) B obnmacTtu onpeenenns QyHKINS ABISCTCS YOBIBAIOIICH.
CrpaBeJIMBOCTh JTOTO CBOWCTBA CIIEAYyeT M3 TOTO, 4YTO (QYHKIIHS
y = COS x sBIsieTCs yObIBatoIel Ha mpomexyTke[0; 7], a, kak H3BECTHO, 0OpaT-

Hasg el (PyHKIus Y =arccosx Oynaer Takxke yObIBarolel, HO Ha MPOMEKYTKE
[—1;1] , KOTOPBIH ABJIAETCS 00JACThIO 3HAYCHHM 111 «OCHOBHOM» (hYYHKITHH.

8) HavmvenbmuMm  3HaueHweM  (QYHKIUU  SIBJISETCS  3HAUYCHHE
arccosl=0. HaubGonpmmum jxe 3HAYCHUEM OTOW (DYHKIIMU SIBISETCS YHUCIO
arccos(—l)z .

I'padux byHkmm cxematnyHo u3o0OpaxkeH Ha Puc. 2.2.3.

X
+
1 2%
f
2_;?
T =
il
2
il
=T
fif
=1
| | 1
T T T T
il i 1 1 x
2 %
Puc. 2.2.3

3aMeTuM Takxke, 4YTo rpaguk QyHKIUU Y = arcCosX CHMMETpUYEH OTHO-

V4
CUTEIBHO TOYKH (0 : Ej .
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§ 2.3. Apkmanzenc

Paccmotpum ynknmo Y=tgx. M3BecTHO, uTO €€ 00aCTh ONpEACICHUSI —
T
BCs 0Ch Ox, 3a UCKIIIOUEHUEM TOYEK BUIA X, = E . (2n +1) ,rmen=0,+1,+2,...,

a 00J1acThIO 3HAUCHUM ABIISIETCS BCs OCh (Y.

Bosbpmem, Hanmpumep, 3HaueHue y = a. OyHKIus y =tg x JOCTUTAET 3TOTO
3Ha4YeHUs Ha OeckoHeYHOM MHOXecTBe (cM. Puc. 2.3.1). [lo naHHOMY 3HaYEHUIO
¥ HEBO3MOJKHO YKa3aTh OJHO €IMHCTBEHHOE 3HAUCHUE X.

: 1'%

i I |

1 | I i

i | 1 |

' i i 1

1 i i i

i I i i

' ' 1 Ly =a

i A P ! Sl

1 i 1 |

i ¢ T R

1 | - ) - |

: L 12 | 12 -

1 I 1 1

: x-1 | 0 Xo ! X1 X

1 1 1 1

1 1 | 1

1 1 ] 1

1 1 1 ]

1 1 1 1

1 1 | i

1 1 | 1

| 1 ] 1

1 1 | |

1 1 I 1

| 1 I |

| | | ]

| U | 1
Puc. 2.3.1

st paccmotpenus GyHKIMHM, OOpaTHOM IO OTHOIICHWIO K (PYHKITUU
y=tg X,BpIOEpEM y4aCTOK MOHOTOHHOCTH TaHTeHca. B kauecTBe Takoro mpome-

T T
KYTKa MOKHO B35Tb HHTCPBAJI (_E ,Ej . OLIGBI/II[HO, 4TO Ha 3TOM IIPOMCIKYTKC

KaXXJ1I0My 3HAQYCHHIO X COOTBECTCTBYCT CAMHCTBCHHOC 3HAYCHHEC Y M HaO60pOT
KaXXI0MY 3HAQYCHHIO Y COOTBECTCTBYCT CAMHCTBCHHOC 3HAUYCHUC X.

= .DyHKups, 06patHas QyHKIEE y = tgx, mpu X € (—o0;+o0) Ha3BIBACTCS APK-
manzencom v 0003HavaeTcs y = arctg x.
WNuaye roBops, CMMBOJIOM arctg X o0o3HavaeTcst 1yra eIMHUYHON OKPYIK-

Va1 o
HOCTH, 3aKJIITOUYCHHAA B MHTCPBAJIC £_E ; E) , TAHI'CHC KOTOPOU pPaBEH X.

3

IIpumep 2.3.1. Haiitu @ = arctg ?

DTy 3a7a4a MOYKHO HMCTOJIKOBAaTh TaK: HAWTHU TaKOM apryMEHT &, JIexKa-

T T 3

Ui B Mpeaenax otT 5 I[OE , TAHT€HC KOTOPOTr'0 paBeH 3
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Pemenune. CyiectByeT 0€CUMCIEHHOE MHOXKECTBO apryMEHTOB, TAHTE€HC

\/§ T I Y4

KOTOPBIX PAaBEH =3 DT0, HanpuMep, 6 5 u 1.4. Ho Hac unTEpecyer

. T
TOJIBKO TOT apryMEHT, KOTOPBIN MPUHAJICHKUT I/IHTepBaJ]y(—E E] . Takum 006-

V3) 7z

pa3oM, HCKOMBIM apTyMEHTOM OyJeT % Hrax, arctg S Im 5

Hcnonb3yst obiiee mpaBuio NMOCTpOeHMs rpaduka oOpaTHON (GyHKIIHH,
3HaeM, YTO OH JOJDKCH OBITh CUMMETPUYCH C rpamKkoM OCHOBHOU (YHKITUU
oTHocHuTeNbHO OuccekTpuchl lu Il koopaunatHeix yrioB. [loatomy s ¢par-

T.T
MeHTa rpaduka GyHkuuu y = tg x, rae XE(—E;EJ MOCTPOUM CUMMETPUYHO

€My OTHOCHTENBHO MpsAMOH Y=X apyroit rpaduk (cm. Puc. 2.3.2). 310 u Oyner

rpaduk GyHKIHH Y =arctg X.
y = tgx /
y = arctg;

A

Puc.2.3.2

Paccmotpum emi€ oauH crmoco6 moiydeHus: apkranreHca. B atom ciayuae
HAJI0 IOMEHATH POJIIMU apTYMEHT U (DYHKIIMIO B 3amucH ) = tg x.
Takum 006pazom, MoTyIuM

X=1gy,

T T
Wi (3 —E<y<E,a—oo<x<+oo.

3ateMm TpeOyeTcs BbIpa3uTh Y uepe3 X. C yuéToM paHee CKa3aHHOIo, Oue-
BUHO, 4TO Y = arctg X.

3amMeTuM, 4TO BhIpaKEHHE arctgX umeeT CMBICHT MpU JIOOBIX 3HAUYCHUSIX
X. B CBSI3M C 3TUM CTaHOBUTCS OYEBUIHBIM CBOMCTBO

tg(arctg x) =x, xeR. (2.3.1)
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CpoiictBa (yHKIIMM Y =arctgX BbITEKalOT M3 COOTBETCTBYIOIIHUX
. T.T
CBOMCTB (pyHKIMU y = tJ X Ha UHTEpBaJC (_55) U BUAHBI U3 rpaduka (Puc.

2.3.2):
1) D(y) =(—o0;+00);

T T
2) Ey)=|-Z;Z |,
) Ey) ( 5 2}
3) ®yukius HeueTHas. [[ist He€ BBITIOTHACTCS TOXKIECTBO

arctg(—x) =—arctgx; (2.3.2)
JIeCTBUTEIBHO, C OJHON CTOPOHBI () (arctg (—X)) =—X (mo dopmyne
(2.3.1)) u tg(—arctg x) =—tg(arctgx) = —x. C apyroit CTOpOHHI, IOCKOMLKY

T T T T
——<arctg(-x) < —; ——<arctgx < —
2 2 2 2
)54 n3 BTOPOI'O JIBOMHOTO HEpaBECHCTBA clienyet HEPaBEHCTBO

7 r
- <-arctg x < > TO yucia uro umucna arctg(—x) n —arctg X, uMeromue oau-

. T
HAKOBBII TAHTE€HC U MPUHAIJICKAIINE OJHOMY U TOMY XK€ I/IHTepBaJIy(—E;EJ,
JOJKHBI COBITaJIaTh, YTO M J0Ka3biBaeT hopmyiy (2.3.2).

4) OyHKIUSA HE SBISICTCS IEPHOIUICCKOM.

B camom pnene, ecnu Obl pyHKIMS Y =arctg X Obuia NEPUOJUYECKOH, TO
cymectBoBasio Okl T =0 Takoe, 4To mJis JTFOOOTO XE(—00;+OO) AMEJI0O MECTO
pasencTBo arctg(T +x)=arctgx.

Ho B Taxom ciyuae tg| arctg(T +x) | =tg[arctg x] u, snauur, T +Xx=X,

OTKYJla MOXKET cJiefioBaTh, 4To | =0, a 3TO BCTymaeT B MPOTHUBOPEUUE C MPE/I-
nosioxkeHuem T # 0. [loxyueHHoe mpoTUBOpEYHE AOKA3bIBAET CIPABETMBOCTD
CBOMCTBA.

5) OyHKIUS UMEET enuHCTBeHHBINH Hyb Tipu X = 0. T.e. Toukoii nepe-
CeueHHsI ¢ ocsIMU KoopauHar siBisiercs Touka (0; 0).

