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I'JTABA I. TPUTOHOMETPUYECKUE HEPABEHCTBA
§ 1.1. IIpocmeitwiue mpuzonomempuueckue HepaseHcmaea

HepaBeHCTBO (T.€. COOTHOILEHHUE, B 3aIIMCH KOTOPOTO MCIOJIB3YETCSA OIUH U3
3HAKOB >, <, >, <, #) Ha3bIBACTCS MPUCOHOMEMPUHECKUM, SCITA HEU3BECTHAs

BCJIMYMHA  HAXOMUTCS  TOJ  3HAKOM  OJHOW (WM HECKOJBKHUX)
TPUTOHOMETPUUYECKUX (DYHKIIMIA.

Bce Ttpuronomerpuueckue HEpPaBEHCTBA MOXKHO pa3[eiuTh Ha JIBE
IPYMIIBI:

1) mpocreiiue TPUrOHOMETPUYECKHE HEPABEHCTBA;

2) HepaBEHCTBA, CBOSIIMECS K MPOCTEUIINM.

[Ipu pemieHnn NPOCTEHIIMX TPUTOHOMETPUUYECKUX HEPABEHCTB OOBIYHO
UCTOJIb3YIOT CIEAYIOLIUE IPUEMBI:

1) ¢ TOMOUIBI0 TPUTOHOMETPUUECKON OKPYKHOCTH;

2) ¢ TOMOUIBIO TPaPUKOB TPUTOHOMETPUUECKUX (DYHKIIHIMA.

1.1.1. Ilpocmeiimiue mpuzonomempuuecKue HepageHcmaea,
cooepicaujue cuHyc

PaCCMOTpI/IM HpOCTGfIIIIPIG TPUTOHOMCTPHUUICCKHUC HCPAaBCHCTBA,
COACpIKAIIHC (1)yHKLII/IIO CUHYC, T.C. HCpaBCHCTBA BUA.
sinx>a, sinXx<a, sinx=>a, sinx<a, sinx=a.
Hpe,ZICTaBI/IM Aajicc aJilrOpuTM pCeHICHUA JIMIIb OJHOTO0 H3 HCPABCHCTB
3TOU TPYIIIHBI.
[Ipu pemeHny HEPABEHCTB BUIA

sinx>a, (1.1.2)

HalpUMep, C IOMOINBI0 CIMHUYHON OKPYKHOCTH TIOCTYHAIOT CJICIYIONIUM
obpazom:

Cpazy wuCnomb3yroT TOT (AKT, YTO CHHYC — OTO OpJMHATA TOYKHU

TPUTOHOMETPUUYECKON OKPYKHOCTH.

HManee U300pakaeTcs  JIeKapToBa CUCTEMa  KOOpAMHAT W
TPUTOHOMETpUYECKasi OKPY>XHOCTh B Heil. Ha ocu opauHaT OTKIIaabIBaeTCs
grciio, paBHoe @ (Oepércs m3 ycimoBus SinX>a). Uepes MONydeHHYIO TOUYKY
CTPOUTCS TIpsiMasi, TapajienbHasi ocu adcuucc. [lo OTHOIEHUI0 K UMEIOIIEnCs
TPUTOHOMETPUUYECKON OKPYKHOCTH JTa TMpsMasi MOXKET 3aHATh OJHO W3
CIAEIYIOIIUX TPEX MOJOKEHUM:

A) uMmeTh ¢ Hel ABe oOmue TO4KU (T.e. mepecekarb €€ B JABYX TOYKaX,
PACIIOIOKEHHBIX CUMMETPUYHO OTHOCUTEIIBHO OCH OpJAMHAT). 3aMETHUM, YTO B
TOM Cllydae 4ucio & OyzeT yIoBIEeTBOPATh yciouio ae(—11).
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b) uMers TonbkO OnHY OOIIYI0O TOYKY C HEHl (T.e. mpsiMas KacaeTcs
TPUTOHOMETPUUECKON OKpYKHOCTH). B TakoM ciydae 4yucio @& MOXKET OBbITh
paBHO 1 wim —1.

B) He uMeTh OOIIMX TOYEK C OKPYXKHOCTBIO. 371ech 160 ae(—o0;—1),
60 ae(1+).

B 3aBucumMocCTH OT TOro ¢ Kakum ciydaeM OyJeM HMETh €710, MBI
MOJIyYUM Pa3JINuHbIC BAPUAHTHI OTBETA.

Ecau a >1 (cnyuaii B), To HepaBeHcTBO (1.1.1) HE uMeeT perieHu.

Ecin a<-1 (croma BXOAST JIBE CHUTYallMH: ae(—oo;—l) (cnyuait B) u
a=-1 (Cnyuaii b)), To HepaBeHCTBY (1.1.1) yaoBieTBOpsIET TH000E 3HAUCHUE X.

Eciu ae€(0;1) (caywaii A), 10 npsmas -

AB (cM. Puc. 1) pa3pexeT OKpyKHOCTh Ha JIBE Y

IYTH.

Kpome Ttoro u3z Puc. 1 BuaHo, uTO B 3 A
JAHHOMY HEPaBEHCTBY OyAYT YyIOBJIETBOPSTH
JUIIb T€ TOYKH, KOTOPBIE PACIIOIOKEHBI Ha
nyre AB, TpoXoaMMON B TOJIOXKUTEIBHOM
HanpaBieHun  (T.K. OpIMHATBl  TOUYEK,
pacroIOXKEHHBIX Ha HEH OOJIbllle WM pPaBHBI
a). [nsa ymoGctBa BocmpusiTHs HH(GOpPMALUH
Oyry AB BpIIENSIOT JUO0 IITPUXOBKOM 110
BHYTPEHHEMY KOHTYPY OKpPYXHOCTH, JIHOO
JIMHUEN OOJIBIIEH TOJIINHBI.

M3BECTHO, YTO B TaKOM CiIy4ae TO4Ke 4
Ha TPUTOHOMETPUUYECKON OKPY’KHOCTH COOTBETCTBYIOT qucia
X, =arcsina+2zn, neZ, B CBOIO oYepeab TOYKe B —  Yucia

X, =m—arcsina+2zn, neZ.
OKOHYATENILHOE PELIEHNE MOKHO 3aIIUCATh CIAEAYIOIUM 00pa3oM:
X e [27zn +arcsina; (2n+1)x —arcsin a], neZ.

Puc. 1

Ecom a=1 (cayuwaii B), TO0, Kak

U3BECTHO, MpsiMas OyJeT UMETh TOJIBKO OJHY
OOIIyl0 TOYKY C TPUTOHOMETPHUUYECKOMH
OKPYXHOCTBI0. OpJiuHATa 3TOM TOYKH OyaeT

" paBHa 1, MO3TOMYy pelIeHHEM HEPaBEHCTBA

(1.1.1) Obymer Xe{%—ann}, neZ.

/A Ecim  ae(-10)(cnywaii  A), T0

npsiMasi, mapajuienbHass — ocu  abciucce,

pa3leNnuT OKPYXKHOCTh Ha JiBe ayru (cMm. Puc.
Puc. 2 2).

by [
I
"“-\_:"_

B TaKOM ciyvae pelIeHUEM

[4]
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HEpaBEeHCTBa OyJieT:

X e [27zn —arcsina; (2n+1) 7 +arcsin a], neZ.

Ipumep 1.1.1.1. Pemurs mepasenctso SINX>0,5.

Pewenue.

Ha Ttpuronomerpuueckoi OKpPYKHOCTH OTMEYaeM TOYKH,
CIIy’Kalllue KOHIIAMH paJuyc-BEKTOPOB, OPAMHATHI KOTOPBIX paBHbI 0,5 (cM. Puc.
3). Takux paanyc-BeKTOpOB OKaxkercs nBa. OauH u3 HUX o0pasyer ¢
MOJIOKUTENIbHBIM ~ HallpaBJI€HUEM OCH abcIuce

o T . T
yroji, paBHbBIA —, a JPYroi, COOTBETCTBEHHO, —
6 I 1 7
(ux cunycol paBubl 0,5). [IppyHuMas BO BHUMaHUeE G TR T3 2 6
NEePUOJIMYHOCTh  CHUHYCa HAaUMEHBITU N s
MOJIOKUTETLHBIN TIEPUOJI paBeH 27 ), UMEEM: 0 _
V4 o
2iN+—<X<27n+—, ne”Z.
6 6
V4 o
OrtBeT: [E + 27rn;? + Zﬂn}, ne”Z.
Puc. 3
3aBepias pacCMOTpPEHHE HTOr0 BOIMPOCaA,
NOpe/ICTAaBIsieM CBOAHYIO  TaONMIly pa3NUYHBIX  CJIy4yaeB  MPOCTEHIIHMX
TPUTOHOMETPUYECKUX HEPABEHCTB, COAEpKAIMX CHHYC, U TMpeajiaraem
CaMOCTOSITEJILHO BIUCATh BAPUAHTHI OTBETOB K HUM.
Hepaserncmeo | sinx>a sinx<a sinxza sinx=a
a e (—ox; —1:]
a=-1
as(-1L0)
a=>0
as(0:1)
a=1
aes(l;+x :]
Emé omauMm 3ddEeKTUBHBIM  cOCOOOM  pEmICHHUS  MPOCTEHIINX

TPUTOHOMETPUYECKUX HEPABEHCTB SIBISIETCS KCIOJIb30BaHHE Tpaduueckoro
Mertona. PaccMoTpuM Ha mpumepe, Kak OH pabOTaer.

: 1
IIpumep 1.1.1.2. Pemuts HEpaBeHCTBO SIN X > 5

Pewenue. Ctpoum rpaduk ¢ynxkuuu Y=SINX. B Toil ke cucreme

KOOpAHWHAT IIOKAa3bIBACM IIPAMYIO

y:—E. Tak Kak JaHHOE HEPABEHCTBO

ABIACTCA CTPOruM, TO TOYKH IICPCCCUCHHA OBYX ITOCTPOCHHBLIX Fpa(I)I/IKOB

oTMEeTUM Tmpokosiamu (cMm. Puc. 4).
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v

sinx = —

1D | =

y=sinx

B o n 110
6 6 6 6 .
T~
Y=-=

Puc. 4

Jlanee BoiZeauM (parMeHThl Tpaduka GYHKIHHA Y =SINX, KOTOpHIE
OKa3aJINCh BBILIE MPSAMOU yz—E. 3aMeTUM, YTO BBIJEJIEHHBIE YYACTKH

MEPUOINYECKH TMOBTOPAOTCA. B0O3bMEM ydacTOk _2;3_7[ ocu Ox. Bugum,
2 2
yT0 Ha HEM pacmoJyiaraercsi OJWH U3 BBUICJICHHBIX HaMu (ParMeHTOB.
OmnpenenuM KOHIIEBBIE TOYKH 3Toro ¢parmenta. OdYeBUIHO, UMH OyAyT
T i :
X=—— U X=—, TaKk KaKk B OJTUX Toukax SINX=——. VYuureiBag

6

MEPHOJMYHOCTS (QYHKIMKH Y =SINX, MOXEM 3amucarh peIIeHHe HCXOIHOTO
HEpaBEHCTBA

—%+27rn<x<7—7z+27zn,nez.

OtBeT: X € —%+27zn;%[+27m ne’.

1.1.2. Ilpocmeiimue mpuzonomempuueckue HepageHcmed,
cooepicaujue KOCUHYC

Paccmorpum MIPOCTEUILINE TPUTOHOMETPUYECKUE HEPABEHCTBA,
conepkammue PyHKIMIO KOCUHYC, T.€. HEPABEHCTBA BU/A:
COSX>a, COSX<a, COSX=a, COSX<a, COSX#a.

[IpencraBum fanee anropuT™M pELMIEHUs JUIIb OJHOTO W3 HEPABEHCTB
3TOM I'PYMIIBI.

PaccmoTtpum, kak pemiaercss HEpaBEHCTBO BUAA
cosx<a. (1.1.2)

Ucxomum W3 TOro, 4YTo KOCMHYC — 3TO abciucca TOYKH
TPUTOHOMETPUUECKOU OKPYKHOCTH.