6) O yHKIMA OJIOKUTENBHA IPUA X € (O;+oo) :

OyHKIMsE OTPHLATEIbHA IPH X € (—0;0).
7) B obnacTtu onpeaeneHus QyHKIUSA ABISCTCS BO3PACTAIOMICH.
CrpaBeyIMBOCTh ATOTO CBOMCTBA CJIEAYET U3 TOr0, 4TO (DYHKIUS OCHOB-

Has QyHKIHS y = tg x Bo3pacTaeTB 0071acTH CBOETOo omnpeaeneHus. Kak n3sectHo
U3 CBOMCTB oOpaTHOM (QyHKIMHU, QyHKIMS Y =arctgX taxxe OyneT Bo3pacTa-

110)11(5)% 8
8) Hammenbltero u HauOOJIbIIEr0 3HAYCHUH (PYHKIIMS HE UMEET.
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9)

[Ipy X—>-—00 3HayeHuss (QyHKIUU Y =arctgXacuMnTOTUYECKH

T

" T
HpI/I6JII/I}KaIOTCSI K 9YHUCITY _E , @ IIPpU X — +00 €€ 3HAYCHHU CTPEMATCS K E .B Ta-

T
KOM cCJlIy4dac IIPsAMBIC y Ziz ABJIAOTCA I'OPU30OHTAJIBHBIMU ACHUMIITOTAMU JIA

rpaduka GyHKIUU Y =arctg x.
I'padux pyaxkmm cxematnaHo n3o0paxkeHd Ha Puc. 2.3.3.

y=arctgXx.

Puc. 2.3.3
OrMmeruM emé OaHO MHTEPECHOE CBOMCTBO, Kacaromieecs (GYHKIUU

arctg (tg x) =x, |X <%

§ 2.4. Apkkomamnzenc

(2.3.3)

Paccmotpum dynkuuto y=ctg X. M3BectHo, uTO €€ 00JaCTh ONpeesICHUs
— B ochk Ox, 3a UCKIIIOYEHUEM ToYeK Buja X, =zn,rae N =0,+ 1, £2,...; a 00-

JaCcThIO 3HAYEHUH sABIsETCS BCsS OCh O).

Bospmem, HanmpuMmep, 3HaueHue y = a. DyHKusA y =Ctg x JOCTUTAET 3TOTO
3HauYeHUA Ha 0eCKOHeYHOM MHOXecTBe (cM. Puc. 2.4.1). [lo naHHOMY 3HaY€HHUIO
v HEBO3MOYKHO YKa3aTh OJTHO €JMHCTBEHHOE 3HAYECHUE X.

y

by »

Yoty z

I

1
-1
&’

Puc.2.4.1
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B kauectBe mHTepBana ocu Ox, Ha KOTOPOM oOIpenensercs oOpaTHas
(GYHKIUS 10 OTHOLIEHUIO K pyHKIMU y=Ctg X, 6epyT 0OBIYHO WHTEPBAI (O;7z).

Ha stom nnTepBane ¢pyHkus y=Clg X MOHOTOHHO yOBIBAaeT, MPUHUMAS BCE 3HA-
4eHust 0T —oo 10 +oo. ClienoBaTenabHO, IS JII000ro Y, Jiexkamiero Ha ocu Oy,

HAMJeTCA, ¥ IPUTOM TOJIBKO OJIHO, 3HAYCHHE Xou3 nHTepsaa(0;7) Takoe, 4To
Yo =Ctg Xy
= OyHKupst, 06patHas GYHKIMH y = Cg x, IpH X € (—o0;+00 ) HA3BIBACTCS APK-
Komanzencomy 0603HaYaeTcs Y = arcctg X .

MHade roBops, CUMBOJIOM arcctg X o00o3HadaeTcs Ayra, 3aKIIOUeHHas B
untepsane (0;7), KOTAHTeHC KOTOPOii PaBeH X.

1
IIpumep 2.4.1. Haiitu @ = arcctg (——j :

NG

HaHHYI-O 3agady MOKHO HCTOJIKOBATH TaK: HAWTHU TaKOM apryMeHr «, Jie-

. 1
Kamui B npenenax ot 0 10 77, KOTAHT€HC KOTOPOTro paBeH —T :
3

Pemenue. CYIHGCTBYGT OeCUMCIEHHOES MHOXKECTBO APrymCcHTOB, KOTaH-

1 7 5Sr 1
IE€HC KOTOPBIX paB€H ——— . JTO, Hanpumep, ——, —, ——— U T.J. Ho Hac uH-

J3 6' 6 6

TE€pPECYET TONBKO TOT apryMEHT, KOTOPBIA MPUHAIICKAT I/IHTepBaJ'Iy(O;ﬂ'). Ta-

51 S5
KHM 00pa30M, HCKOMBIM apryMEHTOM OyIeT - Wrak, arcctg| —— |=—.

J3) 6

Ucxons u3 obiiero mnpaBuiia MOCTpoeHHs rpaduka oOpaTHON (PYHKIUH,
3HAa€M, YTO OH JOJDKEH OBITh CUMMETPUYEH C TpadUKOM OCHOBHOU (GyHKIIUU
otHocuTenbHO Ouccektpuckl | u Il koopaunaTHeix yrios. [losTomy ans dpar-
MeHTa rpaduka QpyHKuEE y = Ctg x, rae X €(0;7) moCTpOMM CHMMETPHUIHO eMy

OTHOCHUTEJIBHO MPsIMOM Y=X npyroi rpaduk (cM. Puc. 2.4.2). 3to u Oyzaer rpa-
buk GhyHKIIMU Y = arcctg X.

Puc.2.4.2

69



[llmapa IT

Paccmotpum emé onuH crocod mosydeHus apKkoTaHTeHca. B aTom ciy-
yae HaJl0 TIOMEHSTh POJISIMU apTyMEHT U (DYHKIIMIO B 3aITUCH ) = Clg x.
Takum o6pazom, TOTyduM
X =Ctgy,
rae O<y<z,a —o0o<X<+o0.
3ateM TpeOyeTrcs BbIpa3uTh Y uepe3 X. C yuéToM paHee CKa3aHHOIo, Oue-
BUJHO, YTO Y = arcctg X.
3aMeTHM, 9TO BBIpaKEHHE arcCtg X UMeeT CMBICI IIPH JIFOOBIX 3HAUCHUSX
X. B cBSI3U ¢ 3TUM CTAaHOBHUTCS OYEBHUIHBIM CBOHCTBO
ctg(arcctg x) =x, XeR. (2.4.1)
CpoiicTBa (QyHKIMH Y =arcctgX BBITEKAIOT U3 COOTBETCTBYIOIIUX
cBO#CTB (yHKIMK y = Ctg x Ha nurtepane (0;7) u BuaHbI U3 rpaduka (Puc.
2.4.2):
1) D(y) =(—o0;+);
2) E(y) = (0;m);
3)  OyHKOM HU HeYeTHas, HU HeueTHas. JIJi1 He€ BBIOIHSICTCS COOT-
HOIIICHHE
arcctg(—x) = z —arcctgx; (2.4.2)
4) OyHKIUSA HE SBISICTCS EPHONICCKOM;
5) ®yHKIMS MOJOXKUTEIIbHA IIPH BCEX 3HAYCHUSIX apTyMEHTa,;
6)  ®dyHkumsa He UMeeT HyJieH (T.e. rpaduk QYHKIMU HE TIepeceKaeTCs
C OCBIO a0CIHCC);

7) B oOnactu onpeneneHus GyHKINS ABISCTCS YOBIBAOIICH;
8)  Haumenbimero u HauOOIBIIETO 3HAYCHHS (DYHKIUS HE UMEET;

T
9) TI'paduk QyHKIMH CUMMETPHUYEH OTHOCUTEIBHO TOYKH (O;Ej ;

10) TIIpu X—>—00 3HaueHHs (yHKIUH Y =arcctgXacUMITOTHYECKH

npubamxkaroTcd K yuciy 0, a npu X — 400 e€ 3HaueHHs cTpeMsaTca K 77 . Takum
obpazom, mpsimpie Y =0 u Y =7 SBIAIOTCS TOPU30HTAIBHBIMU ACHMIITOTAMH

1151 Tpaduka GyHKIMM Y = arcctg X.
I'padux pyHKIIME cXeMaTUYIHO TIpeAcTaBieH Ha Puc. 2.4.3.

Puc.2.4.3
70



[maBa IT

Jameuanue. OyHKIUN aApPKCUHYC, APKKOCUHYC, apKTAHT€HC U apKKOTaH-
T'€HC MPUHATO HA3bIBATh APKPYHKUUAMU.

§ 2.5. 3nauenua mpuzonomempuueckux ynkuuil om apKQyHKyui

Tpuronomerpudeckue GyHKIIMH OT OJHOTO U TOTO K€ apryMeHTa BbIpa-
KAKOTCS AIreOpanyecku OJHa Yepe3 APYrylo, MO3TOMY B PE3yJIbTaTe BBIIOJIHE-
HUSl KaKOM-TMOO0 TPUTOHOMETPUUYECKOM omepanuu Haj JI000H u3 apKQpyHKIIHA
OyJIeT Moay4daThCs anredpandyeckoe BhIpaKeHUE.

CHauasna HallOMHHUM YK€ YCTaHOBJIEHHBIE paHEE COOTHOIICHMUS:

sin(arcsinx)=x, |x/<1. (cM. popmymy 2.1.1)
cos(arccosx)=x, |x|<1. (cM. popmyary 2.2.1)
tg(arctg x) =x, xeR. (cM. Gpopmyiy 2.3.1)
ctg(arcctg x) =x, XeR. (cM. popmyiy 2.4.1)

Bbynem moncraBiATh Tenepbh HA MECTO apryMEHTa TPUTOHOMETPHUYECKOU
dbyHKIIMU He 00paTHYIO el ke (PpyHkuuio, a Apyrue apkpynkuuu. B pesynabrare
IIOJIYYHMM LIEMIOYKY BECbMa HHTEPECHBIX COOTHOLIECHUM.