[6]
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Hanee wu300paxkaercd JeKapToBa CHCTEMa KOOPJAWMHAT, B KOTOPYIO
MOMeIaeM TPUTOHOMETPUUECKYIO OKPYKHOCTh C IICHTPOM B Hauajie KOOp/IUHAT.
Ha ocu abcuucc otMeyaem uucio, paBoe a (0epErcst u3 ycioBus COSX < a).
Yepes MOy4eHHYIO TOYKY CTPOUM MpsMYI0, HapajijiesibHyl0 ocu opauHat. Ilo
OTHOIIIEHUIO K HMEIOUIEHCS TPUTOHOMETPUYECKONW OKPYKHOCTH 3Ta MpsimMas
MOJKET 3aHSATh OJTHO U3 CIEAYIOIIUX TPEX MOJ0KEHUM:

1) umeth ¢ Hell aBe oOmue ToYku (T.e. mepecekaTh €€ B JBYX TOUKax,
PACIIONIOKEHHBIX CUMMETPUYHO OTHOCUTEIIBHO OCH OpJAMHAT). 3aMETUM, YTO B
3TOM CITy4ae 4uciio & Oy/eT y/I0BIeTBOPATH ycnoBuio ae(—11).

2) UMETh TOJBKO OJHY OOIIYIO TOUKY C v
Hel (t.e. npsamas Kacaercs A
TPUTOHOMETPUYECKONH OKpyk)HOCTH). B Takom
CJly4ae Yyucio & MOXeT ObITh paBHO 1 nmum —1.

3) He wuMeTb Oo0mmMX TOYeK C

|
\a 1
OKpPY’KHOCTBIO. 31ech 60 ae(—o0;—1), Mmoo I 0 .
ae (1; +oo) . :
Ecim  ae(—©;—1], TO0 HepaBeHCTBO
(1.1.2) He MMeeT pelIeHuiA. B ™
Eciu ae(-10), TO npsmas,
napajjieibHasi ~ OCH  OpPJHMHAT,  Pa3JeiHT Puc. 5

TPUTOHOMETPUYECKYID OKPYXXHOCTh Ha JIBE
IyTu (TOJIBKO Ha OJIHOM M3 ATHX YT COAEPNKUTCS MHOXKECTBO TOUYEK, abciucca
KOTOpBIX MeHbIle a). BeiOupaem nyry 4B, xoropas uaer mo xoay oT A Kk B B
MOJIOKUTEIILHOM HampaBieHuu (cM. Puc. 5) u Beimensem e€ Oojiee TOJICTOU
JIMHUEH.

Touke A COOTBETCTBYIOT yribl 77 —arccos|al+2zn, neZ, a touke B,

B CBOIO OYepe/b — yIisl /7 +arccos|a|+2zn, neZ.

Takum oOpa3oM, OKOHYATENBHOE PEIICHHUE I ATOr0 Ciy4dash MOXKHO
3amucaTh B BUJE:

XE((Zn +1) 7z —arccos|al; (2n+1) 7z +arccos| a|), neZ.

Ecim a€(0;1), To B TakoM ciydae, npsMasi, napajieibHas OCH OpIAMHAT,
OyZeT HaxoIUThCS TMpaBee Hadajda KOOPAMHAT. DTOT Ciaydyall BechMa OJU30K K
MpeAbIIyIIEMY, HO OKOHYATEIbHOE pElIeHuEe OYyIeT BBIMVISIAETh HECKOJIBKO
MHaye:

x €(2zn+arccos a; (2n+1) 7 —arccos a),ne Z.

Ecmm a=1, To B 3TOM ciydae mnpsiMas KOCHETCS TPUTOHOMETPUUYECKOU
OKpyX)HOCTH. B 3TOM cirydae HepaBeHCTBY (1.1.2) OynyT ymoBIETBOpPSTH BCE
3HA4YEeHUS] IEpeMEHHOM X, kpoMme 277N . T.e. perieHue HepaBEHCTBA MOXKET OBIThH
3aIHCaHo B BUAE {X|X#27n}, neZ.

[7]
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Ecimu ae(L+w), To B KadecTBe penieHuss HepaBeHcTBa (1.1.2) MoxeT

BBICTYIIaTh JIIO00I1 X. _ v
Hpumep 1.1.2.1. Pemmrs

3

HEPaBEHCTBO COS X < 5

Pewenue. Ha Tpuronomerpudeckou
OKPYXHOCTH OTKJIaJIbIBAEM TOYKH, CIIy>KalllUe
KOHIIaMH paanyc-BEKTOPOB, adciucchbl

KOTOPBIX PaBHBI —73 (cm. Puc. 6). Takux

paanyc-BeKTOpoB oOkaxkercsa ABa. OnHOM u3

MOJYYEHHBIX TOYEK COOTBETCTBYET  yIoll
’ Puc. 6

Y/4 T
paBHBIH ?, a JPyror, COOTBETCTBEHHO, ?

[IpyHrMass BO BHMMAHHUE MEPUOAUYHOCTh KOCHMHYCa (€ro HauMEHbIIN
IIOJIO’KUTEIIbHBIN IIEPUOJ PaBEH 277 ), OJIy4aeM:

2nn+5§<x<2nn+%, ne”Z.

OTBeT: (5%+27zn;%[+27m), neZ.

1
IIpumep 1.1.2.2. Pemuth HEpaBEeHCTBO |COS X| > >

Pewenue. OTMeTuM, 4YTO [1aHHOE€ HEPABEHCTBO HE COBCEM YMECTHO
OTHOCUTH K MPOCTEUIIUM TPUTOHOMETPUYECKUM HEPABEHCTBAM, HO A
WLTIOCTPALMU TpadUyeCcKOro METO/1a HAIMUKE MOJYJIS HE SIBISIETCS] CEPhE3HBIM

otsromienueM. [loctpoum rpaduku GyHKIUN Y = |COS X| uy :% (cm. Puc. 7).

Ya y:]cogm|

e
>

<>J

1

™.
LT ) —
= N

™

™

™

RS

™

.

| | |
| | |
L : 4 . 4 *
2m m moay 0 ToTo 2 4. 3.
3 2 3 3 2 3 3" "
Puc. 7

OyHKIUA y=|COS X| SIBJISIETCS. HENPEPBIBHOM M MEPUOJIUYECKOU

dyHKIMEH, ¢ HAUMEHBIIUM TOJIOKUTEIBHBIM MEPUOJOM, paBHbIM 7 . [loaToMy
JIOCTATOYHO B3SITh MPOMEXKYTOK, JJIMHA KOTOpOro OyAeT paBHA 77, HapuMmep,

[8]
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7

T

[_E;_j’ 3aTeM 0TOoOpaThb MHOXECTBO TOYEK Ha rpaduke GyHKUUU Y = |COSX
1

OpJIMHATBl KOTOPBIX OYIyT CTpPOro OOJIbIlIE YHCiIa 25 CIIPOELIUPOBATH 3TO

MHO>XECTBO Ha BBIOpAaHHBIM TMPOMEKYTOK U C YYETOM TEpHOJia 3alucarth
OKOHYaTeNIbHbIA OTBET. M3 Puc. 7 BUOMM, 4TO HAC YCTpauMBae€T MHOKECTBO

TOYEK, PACIOJIOKEHHBIX MEXAYy TOuKaMu My U Mo, Bbllle NOpsIMOU yza.