Cuauvasia HaiiieM pe3ynbTaT YIPOLIEHNS BBIPAKECHUS Sin(arccos x) .

ITo OIPEAEIICHUIO apKKOCHHYCa O<arccosx<r, [IOTOMY
sin (arccos x) >0 u, UCIOIB3ysd OCHOBHOE TPUIOHOMETPUUYECKOE TOXKIECTBO,

MOXXEM 3aIlucarTb

sin(arccosx) = |sin(arccos x)| = \/1— cos? (arccosx) = \/1— X° .

[Tpu 3TOM SICHO, YTO 3TO COOTHOLICHWE UMEET CMBICI JIUIIb NP BBITIOJI-
HeHuH ycioBus | X | < 1.

[ToncTaBuM Temeph HA MECTO apryMEHTa TPUTOHOMETPUYECKOH (yHKIIHH
BhIpOKEHUE A IClg X, T.e. MBI OyZIeM HMCKaTh PE3yJIbTaT YIPOIICHUS BhIPAKCHUS

sin(arctg x).
CoriacHo ONpCACIICHUTIO ApPKTaHI'CHCA MOXEM 3armcaThb

T T
_E <arctgx < E CHavasia yCTaHOBHM CBSI3b MEXIY CHHYCOM M TaHTE€HCOM.

J11st 3TOTO BOCHOIB3yeMCsl U3BeCTHOM opmyrioit (1.2.8):

2
l1+ctg’a =———.
SIn" o«

O4eBHIHO, YTO KOTAaHTEHC MOXHO JIETKO 3aMEHUTh Ha TaHTEHC, W JTa
dbopmyra npuMeT BUJT

1 1
1+ — =
t0°a sSIN“«a
OTtkyna 1+tg’a 1

tg’a  sina
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Hanee
2
sin“q = tgozc WA |Sina|:|tg—a|2.
1+t9°a «fl+tg o

VYuuthiBas TOT (akT, 4TO B MPaBOM MOIYIUIOCKOCTH KOOPJAUHATHOM TI0C-
koctu XOY CHHYC M TaHT€HC UMEIOT OJJMHAKOBBIE 3HAKU, TO OKOHYATEJIbHO MO-
JTy4aeMm

: tg(arctg X X
sin(arctg x)= g(arctgx) = :
\j1+tg2(arctg X) J1+ %2
3amMeHum TCIICPb APKTAHTCHC Ha APKKOTAHI'CHC, T.C. 6y,Z[eM HCKaTb pPC-
3yJIBTAT yNMPOLICHHs BRIpaXKeHHs Sin(arcctg ).

[lo  ompemeneHWio  apKKOTaHTE€HCAa  MOXEM  3alucaTh,  4TO
O<arcctgx<z. W3 dopmynst (1.2.8) HEMOCPENCTBEHHO BHITEKAET, YTO
1

lsina| = ———.
J1+ctg’e
B takom ciydae nosydaem, 4to
i 1 1
sin(arcctg x) = = .
\/1+ ctg” (arcctg x) J1+ %2
[Mepeiiném Temepb K pacCCMOTPEHHIO BOMPOCA, KACAIOIIEroCs CBSI3U (YHK-

MU KOCUHYC C apKPYHKIUAMH, UCKITIOYAsl CITydaid apKKOCHHYCA.
Cradana ycTaHOBUM (hOpMyITy JUIsl BBIpaXKeHHS COS(arcsinx).

N3BeCcTHO, YTO KOCUHYC MOKET OBITh BRIPAKEH Uepe3 CUHYC Mo GopmyIie

cosa =+\1-sin’a .

[Tonoxxum B 3TOM (hopMmysie ¢ =arcsinx, oyaem umMeTh SiNQ =X, cieo-
BaTEJIBHO, TOJIYYHM:
cos(arcsinx)=+v1-x* .
BeisicHuMm Tenepp, Kakol M3 3HAKOB JIOJIKEH
OBITH B3ST IEpea 3HAKOM pajaukaia. M3BecTHO, 4TO

. T
KOCHUHYC JIYI'H, 3aKJIOYEHHON Ha OTpe3Ke [_E;_]

2

IMOJIOKUTCIICH WJIM PAaBCH HYJIIO, a TAK KaK

T . T
——<arcsinx < —,
2 2

TO IIE€pe] paJuKaIoM CIIENYeT OCTaBUTh 3HAK +.
23,
Urak, Puc. 2.5.1

cos(arcsinx)=v1-x*, mpn ~1<x <1.

IlonydyeHHOMY pe3ynbTaTy MOYKHO JaTh I€OMETPUYECKOE TOJIKOBAHHUE.
PaccMOTpuM TpUTOHOMETPUUECKUUKPYT (paguyc cuuTaemM paBHbIM 1, Puc.
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2.5.1). Hucno x ecth BeIWYKMHA JIMHUK cuHyca BBy yria AOB=arcsinx. Benuuu-

Ha otpe3ka OBy, ecTb 3HaueHue kocunyca yria AOB:
cos AOB = OB,.
ITo Teopeme Iudaropa momygaem, 4To

OB, =1-BB? =1-%?,

OTKyJa

cos( AOB) = \/1— cos” (arccosx) = J1-x2.
[ToruepkHEM MHTEPECHBIN HIOAHC, OKA3AJIOCh YTO
sin(arccos x) = cos(arcsinx) = Ny
HO TIPH yCJIOBHH, 9TO | X | < 1.
Jlanee Oynem uckaTh 3HAUCHHUE BBIPAKEHUS Cos(arctg X). Mo0>KHO BBICKa-

3aTh NPEIIOI0KEHHE, YTO PE3YNIbTAT JOKEH COBIACTD C YK€ U3BECTHBIM HaM
pesynbTaToM ams sin(arcctg x).

. T T 1
JleficTBUTENBHO, TaK Kak —— <arctgX<—, a \cos a‘ =~ Tlo-
2 2 A /1 +t9°a
cienHsst popMylia HEOCPEACTBEHHO BbhITeKaeT u3 ¢popmysl (1.2.7). Torna
1 1
cos(arctg x) = ‘cos(arctg x)‘ = = .
\/1+ tg® (arctgx) N
[TomydeHHBI pPe3yabTaT MOJHOCTBHIO MOATBEPKAAET PAHEE BBICKA3aHHOE
MPENOIOKEHNE O TOM, YTO

cos(arctg x) =sin(arcctg x) = 1 .
V1+ G

B cBowo ouepenpb, crneays yCTAaHOBJICHHOW aHAJOTHUU B ATUX (POpMyIiax,
MOYKHO YTBEPKAATh, YTO

cos(arcctg x) == X
N

3Hast 3Ty 0COOCHHOCTH (hOPMYJI, TO3BOJISIONIMX HAXOAUTh 3HAUCHUS TPU-
TOHOMETPUYECKUX (GYHKIUNA OT apKOYHKIHM, JTOCTATOYHO TENeph MOIYYUTH
dbopMyIIbl 411 TaHTEHCa OT apK(PYHKIUI U ganee 0000IUTh UX JJI CiIydasi KO-
TaHTeHCa OT apK(PYHKITHH.

Haiinem Teneps 3HaueHUE BbIpakeHUs tg (arCSin X) :

tg (arcsinx) = S|n(arCS|_n X) __x
cos(arcsinx) f1_ x2

Janee

tg (arccos x) sin(arccosx)  \1—x2
J - cos(arccosx)  x
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B zakmouenne Haiizem tg(arcctgx):

tg(arcctgx) =

1

ctg (arcctgx)

1

X

CobepéM Teneph Bce MOJMYYCHHBIC PE3YNIbTATHI, CIEIaB COOTBETCTBYIO-
e o000IIeHus, B Ta0IUIly. YKaxeM B 3TOM TaOiuIle 0071acTh MPUMEHUMOCTH
K101 UX HOpMYIL.

Taonuya Ne 3. Bortuucienue 3naueHuilt mpuzoHomMempuiueckKux Qynkyui

om 00pamHbLIX MPUSOHOMEMPUUECKUX PYHKYUIL

a = arcsin x a = arccosx a =arctg X | a = arcctg X
sin X 1
% 1-x2, NIED'G J1+ x?
x e[-11]
xe[-11]
cosa - X, 1 .
xe[-11] xe[-11] V14 X2 V14 X2
X 1-x? 1
1— x2 ! X ) X’
t
o X <1 0<|x<1 X x#0
1-x? X 1
a9« x o X X
0<|x <1 X <1 x#0

[Ipu pemennn 3ama4, OTHOCAUIUXCS K HAXOXKIACHUIO 3HAYCHUN TPUTOHO-
MeTpUYeCKuX (YHKIMA OT apKyHKIIUNA, B MPOIIECCE MTPOMEKYTOUHBIX MPeood-
pa30BaHUl MOTYT MCIIOJB30BAThCSI CBOMCTBA OOpPATHBIX TPUTOHOMETPHUUECKUX
byHKIMA, GOpMYIBI MPUBEICHUS, CBOMCTBA YETHOCTH W HEUETHOCTH COOTBET-
CTBYIOIIMX TPUTOHOMETPUUICCKUX (DYHKIIHH, (POPMYIBI IIOJIOBUHHOTO, TBOMHOTO
U TPOWHOTO apTryMEHTOB, MPOCTEHIIINE TPUTOHOMETPUUICCKHUE TOXKACCTBA, (Hop-
MYJIBI CJIOKEHUS U T.I1.

PaccMoTpuM HECKOIBKO IPUMEPOB.
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IIpumep 2.5.1. Beruncnuts Ctg [arccos (—%D :

Pemenue. ITo CBOWCTBY byHKIIH ApKKOCHUHYC

1 1 . 1
arccos(—gj =T — arccosé . BBGIICM 0603H&‘16HI/IC, HYCTI: o= arccosé )

ac (O%) Torna

1
3 2
ctg (arccos(—ljj =ctg(7 —a)=—ctga =—ctg (arccos l) =3 - 2
3 3 1_ ( 1 )2 4
3
Otger: _N2 .
4
12
IIpumep 2.5.2. Beruuciauts tg 2arCCOSE :
12 V4
Pemnrenue. Iomoxum o =arccos—, a | 0;— |.
13 2
12 ot 2tg (arccos gj
B takom ciyudae tg (2 arccos 1—) =1g2a = 902(
3 1-tg%a 142 (arccos}
2
1-(%) _s
Haxops ¢ momosto Tadbmuiel tg| arccos— |= = —, OKOHYATEIIbHO
13 % 12
2. 5 5 120 120
noyiyvaem, 4to tg (2 arCCOSEj =192a = 12 5 = 1?9 = % =—
13 _ % ) a1 119
OtBer: %
119°

Mpumep 2.5.3. Haiitu sin(3arctg2).
Pemenue. Bocnionbs3zyemcs hopmylioi cuHyca TpOHHOTO yTJiia
sin3a =3sina —4sin*a.

Va
YuutsiBas, 4To yroa arctg2 e (O;Ej , a 9To o3Hauvaer, yro arctg2>0. Torma ¢

MTOMOILBIO TAOJHUIIBI CHAYaJIa HaaéM Sin (arctg 2) :

x/1+22 \/_
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3
. 2 2 6 32 30-32 2 2./5
sin(3arctg2)=3-—=-4:| = | =—F=- = =— —_ .
( 92) J5 (\/ﬁj J5 5/5 55 55 25
2./5

OtBeT: —.
25

Ilpumep 2.5.4. PacnonoxuTe B TMOpSAIKE BO3pacTaHUs CJACAYIOIIUE YHC-

.1
J1a: arccos 1 , arcsin — arccosg, arccos 1 , arcctg§, arctg 1 :
5 3 3 2 6 4

1 1
Pemenune. Yucna aI’CCOS(—Ej u arCCOS(—Ej MIPUHAJIE)KAT UHTEPBAITY

T 1 1
E,ﬂ' , Ha KOTOpPOM QapKKOCHHYC Y6LIBaCT. Tak Kkak —g >—-—, TO

2
T 1 1
— < arccos| —— (<arccos| —— |[<r.
2 ( 5) ( 2)

1 T
Hucno arctg (_Zj HaxXOJUTCS B MHTEpBaJe (—E;Oj, TOT/Ia TOTy4YaeM,
T 1
yTo—— < arctg| —— |<0.
2 ( 4J

V4
OcraBmecss Tpyu 4uWclia MPUHAMIEKAT HHTEPBATLY (0; E) Uto0b1 ux
CpPaBHUTb, HAIIEM, HAIIPUMEDP, CUHYChI 3TUX YHCEIL:

( .1}1_.( 2)%_.( 5) 6
sin| arcsin— |=—, SIN| arcCos— |=——, SIn arcctg— =—.
3) 3 3) 3 6) 61

/4
N3BecTHO, YTO HA WHTEpBaye (O; Ej apKCMHYC MOHOTOHHO Bo3pactaer. [lo-

N3

1 6 .1 2 S &
CKOJIBKY — <—— <—=, To 0 <arcsin— <arccos— <arcctg - <—.
3 3 3 6 2

3 61

1 .1 2 5 1 1
Ortser. arctg| —— |, arcsin -, arccos—, arcctg—, arccos| —— |, arccos| —— |.
4 3 3 6 5 2

§ 2.6. Coomnouwenun mexcoy apk@pynkuyuamu
[Tomyyum CcBOWCTBa, JEMOHCTPUPYIOIIHNE CBS3M MEXAY CAMHUMHU apK-

¢bynkuusimu.  IlepBoe W3 HHUX 3aTparuBaer, HampuMmep, JABE (QYHKIHH
y=arcsinx u y =arccosx:
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@® Cymma apkcumyca u apkKOCUHyca OOHO20 U MO20 e ap2yMeHmd,

T
ydoeﬂemeopﬂmmeeo ycuoeuro ‘X‘ < 1, ecmb eeiudurRa NOCMOsIRHAA, pa@Ha}Z? .

Taxum o6pa30M, CIIpaBCAJINBO TOXKICCTBO
. T
arcsmx+arccosx:5, x| <1. (2.6.1)

Jlist mokazaTenbCcTBa ATOro (hakTa MPUMEHUM METO]I YaCTHBIX 3HAUEHUHU.
3anoJHUM CJEeIYIOUTYI0 TabJIuILy.

X arcsin x arccos X arcsin x + arccos x
1 _I - T
2 2
J3 oz 57 n
2 3 6 2
V2 _E 3n n
2 4 4 2
05 _x 2n T
6 3 2
0 0 n T
2 2
05 i n n
6 3 2
V2 n L n
2 4 4 2
J3 n n T
2 3 6 2
1 T 0 T
2 2

3nauenus pynxyuu 3nauenus ynxyuu Cymna ocmaemes

Bwvisoo | eospacmarom npu uz- | yoviearom npu uzme- .
NOCMOAHHOU
meneruu X om —1 0o 1 | uenuu X om —1 0o 1

Teneps npuBeéM OoJiee MOJIHOE JT0OKa3aTeaIbCTBO (hopmysl (2.6.1).
Bocmonb3yemcs cHavdana GopMyiaMu IPUBEICHUS:

(7 7T :
sin| = —¢ |=cosg; cos| =—¢ |=sing.
(5-)-esren{5-0)
[Tonoxxum @ =arcsinx, rorna umeem SiN@ = X.

V4
VYcTaHoBUM Temephb, Ha KAKOM OTPE3KE PACOJIOKEHA IyTa — — (.
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T T T
Tak kak —— <@<—,10 0<——0@< 7.
2-7773 2 7

T T : .
Urak, nyra 57 Q= 57 arcsin X uMeeT KOCUHYC, PaBHBIM X, U pacroyio-

keHa Ha otpeske [0;7]. Ho 1o ompezeneHnio apkKOCHHyca eAMHCTBEHHAs 1yra
Ha oTpeske [0; 7], nMeromtas KOCHHYC, PaBHbIif X, ecTh arCCOSX.
CnemgoBaTenbHO,

T .
5 arcsinx = arccosx,
OTKYyJa:
. T
arcsinX +arccos X = e x| <1, wr.

Ha Puc. 2.6.1 naHo reomMeTpuyecKoe MOSICHEHUE JOKa3aHHON (pOpMyIbl
(2.6.1) nns cmyyaeB X> 0 u X< 0.

rccos x
arccos x
arcsin x
\ arcsin x
x>0 r<(0
Puc. 2.6.1
@ CyMMa apKniaHeeHca U apKKomaHeenca OaHOZO u moceo aiee apcymeHn-

/4
ma (npu mobom 3navenuu X), ecmo eIUYUHA NOCMOSIHHAS, paeﬂaﬂa .

Takum 006pazom, CripaBeIIMBO TOKICCTBO
arctgx + arcctgx = % . (2.6.2)

®opmyibl (2.6.1) u (2.6.2) npUHATO HA3bIBATH COOMHOUIEHUAMU MENHCOY
apK@yHKyuamu nepeozo pooa.

CooTHOIIIEHUSI BTOPOTO pojia MEXAY apKPYHKIUAMH MOJTY4arOTCs HEMo-
CPEIICTBEHHO U3 (HOPMYJI, UMEIOIIHNX MECTO MEXKIy 3HAUYCHUSIMUA TPUTOHOMETPH-
YeCKUX (PYHKIIUH OJTHOTO U TOTO K€ apryMEHTa.

PaccMOTprM HECKOJIBKO YaCTHBIX TPUMEPOB.

1) Mei 3HaeM, 4To

.1 3
alrCSiIN—=— u arccos — =
2 6 2

oY
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CJICOOBATCIIBHO,

B3

.1
arcsin—=arccos—.
2 2

U3 IMPUBCACHHOI'O IIPUMCPpAa Mbl BHIHUM, YTO AAdHHAA AYyra MOKCT OBITH
IMpCACTAaBJICHA KaK dApKCUHYC H KaK apKKOCHHYC PA3JIMYHBIX API'YMCHTOB.
2) CI/ITyaHHH HU3MCHUTC:A, CCJIN MBI 3aXOTHUM IIPCACTABUTL B BUAC aAPK-

KOCHHYCa AyTY
) ( 1) T

arcsin| - — [=——.

2 6

B camom nene, arcCOSX He MOXXET MMETh OTPUIATEIIbHBIX 3HAYEHUM, TaK
kak (0 <arccosx <) u Mo3TOMYy HH IPH KAKOM 3HAYCHHH X HE MOXKET UMETh
MECTO PaBEHCTBO

: 1
arcsm(—zj =arccosx.