T
HpoeKI_[I/ISI 9TOTO MHOXCCTBA Ha IMPOMCIKYTOK |:—E,E) HaCT HHTCPBAJI

T
(——'—j . Torpa ¢ yuyeTom nepuoAMYHOCTH PYyHKIIUHN Y = ‘COS X‘ MOJTy4YaeMm:

3

T T
—§+7zn<x<§+7rn, neZ.

OrTBeT: Xe(—%+ﬂn;%+n’nj, neZ.

I[anee CHOBa IIpcajiaracM 3aIlOJIHUTh CBOIHYIO Ta6J'II/IIIy Pa3INnYIHbIX
ClIy4dacB HpOCTGﬁHIHX TPUTOHOMCTPHUUYCCKHUX HCPABCHCTB, TOJIBKO TCIICPb
coacpiKaluxX KOCHUHYC.

Hepasexcmeo COSX >=d cosx <a cosxza cosx=a
as(—w;-1)

a=-1
as(-10)
a=10
as(01)
a=1
ae{1;+:r::]

1.1.3. Ilpocmeiimue mpuzonomempuueckue HepageHcmaea,
cooepicaujue maH2enc

Paccmorpum MIPOCTEUILINE TPUTOHOMETPUYECKUE HEPABEHCTBA,
conepkamue PyHKIMIO TAaHTEHC, T.€. HEPABEHCTBA BUA:
tgx>a, tgx<a, tgx=>a, tgx<a, tgx=a.
[IpencraBum fanmee anropuTM PELICHUS TOJIBKO OJHOIO U3 HEPABEHCTB
3TOM I'PYMIIBI.
PaccmoTtpum, kak pemiaercss HEpaBEHCTBO BUAA

tgx<a. (1.1.3)

[9]
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N3BecTHO, 4TO BBIpa)XeHus, coAepkamue g X, UMEIOT CMBICI JIUIIb IIPH

YCIIOBUH, YTO X¢£+ 7k, k e Z. Ilostomy nns Vi

2 1
COOTBETCTBYIOIIMX TOYCK TPUTOHOMETPHUECKOM m AL
OKPYXHOCTH Cpa3zy HYKHO CJellaTb IPOKOJIbI.
IIpoBenem K IIpaBou IIOJIYOKPYKHOCTH X0
KacatelbHyI0 (ocb maneencos) B Touke A (1; 0),
Ha KoTopodi oTmeruM Touky (1;a). IlToctpoum
paanyc-BeKTOp, COEIMHHUB TOYKY A C LIEHTPOM
okpykHoctH.  Otpe3ok  [OA]  mepeceuér /
€AMHUYHYIO OKPYXHOCTh B TOuke M. 3HaueHue =
yria Xo, COOTBETCTBYIOLIErO 3TOM TOYKe, Oyjaer

paBHO X, =arctga. Jloboe nelcTBUTENBHOE Puc. 8

3HAYEHUE X, KpOME X:£+7zk,keZ, oyner

y10BIETBOPATh HepaBeHCTBY (1.1.3) mpuM yCIOBHMH, YTO TPUHAUIEKUT Jydy
(-0;@),  KOTOPOMY — COOTBETCTBYeT — jyra —%;arctgaj. YuuTteiBas
TIEPHOJNYHOCTh TAHTEHCA (HAUMEHBIIMI TOJIOKHUTENbHBIA HEPUOI paBeH T ),

s
OKOHYATEIHHO TOJTy4aeM: X € (—E + zn; arctga + ﬂnj, neZ.

I'paduueckoe pemenue HepaBeHcTBa (1.1.3) MPOMCXOIUT CIEIYIOUIAM
obpazom. Ctpourcs rpaduk pyaknuu Y =19 X u npsmas y =a, rjae a — jJodoe

. T
nencTBuTeNnbHOE uncio (cMm. Puc. 9). Ha nmpomexyTtke 55 ) Ha KOTOPOM

GyHkmmst Y =tg X Bo3pacTaer, HAXOJIUTCS TOYKA MMEPECCUCHUs] rpaQuKOB ATHX
ABYX QYHKIMH X, =arctga.

[ ]

B |
y=tgx

M

oy I
il i

—— A3
=5
w
—_————_—— M|: A}
ba
=
-
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T
[TockonpKy st MOOOTO X € (—Egj, TaKOI0, YTO X < X,, BBIIIOJHSIETCS
ycnoBue  tgXx<tgx, wumm tgx<a, pemenueMm HepaBeHctBa (1.1.3) Ha

T T T .
UHTEpBalle | ——;— | OyJdeT MHOXeCTBO | ——; X, | miu | ——;arctga |. Ha Bceit
2 2 2 2
o T
YUCIIOBOU OCH, KPOME TOUCK X, = —+ 77K, K € Z , pEILICHUEM 3TOr0 HEPaBEHCTBA
2

T
pu JIFOOOM @ OYJIeT MHOXKECTBO: X € (_E + zn; arctga + ﬂnj, ne”Z.

IIpumep 1.1.3.1. Pemmute HepaBencTBo tg X <1.

Pewenue. Taxk kak paHee Mbl ONUCAIA METOJ PEUICHUA CXOXKETO
HEpaBEeHCTBA (pa3jM4Me COCTOMT JMIIL B TOM, YTO Yy HAc HECTPOroe
HEPaBEHCTBO, @ TaM OBUI 3HAK «< »), TO MOXHO BOCITOJIb30BaThCsl 3arOTOBKOM
JUISl OTBETA, 3aMEHUB B HEH JIMIIIb KPYTJIYHO0 CKOOKY, Ha KBaIpaTHYIO, T.€.

T
XE(—E-Fﬂ'n; arctga+7zn}, neZ.

/4
Kpome Toro, 3ameTtum, 4to aI’Ctglzz, M03TOMY OKOHYATEIbHO Oyaem

T T
AMETD: XE(——Hm;ZHm},neZ.

OTBeT: XE£—%+ﬂn;%+ﬂn},neZ.

1.1.4. Ilpocmeituiue mpuconomempuueckue HepageHcmaed,
cooeprcaujue KOMaHzeHc

Paccmorpum MIPOCTEUILINE TPUTOHOMETPUYECKUE HEPABEHCTBA,
conepkaine PyHKIHIO KOTAaHTeHC, T.€. HEPABEHCTBA BU/A!
ctgx>a, ctgx<a, ctgx>a, ctgx<a, ctgx=a.
[IpencraBum nanmee anropuTM pELICHUS TOJBKO OJHOTO U3 HEPABEHCTB
3TOM I'PYMIIHI.
PaccmoTrpum, kak pemiaercs HEpaBeHCTBO BHUIA

ctgx>a. (1.1.4)

Tak Kak MBI MMEEM €0 C KOTAHI€HCOM, TO CIIEAYET MOMHHUTb, YTO
BbIpakeHUs, cojepkamue C{gX, HMMEIT CMbICH JHIIb NPU YCIOBUU, YTO

X#rak,keZ.

[Mpownmtoctpupyem  pemenue HepaBeHcTBa (1.1.4) ¢ momomibio
TPUTOHOMETPUYECKON OKPYKHOCTH. UYepe3 TOUKy OKPYKHOCTH, HMEIOIIYIO

[11]
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koopauHatel (0; 1), mpoBemeM KacaTelbHYIO, KOTOPYIO HA3bIBAIOT OCbHIO
komaneencos. Ha atoit muanm otMeTM TouKy A(a; 1), abcuucca kotopoii Oyaer
paBHa MpPOU3BOJIBHOMY uHcily a. CoeauHuM

Touky A ¢ HayaioMm koopauHaT (cm. Puc. 10), Al

MOJIyYUM  PaJNyC-BEKTOP OA, KOTOPBIN

MepeceKaeT TPUTOHOMETPUUECKYIO OKPY>KHOCTh M \

B TOuke M. YTOJI, COOTBETCTBYIOINN TOUKE M, _\:\ro -
0003HaYMM CHMBOJIOM Xo. Ilpuuém 1o 1 0 1

OIpeleNeHu0 X, =arcctga. Bssgs  moboe

3HAYCHHE XE(O;ﬂ'), TaKkoe, YTo X < X,, Ha OCH

KOTAHI'€HCOB  IOJYYHM MHOXECTBO  TOUYEK, E.
obpasytomux Iyd (&;+w). Dromy nydy Ha Puc. 10
eIMHUYHOM OKpY;KHOCTH coorBeTcTByeT ayra Xo = (0; arcctga), koropas u
olpe/ensieT MHOKECTBO PEIICHHN HCKOMOTO HepaBeHCTBa Ha nHTepBaie (0;77).
Ha mobom apyroM MmpoMexyTKe (7Z'k;72' + 7zk), keZ, peiienne HepaBeHCTBa
(1.1.4) naxomar ¢ yuéToM nmeproAudHoCTH QyHKIMU Y =Ctg X, T.e.

x e (zk;arcctga+ 7k ), ke Z.

Temepr MmMOCMOTPHM, Kak IPOUCXOAUT pemieHue HepaBeHcTa (1.1.4)
rpapudeckum MeTozoM. M3pectHo, uto D(CtgX) Brmoyaer B cebs Bce

neiictBuTeNbHBIC uncia, kpome X =7K,K € Z. Obnacteio 3HaYeHH GYHKIUH
y =ctg X, na muoxkectee D(Ctg X) sBisercst MuokectBo E(Ctg X) = (—oo;+oo).

CnenoBatenbHo, mpu J1000M a HepaBeHcTBO (1.1.4) Bcerma mMeer pellleHHE.
Ucnonws3ys rpadukn GpyHkuid y = CtgX u y = g, CHavalla HaXOJUM PCIICHHE

3TOr0 HEPABEHCTBA HA HHTEPBAJIC (0;71') (cm. Puc. 11).

yl
| | i |
I I 2 y=ctgx I
| | |
| | Ir |
| | |
I | Xp |
—2nl 2\ -nl 7 0 T\l = I 2n x
I~ 3 2 2 | 3 y=a
| | —1+ |
| | |
| | |
| | |
| | 18 |
Puc. 11

Tak kak Ha 3TOoM mpomexyTke ¢GyHKIUs Y =CIJX yObBaeT, TO mJd
JIFOO0T0 3HAYCHUS XE(O;ﬂ'), TaKoro, 4To X < X,, X, =arcctga, crpaBeJIuBO

[12]
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HEPaBEHCTBO CIg X >ctgx, unu Ctg X>a. OTO 03HA4aeT, 4TO Ha IPOMEXKYTKE
(0;7) peurennem nepasenctsa (1.1.4) siBisiercst MHOXKecTBO Xo = (0; arcctga),
W, YYUTBIBas TMEPUOAMYHOCTh (YHKIMU Y =ClgX, HaxoauM pelieHrue 3TOro

HEPaBEHCTBA Ha CBEH 00J1aCTH ONPEICIICHHS:
x e (zk;arcctga+ 7k ), ke Z.

IIpumep 1.1.4.1. Pemuth HepaBeHCTBO Ctg X > 2.

Pewenue. D10 HEPABEHCTBO MOJHOCTBIO COOTBETCTBYET THUMIAXKY
HepaBeHCTBa (1.1.4), m03TOMY MOXKEM BOCIIOJIb30BATHCS IIA0JIOHOM ISl 3aHCH
OTBETA!

X e (ﬂk;arcctg a-+ 7Z'k), k € Z. B Hamiem ciyyae @a=2, 3T0 O3Ha4aeT, YTO

MHO>XECTBOM 3HAUCHUU X, YAOBJICTBOPAOIIUX YCIIOBUIO Ctg X> 2 ) 6y}1€T:
x e (zk;arcctg2+ 7k ), ke Z.
OtBeT: X e (ﬂ'k;aI’CCtg 2+ 7zk), keZ.