. 1
Bripaszuth ayry arcsm(—zj yepe3 apKKOCUHYC MOKHO CIEAYIOmUM o0pa-

30M:
a) IIPUHAB BO BHUMAHHC HEYETHOCTD dPKCHHYCAa, MOJKHO 3alluCaTh

: ( 1] .1
arcsin| —= |=—arcsin=
2 2

0) y4UTBIBasl BBIKJIAJIKH ITYHKTA 1), MOKE€M KOHCTaTUPOBATh, UTO

B

arcsin —1 = —arccos —.
[ o

B3

1 1 .
3) arccos| —= |=x —arccos= = —arcsin—.
2 2 2

PaccmoTpum B 0011eM BUJE BOIPOC O MpeoOpa3oBaHUU OJTHOM apKPyHK-
UM B Apyryro. PaccMOTpuM CHauana Kakyroo-HUOYIb Mapy apk@yHkyui, sHave-
HUsl KOMOPBIX 3aKA0UEHbl 8 OOHUX U mex dice npomedxcymkax. Jljis onpenenex-
HOCTH BO3bMEM arcsSinx um arctgx. 3naueHust o0enx 3TuX QYHKIUHA 3aKITFOUCHBI

T T
B UHTEPBAJE OT _EHO > B 3TOM IPOMEXKYTKE Ayra BIOJIHE OIPEIEICHA, €CIn

3aJaHO 3HaueHue e€ TaHTeHca wim cunyca. [lycte y =arcsinx, torma

X
ﬁ’ X <1 (2.6.3)

tg(arcsinx) =
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X
Hyra arctg ﬁ, [0 ONPEIEIICHUIO0 apKTAaHI€HCa, UMEET TAHT€HC, PaB-
—X

o X T
HBbIl ———, ! PacloJI0)KeHa B UHTEPBAIEC | ——,— |.
V1-x? 22

B cuny dopmyier (2.6.3) myra arcsSinX mMeer TOT K€ TaHT€HC U PacIolio-
T

JKEHa B TOM K€ HHTEpBaJIe (—E ; Ej . OTcro/1a MoIy9aeM TOXKIECTBO:
. X
arcsinx =arctg ——, (2.6.4)
V1-x
UMEIOIIEe MECTO MPH BCEX 3HAYCHHSX X, IO a0COJIOTHOW BEIIMYUHE MEHBIIHAX
eauHHUIBI (eciu |X|>1, TO BBIpOKCHHUS, CTOSIIIE B NIPABON U JIEBOI 4acTsX pa-
BeHcTBa (2.6.4) Tepstor cmbici). CooTHomieHue (2.6.4) SBISETCS CIIEICTBHEM

(bopMyITbI, BEIpAXKAIOIIEH TAHTEHC Yepe3 CUHYC.
[TonoGHBIM k€ 00pa30M U3 paBEeHCTBA

. X
sin(arctg x) = ———,
1+ x?

BBITCKACT TOXICCTBO

arctgx = arcsinL2 : (2.6.5)
V14X
CIIpaBCAJIMBOC IIPH BCCX I[@ﬁCTBI/IT@JIBHBIX 3HAUYCHUIX X.

AHanoOru4HoO Hpeo6pa3yeTc;1 APKKOCHMHYC B ApKKOTAHI'CHC. B HHTCPBAJIC
(O; 7z) Jlyra BIIOJIHE OIpPENCIIsIETC 3aJaHheM KOCHHYyCa WJIM KOTaHI'CHca, I10-

3TOMY U3 PABEHCTB:
X X
cos(arcctg X) = ———— uctg(arccosx) = ———
1+ % 1-—x?
CICAYIOT TOXACCTBA:

arcctg x =arccos M arccosx=arcctg

X X
14X N (260)
[TonoxeHue nen CymecTBEHHO M3MEHUTCA, €CIM MOoTpedyeTcs: nmpeodpa-
30BaTh OAHY apK(YHKIMIO B JIPYTyI0, 3HAYEHUs KOTOPBIX COJEP)KATCS B pas-
JMYHBIX MPOMEXKYTKaX. bynem npeoOpa3oBsiBaTh PYHKIHMIO Y =arcsinX B apk-

kocunyc. Ha otpeske [0;1] mmeem

. T
O<arcsinx<—.

Jlyra Y nMeeT KOCHHYC, paBHbIH \/1— X* | i 03TOMY
arcsinx = arccosy1—x? . (2.6.7)
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T .
Ecin  xe[-1,0], 7o - <arcsinx<0, s QyHKIMH  Ke
arccosv1— x? umeeM
0<arccosyl-x*<r.

OTtcrofia BUAHO, YTO TIPHU OTPUIIATEIBHBIX 3HAYEHUSX X paBeHCTBO (2.6.7)

; 2
BBITIOJTHATHCS] HE MOXKET, TaK Kak JIyrd arcsinX m arccosy1l—x° pacrmonoxeHbl
B Pa3JIMYHBIX NPOMEXKYTKax. B caMOM nene, npu OTPULIATENBHBIX 3HAYEHUAX X

Jyra arcsinX 3akodyeHa B 4eTBEPTOil YeTBepTH, a Ayra arccosy1—x* saxmo-
YeHa B nepBoﬁ YEeTBEPTH, TaK KaKk apryMEHT apKKOCHMHYyca e€CTh apupmMeTruye-

CKUi KOPCHb 1 X , T.C. YU CJIO ITOJIOKUTCIBHOC.

oresin g = .
arecas Vi-a2

§=x2

\\\\
& UISILD

>0 X<o
Puc. 2.6.2
Pacnonosxenne paccMaTpuBaeMbIX IyT MOsiCHEHO Ha Puc. 2.6.2.
[Ipu oTpHIIaTEIBLHBIX 3HAYECHUAX X UMEEM:
X<0, orkyna —x>0u

arcsinx = —arcsin(—x) =—arccosv1-x* .

arccos/1— x2, x e[0:1],

arcsinx = (2.6.8)

—arccosy1-x%,xe [-1;0].

AHaJOrMYHBIM 06p8,30M MOXKHO IT10Ka3aThb, UTO

arcsiny1-x*,xe[0;1],

arccosx = (2.6.9)

r—arcsinyl—x%,xe [-1;0].

Hraxk,

Hainee:

arctgx = (2.6.10)
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f 2
arctg 1-x ,0<x<1,
arccos x = X (2.6.11)
/ 2
m+arctg 1-X ,—1<x<0.
X

CHGI[Y?I MCTOAY, BBIABJICHHOMY Ha PaCCMOTPCHHBIX PAHCC CUTyalUAX,
MOJXHO YCTAHOBHUTD CITPABCAJIMBOCTD CICAYIOIUX PAaBCHCTRB!

arcctgl,x >0,

arctgx = X (2.6.12)
1
arcctg——7,x<0.
X
2
arcctg 1-x ,xe(01],
arcsinx = X (2.6.13)
f 2
arcctg 1-x - ,xe[-1,0).
X
arcsin L , x>0,
arcctgx = L+ ); (2.6.14)
7T —arcsin ,X<0
L 1+ X
1
arctg—, x>0,
arcctgx = X (2.6.15)

arctgl+7z,x<0.
X

Ipumep 2.6.1. Beipasuts arcctg(—2) uepes apKTaHreHc.
Perrenne. Bripa3suM cHauama depe3 apKTaHTeHC Yucio arcctg 2, aeicrpys
10 U3BECTHOM CXEME:

1 1
t tg2)= =—,
g(arcetg2) ctg(arcctg2) 2

1
arcctg 2 =arctg > (Mo ompeeIeHUI0 apKTaHTeHCa).
1
Temeps BbIpasum arcctg(—2)= 7z —arcctg 2 = 7 —arctg >

OtBerT: 7 —arctg % :

3ameuanue. ®opmyinl (2.6.4) — (2.6.15) npuHATO Ha3bBIBATH COOMHOULE-
HUAMU MeHcoy apKOYHKYUIMu 6Mopozo pooa.
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§ 2.7. @opmynsl cymmel u paznocmu apr@yukuyuil

BecbpMma HHTCPCCHBI 3aada4U, B YCIOBHA KOTOPBIX BXOAAT BBIPAKCHUA, 3ad-
MMCAaHHBIE B BUJIC CYMMBI (Pa3HOCTH) OOpPATHBIX TPUTOHOMETPUUECKUX (YHK-
IlI/Iﬁ. PaCCMOTpI/IM l'IpI/IéMBI U MCTOIbI, ITO3BOJLAOINHUC PCIIATH 3adda4U TAKOI'O
IJ1aHa.

IIpumep 2.7.1. Hatitu arctg 1 + arctg 2 + arctg 3.

Pemenue. B

N306pa3um tpeyronmpauk ABC Ha kneTdaroit Oymare
(pa3mep kinetku 1x1) Tak, uto0b1 £ BAM = arctg 3,
ZCAN = arctg 2, ZBAC = arctg1 (£BAC — octpsrii C
yroa NpsIMOYTOJIbHOTO PaBHOOEAPEHHOIO TPEyroidbHUKA
ABC).

Torna, oueBUHO, YTO
arctgl+arctg2+arctg3=r.
Otser: 7. M B | N

. 1
Ipumep 2.7.2. Hantu arctg c +arctg 3 Puc. 2.7.1
Pemenne (1 croco6).
1 T 2 N1 1 2 ]
Tak kak arctg=e| 0;= |u arctg= €| 0;= |, To arctg=+arctg—<(0;7).
5 2 3 2 5 3

Hcnonb3yst CBsA3b TaHTE€HCA W KOTAHTEHCa, a Takxke (OopMylly TaHTeHca
CyMMBI, MOKEM HAUTH

ctg (arctg 1 +arctg Z} = 1 =
5 3

tg (arctg ; +arctg gj

B
k\
N 1 2
1\ 4D C 1-tg (arctg j~tg (arctg j .12
%l / tg (arctg 1j +1g (arctg 2) 1,2
~/ 5 3 53

V 13 MoHOTOHHOCTH KoTaHreHca Ha (0;7) criemyer, 4to

A

Puc. 2.7.2

1 2
ctg| arctg— + arctg— |=1.
9( 95 93j

1 2
Torma arctg— + arctg—=—.
T artg e 937%

Pemenne (2 crmoco0).
Hcnonp3yem Puc. 2.7.2, Ha KOTOPOM U300pa’keH paBHOOEAPECHHBIN MPSMO-
yroJyibHbIi TpeyroasHuk ABC.