8 1.2. Tpuconomempuueckue nepasencmea, c600aumuecss K RPOCM euuium

[lpu pemieHNr HEPABEHCTB, HE SBISIONIUXCS MPOCTEHIIMMHU, pPa3HBIMH
OyTSAMHA  CTApaloTCsd  NPUUATH K  TPOCTEHIIUM  TPUTOHOMETPUYCCKUM
HepaBEHCTBaM, JHOO WX CHCTEMaM W COBOKYMHOCTSIM. OCHOBHBIM METOJOM
pelieHns HEPABEHCTB SIBIISAETCS Memo0 NOOCMAHOBKU.

Ero cyTh JIerko ysSICHUTh U3 CIICAYIOIIUX PUMEPOB.

X K nmepBoit rpyrie HEPaBEHCTB, PEIIAEMbIX 3TUM CIIOCOOOM, OTHECEM
TPUTOHOMETPUUYECKUE HEPABEHCTBA «CO CMEWEHHBIM AP2YMEHIMOM.

. [ 9X 1
IIpumep 1.2.1. Pemints HEpaBEHCTBO SIN [5— - zj <—.
3 8) 2

Pewenue. SIcHo, 4TO JaHHOE HEPABEHCTBO MPUMET MPOCTEUIIHNN BUI, €CIH
5z &

cnenarh 3ameny t= 3 g TOTJIa MCXOJHOE HEPABEHCTBO 3allMINETCS B BHIE
: 2 3r O
sint < -5 Otkyna 2 +2rn<t< Y +27n, neZ. Caenas oOpaTHyIo 3aMeHY,
HOJTYYMM
3 S5X m 97
—+27IN<———=<—+27N, Ne”Z.
4 3 8 4

Ocraercst JUIllb B LEHTPAJbHOW YacTU HSTOrO JABONHOTO HEPaBEHCTBA
MoNy4YuTh X. J{J1s 3TOro cHavana mpubaBUM KO BCEM YacTsIM 3TOTO HEPABEHCTBA

Ipo0Ob %, OynemM UMETh

£+3_”+27zn<§<£+9—7r+27z'n, neZ.
8 4 8

[13]
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Boinonusist cioxenue 1pooeit, mosrydaem

7—7Z+27zn
8

<§<19—7Z+27m, neZ.
3 8

YMHOXXHM Tenepb BCE YaCTH 3TOr0 HEPaBEHCTBA HA IpOOb 5

5

B urtore numeem

217 6xzn 577 6xzn
<X < ——
40 5 40
21r 6xzn 577 6xn
- ; +

§.(7_7T+27m)<x<§-(19—”+27mj, neZ.
8 51 8

., heZ.

OTtBeT: X € (
40

5

j, neZ.
40 5

IIpumep 1.2.2. Petinth HEpaBeHCTBO 1Q (2X — %) >2.

Pewenue. TlpousBeném 3aMeHy TEpEMEHHOM, cjelaB 0003HauYeHHE

Puc. 12

T

2X——=1t. McxonHOe HEpPaBEHCTBO MPUMET BH]I

tgt > 2. byneMm pemaTh MoJy4eHHOE MPOCTEMIIEe
T

HEpPaBEHCTBO Ha MHTEPBAJIC P C ITOMOIIIBIO

rpapuka Yy=tgt (cm. Puc. 12). IlocTtpoun
npsMyio Y = 2, BUIUM, 4TO HepaBeHCTBY tQgt > 2

/4
YAOBJIETBOPSIOT JIMIIB yucia t e (arctg 2, Ej Tak

kak pyHkiusa Y =tgt mumeer mepuos, paBHBINA T,

TO  MHOXECTBOM  BCEX  PpEHIEHWH  ITOTO
HEpaBeHCTBa OyeT

te(arctg2+ﬂn;%+ﬂnj, neZ.

Jlenast oOpaTHYIO 3aMeHY ¢ IMTOMOIIBI0 (hopMyITbl t =2X — %, MoJiy4yaem

arctg2+7zn<2x—%<%+7zn,nez.

Janee nmeem

Z+arctg2+7rn<2x<z+£+7rn,neZ,
5 5 2

10

2

7 arctg2 zn 7 7nn
+ +—<

X<—+—,ne’l.
2 20 2
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2 2 20 2
X Ko BTOpOIi IpyIine HEPaBEHCTB, PEIIAEMBIX 3TUM CIIOCOO0M, OTHECEM
TPUTOHOMETPUUYECKHUE HEPABEHCTBA, KCBOOAWUECS K ANeeOPAUUECKUM.

Ipumep 1.2.3. Penuth HepaBeHcTBO 28iN° X —7SiNX+3>0.
Pewenue. BBeném HOBYIO IepeMeHHYIO SINX =1, moIyYnM KBagpaTHYHOE

OtBer: XG(%+%+ﬁn'7ﬁ+”nj,neZ

HepaBeHCTBO 2t° —7t+3>0. Hajimem amckpummnant: D=7°-4.2.3=25,

75,
Torma t,, = 2 t=3,1= > IIpumMeHsia meTon

UHTEPBAJIOB,  noiayunMm te (—oo; %j U (3; +oo) .

Takum oOpa3zoMm, MMeeM COBOKYIMHOCTb U3 JIBYX
OPOCTEHIINX HEPABEHCTB, COJAEPKAIIUX (PYHKIUIO
CUHYC

: 1
sinX<—,
2

sinx > 3.

SIcHO, 4TO HEpPaBEHCTBO SINX >3 HE HWMEET
pelleHu, Tak Kak SinX € [—1;1].

Puc. 13

Uro kacaercss MEpBOrO0 HEPABEHCTBA COBOKYIMHOCTH, TO €ro peIIeHHe
nzo0paxeno Ha Puc. 13.
3HAYMT,

_%+27z'n<x<%+27zn,nez.

OTtBeT: X € (—%T + ZEH;% + 27rnj, neZ.

X K Tperbeli rpymme HEpaBEHCTB, PEIIAEMBIX ATHM CIIOCOOOM, OTHECEM
TPUTOHOMETPUUYECKUE HEPABEHCTBA, «peuiaemvie ¢ HOMOWbIO0 YHUBEPCATbHOLUL
NOOCMAHOBKU.

Ipumep 1.2.4. Pernth HepaBeHCTBO 2C0S2X +SIN2X > Qg X.

Pewenue. Bocnonb3yeMcsi pacCMOTPEHHOW HaMHM Il PELICHUS
TPUTOHOMETPUUYECKUX ypaBHEHUH (cM. HacTh 5) yHHBEpCcaabHON MOJACTAHOBKOM.
Breném HOoBYIO epeMeHHy0, mosioxkuB {g X =1. Toraa, kak M3BECTHO,

1-t°
1+t2
[Tocne yero ncxoaHOE HEPABEHCTBO MPUMET BHU/T

ﬂn2x=—j§—;c032x=
1+t?