Kpowme Toro, nycts £ BAD = arcctg 5= arctg%, ZCAD = arctg %
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SAcuo, uto ZBAC =/BAD + ZCAD — yroa npu OCHOBaHUU PaBHOOE/I-

T
PEHHOTO MPSIMOYTOJILHOTO TpeyroiabHuka. 3HaunT, / BAC = 1

T
OrtBeT: —.
4

OpaHako CyIliecTByeT ell€ OJuH Croco0, MO3BOJIAIONIMMN peliaTh 3aja4uu Ta-
koro riaHa. OCHOBaH OH Ha MPUMEHEHUU (OpPMYJ, KOTOphIE JAIOT BO3MOXK-
HOCTbH TMPEJICTAaBUTh CYMMY JIBYX (MJIM HECKOJBKUX) apK(OYHKIUN TPU TTOMOIIIH
0001 13 apKYHKITUH.

Paccmotpum psan Hanbosee 9acTo BCTPEUAIOIINXCS CITy9aceB.

Paccmorpum cymmy
y=arcsinx+arcsiny

(rze |x|<1u |y|<1).
Beraucium Siny :
siny =sin(arcsinx +arcsiny)=sin(arcsinx)-cos(arcsiny)+

+cos(arcsinx)-sin(arcsiny)=x- Y-y +y-A1-x2.
Ortcroja emé Heab3s 3aKJIF0YUTh, YTO
y= arcsin(x -y +y1-x2 ) :
B camom AcJIC, AyIru

arcsinx +arcsiny=y u y’:arcsin(x-«/l— y* + y-\/l—xz)

MOT'YT OKa3aTbCs PaCllOJOXKCHHBIMU B PA3JIMYHBIX ITIPOMCIKYTKAX.

Hyra y':arcsin(x-a/l— Yo +y-1- XZ) IPA BCEX 3HAYEHHUSX X U Y 3a-

2
JInst 3HaYEHUS IyTH ¥ BO3MOYKHBI CIICIYIOIIUE TPU CITydas.

T
KIIFOYCHA Ha OTPEC3KC ‘:—E ,—j| .

T T
Cayuan I. ——<y<—,
y 2 =725

Enu yucna X ¥y pa3HbIX 3HAKOB UJIU XOTsI ObI OJTHO U3 HUX PAaBHO HYJIIO, TO
MMEET MECTO ciryvaii .
Tak mpu 0<X<1u —1<x<0 umeem:

. T T .
O<arcsinx<— u -—<arcsiny <0,
2 2
OTKyJ1a

2 2
Ecmu mpu X >0, Y >0 umeer mecto ciay4aii I, To
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i : V2
y=arcsinx+arcsiny < E ,
OTKyJia
i T :
arcsinx < E-arcsm y <arccosy.

CrnenoBaTenbHO (B CHIIY BO3pacTaHUs CHHYCa B IIEPBOM UETBEPTH),
sin(arcsinx) < sin(arccosy),

x<Jl-y? m X2 +y* <1,

AHanmoru4Ho mokaseiBaeTcs, uyto eciu nmpu X <0, Y <0umeer mecto ciy-

NI

yan I, To
X*+y*<1.

o oo T
Cuayyaii II: 5 <y<r.
B stom ciyyae X >0, Yy>0 u
T : :
E <arcsinx+arcsiny < r,
OTKy/1a
: Vs .
arcsinx>—-arcsiny
¥ (B35B CHHYC OT 00eux yacteil) X* + y* >1.
. T
Caywaii III: —z<y< R
Drot ciyyait umeeT Mmecto pu X<0, Y<O0u
: : V4
—m <arcsinx+arcsiny < —E.
V3MEeHMB 3HAKU HA MPOTHBOIOJIOKHBIE, IIPHXOIUM K IPEABIIYIIEMY CITy4Yaro:
. : T
7z > arcsin(—x)+arcsin(-y) > >

OTKy/Ia
x> +y*>1.
U3 comocTaBiaeHus pe3ybTaToB CIeAyeT, YTO MPH3HAKOM ciydas | mpu
OIMHAKOBBIX O 3HAKY 3HAYEHMSAX apryMeHToB (T.e. mpu Xy >0) moxer ciy-
KUTh HepaBeHCTBO X’ + Yy° <1. Cnyuaii II umeer mecto, eciu X>0, y>0 u

x* +y? >1. Cayuaii III umeer mecto, ecim X<0, Yy<O0u x> +y*>1.
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Hyru y u y'= arcsin(x 1=y +yN1-XP ) UMEIOT OJIMHAKOBBIN CH-
T _ ., T
HYC, HO (110 OIPEICIICHUIO apKCUHYCA) —E <y < E , CJIEIOBATEIILHO:

B caydae I, y =7';

Bcayuae I, y=7—y';

B cayuae I, y=—7—y'.
Hrak, ntMeeM OKOHYATEIIbHO:

arcsin(x-»\/l— y? +y-x/1—x2);xy£0,x2+y2§1
arcsin x +arcsin y= ﬂ—arcsin(x-«/l— Y’ + y-x/1—x2); x>0,y>0,x*+y>>1

_”_arCSi”(X'\ll—yz +Y-\/1—X2);x<0,y<0,x2+y2>1.

Ipumep 2.7.3. Halitu arcsin% + arcsin% .

v

Penienue.

3Y (5Y 9,25 2146
TaK KakK | — +| — 1, TO MOXEM BOCIIOJIB30BaATh-
5 13) " 25 169 4225

Cs IIEPBBIM CIIy4aeM (I)opMyJILI CYMMBI I[ByX apKCI/IHyCOB T.C.

3 25
arcsin— + arcsm— =arcsin - _ =
5 \/ 169 13 \/

312 S5 4
513 13 5

arcsm—

=arcsin
( 65

OrTBerT: arcsinﬁ.
65

N3 hopmynbl CyMMBI IBYX apKCHHYCOB MOYKHO TOJyYUTh (GOPMYITy Ipe-
oOpa3oBaHMsI pa3HOCTH arcsinx-arcsiny. B camom fene, 3Ty pa3HOCTh MOKHO

npeaCTaBuUTh B BUAC CYMMBI
arcsinx+arcsin(-y).

3aMEeHUB Y Ha —Y, MOTYyYHUM:

arcsin(x-«/l— y’ —y-xll—xz);xyzo,x2+yzsl
arcsinx-arcsin y=/ n—arcsin(x-all— y? — y-xll—xz); x>0,y <0,x*+y?>1

—ﬂ—&TCSiﬂ(X- 1-y? —y-\ll—xz);X<0,y>0,X2+y2>1-
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CymmMy arcsinx +arcsiny MOKHO TNpEACTaBUTh NPU TMOMOUIHM JII000M
npyro# apkpyHkiuu. Tak, Hampumep,

arccos(\/l—x2 -\/1— y> —X- y); x>0,y>0

arcsinx + arcsin y=

-arccos(«/l—x2 ~\/1— y> —X- y); x<0,y<0.

AHaJorn4Ho,

arccos(\/l—x2 JL-y? +x- y); X>Y,
arcsinx-arcsiny=

—arccos(\/l— X2 -\/1— Y2+ X- y); X<Y.

B kadecTBe TpPEeHUpPOBKU PEKOMEHIYEM CaMOCTOSITENIBHO YOETUThCS B
CIIPABEJIMBOCTH Cieayromen GopmMyIibl

J1-x2 -\/1— yZ — Xy
J1-x2 -\/1— vi—xy

X 1=y +y-v1-%*

x<0,y<0,x*+y*>1.
J1-x2 - J1-y? —xy

[IpeactaBum 0€3 BBIKIAAOK (POPMYJIBI Il CYMMBI U pa3HOCTH JABYX apK-
KOCHHYCOB.

arctg Xy <0,x° +y°<1

arcsinx +arcsiny=< 7+ arctg x>0,y>0,x*+y*>1

—r +arctg

arccos(x- y—1-x2 -\fl— yz); X+Yy>0,
arccos X + arccos y=

27z-arccos(x- y—V1-%° -\/1—y2); X+ y<0.

anee

—~ arccos(x- y+ 1 X2 -\fl— yz); x>y,
arccos X - arccos y=

arccos(x- y+V1-%° -\/1— y’ ); X<Y.

IIpumep 2.7.4. Haiitu arccosg + arccos% .