[15]
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_ 2
2 1 t2 + 2t2—t>0.
1+t 1+t

[IpuBoAs BbIpakeHHUE B JIEBOM YaCTH MOCJIEIHETO HEPABEHCTBA K 0OIIEMY
3HaAMEHATEII0, 10Jy4aeM

2—2t2+2t—t—t3>
1+t2

3 2
[Tocnennee paBHOCHIIBHO HEpaBeHCTBY t° +2t° —t—2<0.
Paznoxum Tenepp JEBYIO 4aCTh 3TOr0 HEPABEHCTBA HA MHOXHUTEIN

03+2ﬁ)—(t+2)<0,
t?(t+2)—(t+2)<0,
(t+2)-(t*-1)<O0,
(t+2)-(t—1)-(t+1)<0.
llanee MMPpUMCHUM MCTOJ MHTCPBAJIOB

N Ny - o

e
2 -1

Puc. 14

0.

~

U3 Puc. 14 BunHoO, uTo t € (—oo;—2) U (—l;l). 3amnuIneM 3To B BHJIE

COBOKYITHOCTH HCPABCHCTBA U CUCTCMbI IBYX HCPABCHCTB
t<-2,

t>-1,
t<1,
tgx<-2,

tgx>-1,
tg x <1.

N

Jliis mpocTeiimiero HepaBeHCTBA g X <—2 MHOMXECTBOM pEILICHHH OyaeT
MHOKECTBO

XG(—%+nn;—arctg2+nnj, neZ.

Jlanee monydaem pelIeHuEe CUCTEMBI NPOCTEUIINX TPUTOHOMETPUUECKUX
HEPABEHCTB

T T
Xe|l——+zn,—+zn|,ne’Z.
( 4 4 j

Brinmonnss O6’I)CI[I/IHCHI/IC ABYX IIOJTYYCHHBIX MHOXXCCTB, HMCCM PCIICHHC
HCXOIHOI'0O HCPABCHCTBA

[16]
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OtBeT: X € (—% + zzn;—arctg2 + nnj U (—% + 7TN; %+ nn), neZ.

IlepeiinéM Tenepp K pacCMOTPEHHUIO HEPABEHCTB, KOTOPHIE CBOMATCA K
MPOCTEUIIUM TPUTOHOMETPUUYECKUM HEpPABEHCTBaM (MJIM UX COBOKYIHOCTSIM U
CUCTEMaM) C TIOMOUIbIO MPUMEHEHHUs pa3JIMYHBIX TPUTOHOMETPUUECKHUX

dbopmyi.

: : 3
Hpumep 1.2.5. Penuts HepaBeHCTBO COS® X -SiN3X +5in® X-c0S3xX < —.

Pewenue. CHayana BINMOTHUM MpeoOpa30BaHus B JIEBOW YacTU JAHHOTO
HepaBeHCTBA. /[ 3TOro BOCHONB3yeMCS M3BECTHBIMU (POpMyIamMu TPOMHOTO
apryMeHTa

sin 3a =33ina—4sin3a;

cos 3a = 40053a —3C0S¢ .

Bripaszum u3 kaxaoit GopmyIibl ciaraemMoe, cojaeprkaiiee Kyo
3. 3sinx—sin3x COS® X — C0S3X +3C0S X

sin” x ;
4 4
HO,IICTaBI/IM X B UCXOJHOC HepaBeHCTBO
COS3X+3cosx . 3sin x —sin3x 3
-SIN3X + -c053x<§.

[IpuBonst neByr0 YacTh HEpPABEHCTBA K OOIIEMY 3HaMEHATENo, Oylaem
UMETh

c0S3x-SIiN3Xx +3c0os X -Sin3x + 3sin X-cos3x —sin3x - cos3x - 3
4 8
HOCJ’IG B3aAHUMHOTI'O YHI/ILITO}KGHHSI KpaﬁHHX cJara€MbiX 4YHUCJIUTCIIA,
IoJriydaem

3c0os X - Sin3x + 3sin x - cos3x - 3
4 8
Teneps mocie BeIHECEHHS 32 CKOOKH YHCIIOBOTO MHOXKHUTENS 3, 3aMevaem,
9TO B CKOOKax oOpasyetcst (hopMyiia CHHyca CYMMBI IByX apryMEHTOB, T.€.
3(cosx-sin3x+sinx-cos3x) 3

4 8
3sin(3x+x)
4
3sin4dx 3
P — < —.

4 8

3
<z,
8

. 4
YMHOXkeHHe o0enX 4YacTed TOCIEeIHEro HEepaBeHCTBa Ha JpoOb 3

OYCBHUIOHO, ITPUBOAUT €I'0 K BUAY
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: 1
sindx < —.
2
OcymecTBUM 3aMEHY HEU3BECTHOrO  4X=t, MOJy4uM IIpOCTEHuIee
: 1
TPUTOHOMETPHUYCCKOEC HEPABEHCTBO smt<§. Takoe HEPaBEHCTBO MBI YK€

pemanu B [Ipumepe 1.2.3. Tam Ob1JI0 MOTYYEHO:

_%[+27rn<t<%+27zn,nez.

Ham octanock nuib caenatb 0OpaTHyto 3aMEeHy U HalTH X:

—7—7Z+27rn<4x<%+27m,n62,

7 7n 7 7zh
——t+—<X<—+—,ne’.
24 2 24 2
OTtBeT: X € —7—7T+7T—n;1+7[—n heZ.
24 2 24 2

§ 1.3. Memoowl pewtenun mpuzonomempuueckKux HepaseHcmae

K MetomaMm perieHus: TPUTOHOMETPUUECKUX HEPABEHCTB, HE SIBIISFOIITUXCS
POCTEUIIIMMU, OTHOCSITCS

1) paznoxxeHre Ha MHOKUTEIH;

2) METOJ UHTEPBAJIOB,;

3) npuémbl, UCIOJIB3YIONINE CBONCTBA MOHOTOHHOCTH U MEPUOIUIHOCTH
TPUTOHOMETPUUYECKUX (QyHKIIHH;

4) cnenyanabHbIC MPUEMBI.