Penienue.
3 9
Tak kak ? +ﬁ >0, ToO MOXEM BOCITOJI30BAaThCS MEPBBIM ciiydaeM Gop-

MYJIbI CYMMBI JIBYX aPKKOCUHYCOB, T.€.
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arccos — 3 + arccosi =arccos| —-—— \/ \/
7 11 [7 11 121

=arccos| — i Zﬁ ZF I'CCOS —Y—E = arccos —E =7r—arccosE.
7 11 7 77 77

7

13
OrtBeT: 7 —arccos—.
77

[TpuBeném Tenepb GOpPMYIIBI i CyMMBI M PA3HOCTH JIBYX apKTaHT€HCOB.

arctg X+ ; Xy <1,
arctg x +arctg y=< & +arctg Xty ; x>0, xy >1,
—7 + arctg X+y;x<0,xy>1.
Hanee
arctg —Y. ; Xy > -1,
1+ xy
arctg x-arctg y= 7z+arctg —Y. »x>0,xy<-1,
1+ xy
—7z+arctg —Y. ; X<0,xy<-1.
1+ xy

Bepuémcs emie pa3 k Ilpumepy 2.7.2, B KOTOPOM TpeOOBAIIOCH HAWTH

2 . .
arctgg+ arctgg. [Ipenyiokum TpeTHii Coco0 pelIeHust ATOW 3a7a4u, ONHpa-
IOIIUICS HAa TPUMEHEHHUE (hOPMYJIBI CYMMBI JBYX apKTAHTE€HCOB.
12
Tak kak '3 <1, To Oynem UCIOIB30BaTh MIEPBYIO CTPOKY COOTBETCTBY-

1o1e popmyIsl, T.€.
1 2 142 13 13
arctg c + arctg 3= arctg 15— =arctg 22— i =arctg > =arctgl= Z
5 3 15 15
DTOT pe3yabpTaT MOJHOCTHIO COOTBETCTBYET PAHEE MTOJYYEHHOMY OTBETY.
Crnenyer OTMETUTh, UTO MPEACTABICHHBIMU (hOpMyJIaMU HE OrpaHUYUBa-
€TCA BECh CIICKTP BO3MOKHBIX CIIYUACB. JICHO B TOM, YTO MOKHO paCcCMaTpuBaThb
HE TOJBKO CyMMY U Pa3HOCTh OJIHOMMEHHBIX apK()PyHKIMH, HO U pa3HOMMEH-
HbIX. Tak, HampuMmep, MOXKHO TOJYyYUTHb (OPMYIBI MPEOOPA3OBAHUS CYMMBI

arcsinx +arctg y B 1ro0yro npyryro apkdyHkiuo. Mbel He OyJeM TpoaoKaTh

paccMaTpuBaTh 3TU MPeoOpa3oBaHUs, MoJiaras, YTO MPUEMBI MX BBIMOIHEHUS
YK€ SACHBI.
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Jameuanue.

1) Bce atu dhopmyIibl OKa3pIBalOTCSI BEChbMa IOJIE3HBIMU B TeX CIydasx,
KOTJla TPU PEIICHUHW TPUTOHOMETPUUECKUX YPABHEHHH «METOJOM BEICHUS
BCIIOMOTaTEJILHOT'O YIJjIa», Mbl MTOJIy4aeM 3HAaU€HUE UCKOMOM IMEPEMEHHON B BU-
JIe CYMMBI WM Pa3HOCTH JIUOO apKCHUHYCOB JIBYX YHCEI, JIMOO apKKOCHHYCOB,
IUTIOC COOTBETCTBYIOIIMN nepuoj. X ucnonb3oBaHue MpUBEIET K OoJiee Kpat-
KOM 3aIlMCH OTBETA.

2) Ho mipu pemeHny 4MCIOBBIX MPUMEPOB CIIEIyeT MpuderaTh K APyruM
crioco0aM, Tak Kak 3TH (POPMYJIBI TPOMO3AKH U TPYAHO 3aITOMHUHAIOTCA.

2
Ipumep 2.7.5. Jloka3ats, 4TO arcsin% + arctg % =arctg («/5 +1) :

Pemenne.
Nmeewm:
NI NI

arcsin—=-—, arctg— <—
2 4

J2

/4 .
(Y - <lm arctg7 < arctglzz. CrnenoarenbHo, cyMMa AYT B JIEBOM 4a-

CTH OOKa3bIBACMOI'0 PABCHCTBA 3aKJIFOYCHA B HepBOﬁ YCTBCPTH. B3sB tanreHc
OT JICBOM 49aCTH, II0JIYYHUM

tg (arcsing + arctg g} =1g [% + arctg gj =

C2+42 241 (\E+1)‘(\E+1) 2
o 21 (\/_ )(ﬁﬂ) («/5+1).

OTkyna cneayeT cCupaBellIMBOCTh JI0Ka3bIBAEMOr0 PABEHCTBA.
Ilpumep 2.7.6. Halinute cymmy

\% \‘%

1+
11—

S, =
Pemenue.
bynem paccmaTpuBaTh YaCTUYHBIE CYMMBI:
1
S,=arctg —.
1 g >
1,41 5
S,=arctg = L + arctg 1 arctg —2 JZ “-=arctg-t = arctg Z
2 1-3% 16
2 1
3

S,=S,+arctg %—arctg 2 + arctg i8 =arctg L

=arctg-=> 18 arcth.
1_§ 18 4

54
MOXHO yBUAETh 3aKOHOMEPHOCTh UMCIUTENh KaXJI0W JpOoOM POBHO Ha
SIMHMITY MEHBIIIe 3HAMEHATEISI COOTBETCTBYIOIIECH APOOH.

He BJaBasChb B HOI[p06HOCTI/I, MOXKEM 3aIiucarb, 4TO
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4
S, =arctg 3
5
S; =arctg 5 U Tax jgajee.

n
CnenoBarensHo, S, =arctg—-.
n+1

n
OueBuaHO, YTO MpU N —>00 BEIMYMHA arctg—l cTpeMutcs k arctgl,
n-+
V4
T.e. K —.
4

1 1 1 1 _~x
Uraxk, S, =arctg - +arctg - +arctg — +...+arctg —=—.
: 2 g8 g18 J 2n* 4

§ 2.8. Ocnosnvie obpamnvie mpuzonomempuueckue ynKyuu
om mpuzoHOMempuuecKux QyHKyuil

B srom maparpade MBI MOKaxkeMm, Kak CTpoATcs rpaduku (QyHKIUI:
y=arcsin(sinx), y=arccos(cosx), y=arctg(tgx), y=arcctg(ctgx).

2.8.1. @ynkyus y=arcsin(sinx)

Yto0bI NOCTPOUTH TpadUK ITOW PYHKIMHU, IPEXKIE BCETO, 3aMETUM, YTO B
CHITy IEPUOAMYHOCTU (DYHKLIMU CHHYC paccMaTpuBaeMast (yHKIIHS TaKxKe siBIs-
eTCsl IEPUOUYECKON C MEPUOJIOM 277 .

IToaTOMy [OCTAaTOYHO €€ MCCIEeN0BaTh, HANPUMEpP, Ha IPOMEKYTKE

[ 7[_37[} .
——,7 JUTHHOHN 27T .

2
JUist ynopouieHust JajibHEUIIuX HUCCAeA0BaHUM pa3o0beM 3TO OTPE30K Ha

T T 37 .
JIBE YaCTHU [_E;_} u [57} , Ha Ka)XJI0OM M3 KOTOPBIX CHHYC UMEET CTPOTYIO
MOHOTOHHOCTb, XOTSI M pa3HOT'O XapakTepa.
T
Torma ecimm Xe _E’E , TO TI0O ONpPEICICHHUIO apKCHHYca

. T
arcsin(sinx)=x, T.e. ecin Xe[—E;E}, TO Y=X, W, 3HAYNUT, HA YKA3aHHOM

oTpe3ke rpaduk GyHKIIMH COBIATAET C OMCCEKTPUCOM IMEPBOro0 M TPETHEro KO-
OpJMHATHBIX YTJIOB.
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7w 31 L.
Eciau xe Xe 5,7 , TO B 9TOM ClIy4ae arCSIn(SIn X) = 7T — X, IOCKOJIb-

Ky €CJIM B34Thb CHHYC OT 00enx gacteu MOCJICAHECIO COOTHOIICHUS, TO IIOJIYYHUM,

. ) T . T

4TO sinx =sin(z —x), puYeM —ESaI’CSIn(SInX)SE 1
V4 T (r 3z T 3

——S;r—XSE ESXS— . Takum oOpazom, ecmum Xe 57 , TO

Y =77 — XU ¢ y4€TOM NEPUOUYHOCTHU UCCIETyeMON (PYHKIIMU MOXHO JIETKO I10-
CTpoUTH rpaduk 31oit pynkuuu (cm. Puc. 2.8.1).

Fi

T P
2'“ yznmsurfsm x

Puc. 2.8.1

IIpoieMOHCTPHPYEM Telephb, KaK MOYHO HCIOJIb30BaTh CBOMCTBA 3TOM
(QYHKIMU IpH pELIEHNH 33712,
Hpumep 2.8.1. Beraucauts arCSin(Sin 11).

Pemenune. Ilycth a=arcsin(sin 11). IIo ompeneneHuro apkcuHyca

) i . T T
Sina =sInl1l, rae HOMKHO BBITONHATHCS ABOWHOE HEPABEHCTBO —E <a<—,

2

Ho 37 <11<4r. [losToMy nfisi pemieHus 3a7a4il BOCIIOJIB3YEeMCS CIIETYIOIIeH
. . : i T

LENOYKON paBeHCTB: SiNa =sinll=sin(11-4r), rae yxe 5 <11-47<0.

Takum obpazom, o =11—-4r.

Otset: 11—-4r.

2.8.2. @ynxyus y=arccos(cosx)

Kak u B mpenpinymem ciydae, GyHKIHS, O KOTOPOW HIET pedyb B 3aro-
JIOBKE ITyHKTA, SIBJISCTCS 277 -TIEPUOUIECKON.
PaccMoTpuMm moBeaeHne 53TOH (YHKIIMHM Ha OTpe3Ke [0;27:]. Ecmu

xe[0;z], To mo ompenenenno apkkocuHyca arccos(Cosx)=X u, cefoBa-
TenbHO, Y=X. Ecim ke X€[7;27], T0 arccos(cosx)=2x —X, Tak Kax eciu

B35ITh KOCUHYC OT 00€HMX YacTel 3TOro COOTHOIIEHHUSI, TO COS X = COS(27Z'— X) , U
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npu >toM O0<arccos(cosx )<z, 0<27—x<7z(0<x<x). Orcroma cienyer,
p y

qTO €ClId X € [72'; 27z] , TO Y=27-X u rpaduK 3TOi QYHKIMH JIETKO CTPOUTCS (CM.
Puc. 2.8.2).

YA

ne

1 1 !

-2 - g 4 n i

~¥

Puc. 2.8.2

O
IIpumep 2.8.2. Berauciauthb arccos(cos—j.
O
Pemrenue. Ilonoxum a=arccos COS? . B aTom cnydae no omnpenene-
o O ] .
HUIO apKKOCUHYca COS = COS?. [Tpu 3TOM "HCIIO 5 2 [0,72'] . C nmpyroii cro-

Orx T T
pPOHBI COS— =COS| 7 +— |=—COS—.
8 8 8

T T
CrnenoBatenbHO, o = arccos(—cos ngﬂ— arccos (COS gj =T——==—),
T I I
7 yXKe 5 < ) < 7. Takum oOpazom, o = e

T
OtBeT: —.

2.8.3. @ynkyua y=arctg(tgx)

OO6nactpio ompeneneHus NaHHOW (DYHKIMM SIBIsSETCA OOBEAMHEHUE WH-

Vs T y
TEPBAJIOB (—E + ﬂk;z + ﬂkj, ke Z. DOta ¢pyHKIMS ABISETCSA MEPUOIHUUCCKOM C

T
nepuonom 7. Ilo ompenencHHUI0 apKTaHTeHCAa HAa MHTEPBAJC (—55) crpa-

BEJUTMBO PaBEHCTBO arctg(tgX)=X, OTKyza CIemayer, 4To eclau X e(—%;%),
TO Y=X W Ui mocTpoeHMs rpadrka GyHKIIUN CIACAYeT MOJIYICHHBIA yKe rpa-
(GUK HA IPOMEXKYTKE (—%,%j MPOJIOJKUTh MEPUOJIUYECKH C MEPUOJIOM 7 (CM.
Puc. 2.8.3).
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P y=arcty(tyz)

Puc. 2.8.3

Ipumep 2.8.3. Beruncaute arctg (tg 127”j

127
Pemenue. [lonoxum a=arctg| tg — B sTOoM ciyyae no omnpenesneHuto

127 127 T .
apKTaHTeHca tga:th. IIpu 3TOM wYHCIIO 79_: 55 C npyroii cro-
127 2w 2 2 V4
OHBI Qo =tg——=tg| 27 —— |=—tg—, rtne yxe — | 0;— |.
poros 1025t 2 22) 192, e yme 22 0%

CnenoBarenbHO, o = arctg (—tg 27ﬂj= — arctg (tg 277[} = —27”.

OrtBerT: _r .
7

2.8.4. @ynxyus y=arcctg(ctg x)

Kak u B npeapiayiieM cirydae, paccMarpuBaeMasi (PYHKIUS SBIISICTCS IIe-
puoaudeckon ¢ mepuogoM 7. O6macTh e€ omnpenenaeHus — 3TO 00beAUHEHUE

UHTEPBAJIOB (kﬂ';(k +1) 72), keZ.

Ecim X e (0; 72') , TO I1I0 ONPEACIICHUIO APKKOTAHICHCA UMEET MECTO PaBCH-
cTBO  arcctg(ctgx)=X,  KOTOpoe
osHauaer, ato qust X € (0;77) cnenyer,
yTO0 Y=X U Tpaduk (QyHKIUHU JETrKO

CTPOUTCS, €1 y>K€ TMOCTPOCHHBI Ha
IPOMEKYTKE (0;72') rpaduk mepuo-

JMYECKU MPOJODKUTE C TICPUOJIOM 7T Puc. 2.8.4
(cMm. Puc. 2.8.4).

IIpumep 2.8.4. Beiunciauts arcctg (Ctg (—25?7[)) :
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Pemenue. Ilonoxxum a=arcctg (Ctg (—ZSTﬂD :

8

257 T T T
3 , ctg| -———— |=ctq| 37r—— |=ctg| —— |=—ctg| —|. T
aMETUM, 4TO g [ 3 j g ( T 3 j g ( 3 j g ( 3 j orma

257 T T T Ix
a =arcctg| ctg i arcctg| —ctg 8= arcctg| ctg Y it

( 257r)
B sTom ciydae mo onpeneneHuio apkTanrenca ctg o =ctg| ——— |.

8 8

OrtBerT: 7 .
8

§ 2.9. Apkcekanc u apkxkocekanc

Bompoc o paccmoTpeHnn OOpaTHBIX TPUTOHOMETPUYECKUX (PYHKIUN
HEJb3d CUYUTATh IMOJHOCTBIO PACKPBITBIM O€3 OINUCaHUs CBOMCTB €mI€ ABYX
(GYHKIMI: apKCEeKaHC U apKKOCEKaHC.

™ DyHKIM, 00paTHAs MO0 OTHOIICHHUIO K QyHKIMH Y=SeCX (cekaHc), Ha3bIBa-
eTCs apKceKancom 1 00o3HavyaeTcsi y=arcsec X .

PaccMmoTpum cBoiCTBA 3TOW (PYHKIUM: e yA
— . . . =arcsec x
1) D(y) =(-o0;—1] U[1;+0); N, ]S
o ey i K U Rt g g
T T
2) E)=|0— |U| =7 |;
) EV) { 2J (2 } . -
3) @Oyukuws HA YETHAS, HU HEUETHAS; H /_
4) OyHKIUSA HETIEPHOANYCCKas, = ~
5)  Toukoil mepeceueHus ¢ ocblo abdc- -1 0 "\\ X
mucc seisercs Touka (1,0). Ilepecedenus ¢ ocbro xS
OpIUHAT 3Ta PYHKIMS HE UMEET; 2

6) arcseCx=0 npu Becex X u3 obmactu

orpeeneHus 3Tor QyHKINH,

7) B obnacTtu onpeneneHus GyHKIUA ABISACTCS o3pacmarouett,

8) Hawumenbmmm  3HaueHMeM  QYHKIMHA  SIBISICTCS — 3HAUCHHE
arcsecl=0. HaubonpmmMm >x€ 3HAYEHHEM STOM (PYHKUUHU SBISETCA YHUCIIO

arcsec(-1) =7;

Puc. 2.9.1

/4
9) ['padux nmeeT ropu30HTAIBHYIO ACUMITOTY Y = 5 Y CHMMETPUYECH

o T
OTHOCHUTCIIbBHO TOYKH, UMCIOIIICHU KOOPANHATHI (O, Ej .

I'paduk pynkmm cxematnyHo nzoopaxeH Ha Puc. 2.9.1.
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Bocnone3yemcsi  albTepHaTHBHBIM CIIOCOOOM HaXOXKIEHUS OOpaTHOM
GbyHKIHH (Ha OCHOBE OOIIEro ONpPEACIICHUS 00pamuo (yHKyuu).
bynem uckatp ¢yHKIHI0, 00paTHYIO K Y=Sec X. [lomeHsieM mectamu ap-

1 1
TYMEHT U (yHKIUIO, HOTyduM X=Secy . Jlamee X=——— , oTkyga COSYy=— .
COosS X

. 1
D710 1a€T BO3MOXKHOCTH MOJMYUUTD Y Yepe3 apKKOCUHYC, T.€. y=arccos (—
X

[Tomywaercs, 4to

arc sec x=arccos [lj (2.9.1)
X

R OyHKIMA, oOpaTHas MO OTHOIICHWIO K (PYHKIIMU Y=COSECX (KOCEKaHC),
HA3bIBACTCS APKKOCEKAHCOM 1 0003HAYaEeTCsT Y—=arcCOSecC X .

PaccmoTpum Teneps €€ cBoncTBa:
1) D(y) =(—o0;—1] U [1;+0);

2) E() = H;oju(o;ﬂ;

3) OyHKIusA HeuéTHas, T.e. arccosec(—x)=-—arccosecx. I'paduk

GYHKIIMA CHMMETPUYEH OTHOCUTEIHLHO Hadaaa KOOPAWHAT;,
4) OyHKIUSA HEIIEPUOIUICCKA;
5)  Touek nmepeceyecHHs ¢ OCIMHU KOOPIUHAT HE HMEET;
6) arccosec x>0 mpu X e [1;+0),
arccosec X<Ompu (—o0;—1];
7) B obnacTu cBoero onpeaeneHust GyHKIUS SBISICTCS yObl8arowell.
8) HaumenpmmM  3HaYeHHMEM  (QYHKIMM  SBJISETCS  3HAYCHHUC

V3
arCCOSGC(—l):—E. HauOonpiiuM ke 3Hauye€HUEM 3TOM (PYHKIUU SIBISIETCS

T
yucyo arccosecl= 5 .

9) I'paduk umeer ropusoHTaIbHYIO acumnrory Y =0.

I'padux bynkmm cxematnyHo uzodOpaxen Ha Puc. 2.9.2.
y
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[Texcr] / .. ®anun, A.W. ®anun. Uszn. 2-e, ctep. M.: Dk3amen, 2013. 221 c.
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