PaccmoTpumM cHauaja TPUTOHOMETPHUUYECKOE HEPABEHCTBO, MPH PEIICHUU
KOTOPOT'O MCIIOJIB3YETCS METOJ «PA3N0NCEHUS HA MHONCUTNETU.

. o X
Ipumep 1.3.1. Penmuts HepaBeHCTBO 2SiN° > +€0s2x<0.

Pewenue. 3necy MOXHO BOCTIONIB30BATHCS (HOPMYIION MTOHUKEHUS
CTETIeHH (17151 IEPBOTO CIIAraeMOTO JICBOW YaCTH HEPABEHCTBA) U POpMYIIOi
KOCHHYCa JIBOMHOT'O apryMEeHTa ([ BTOpOTro ciaraeMoro). Mmeem

1—-cosx+2cos*x—1<0.

N

2c0s° X —cosx <0,
cosx(2cosx—1)<0.

Od4eBuAHO, YTO MPOM3BEACHHE, COCTOSIIEE U3 ABYX MHOXKHUTENCH, Oyaer
CTPOTO OTPUIIATEIBHBIM, €CIIM MHOKUTEITH UMEIOT Pa3HbIE 3HAKH, T.€.

[18]
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cosx <0,
2c0sx—1>0;

cosx >0,
2cosx—1<0.

b | ®

=

|
L] =

N

cosx <0,

1
COSX > —;
2

ta| =

cosx >0, -
Puc. 15

1
COSX < —.
2

O‘IGBI/IJ]HO, qTo 1epBasd CUCTCMa COBOKYIIHOCTHU UMCECT IIYCTOC MHOKECTBO

pemeHui, 1.e. @. Pemenne BTOpoil cucTeMbl HEPABEHCTB M300pakeHO Ha Puc.
15.

3HAYuT,

Xe —£+27m;—£+27rn U £+27z'n;£+27[n ,neZ.
2 3 3 2

OtBer: Xe —£+27Z'n;—£+272'n U Z+27zn;£+27rn ,neZ.
2 3 3 2

Tenepp paccMOTpUM TPUTOHOMETPHUYECKOE HEPABEHCTBO, B 3allUCHU
KOTOPOTO HcCHoiib3yercs npodb. OHO TpebyeT NpUMEHEHHS «Memood
UHMEPBATIOB.

COS2X +3C0SX + 2 S
(sinx—1)-sin(x+3)

Pewenue. Vicmonezys ¢opmyny KoCcMHyca [BOWHOTO aprymMeHTa, B
qUCIUTENe JApOOM  JIETKO  MOXHO  TIONYyYUTb
KBaJ[PaTUYHOE BBIPAXKEHUE OTHOCUTEIBHO COSX,

IIOCJIC PA3JIOKCHUA Ha MHOXHUTCIHN, HCPABCHCTBO
IIPpUMCT BU

IIpumep 1.3.2. Pemiuth HEPAaBEHCTBO

(2cosx+1)-(cosx+1)
(sinx—l)-sin(x+3) B
3aMeTI/IM, qTO B YUCIIUTCJIIC NMECTCH
MHOXHUTEJb, KOTOPBI 00palliaeTcss B HOJIb, HO HE
MEHSET CBOEro 3Haka: CoSX+1>0 mist Bcex X. B
3HAMCHATCIIC I[pOGI/I CXO0OJKai CI/ITyaLII/IH, TOJIBKO TaM

OIUH W3 MHOXHUTEIEW HE  IIO0JOKUATEIICH:
sSinx—1<0 mgmgs Bcex X. B c¢Ba3m ¢ Itum

[19]
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HEPaBEHCTBO yJ00HEE MepenucaTh B BUJIC
(2cosx +1)-(cosx+1)
<

(1-sinx)-sin(x+3)

Haiiném Hynu yucnurens:

cosx:—l, x:iz—”+27zn,
2 = 3 ne’Z.
COSX =-1, X=1m+27n;

Cnenyer oOpaTUTh BHUMaHUE, YTO IMpU MEpexojie 4Yepe3 TOUKYy
X=7+27zNn, N Z, 3HaK ApoOU HE MEHSETCs !
Haiiném Teneps Touku, oOpamiaroniyue 3HaMeHaTeb ApoOoH B HOJIb:

{ sinx =1, x:£+27zn,

sin(x+3):0,:> x:§3+7zn; nez.

PazmMectuM  COOTBETCTBYMOIIME  TOYKHM B TpeAeiax  OJHOTO
TPUTOHOMETPUYECKOTO Kpyra (TIOCKOJIbKY TEpHOJ| 3TOW npodu paBeH 27) W,
npUMeEHssl MeTo ] MHTepBaioB (cM. Puc. 16), momydaem:

XE(%—&%)U(%;%}U{H}U(Z?T—3;4?7[:|.

3aM€TI/IM, 4qTO B 3allMCH IIOJIYUCHHOI'O pE3yjibTaTa HNMCCTCA OJHa
BBIKOJIOTAs TOYKA U OJHA U30JIMPOBAHHA. C y‘{éTOM nepuoaa, MOXEM 3allnucCaTb

Xe(ﬂ—3+2ﬁn;%+2ﬁnjU(%+Zﬂn;z?ﬂ+27[n:|U{7Z'+27Tn}U

U(Z;r—3+27m;4?ﬂ+27m}, neZ. . |/

Jlanee paccMOTpUM TPUTOHOMETPUUECKOE HEPABEHCTBO, IMPHU PEUICHUU
KOTOpPOTO TMOTpeOyeTcsi MpUMEHEHHE CBOWCTBA MEPUOIUYECKUX (DYHKIMI B
COYETaHUU C METOJ0M UHTEPBAJIOB.

X X
IIpumep 1.3.3. Pemuth HEpaBeHCTBO Qg 5 tg 3 >0,

X X
Pewenue. Paccmorpum ¢yuakumio | (X) =19 > —1g 3 U YCTaHOBUM €€

OCHOBHOW miepuos. M3BECTHO, YTO HAWMMEHBIIWN MOJOXKHUTEIBHBIA TEPUO]
¢ynknuu Y =tg X pasen T, =r.

M3BecTHO, YTO JIsi HAXOXKJACHHUA OCHOBHOTO Tiepuojia (QYHKIHHU
y="f (kx) UCTIOJb3yeTcs (hopmyrna
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T

1| =27, B CBOIO O4Yepe/ib
2

X
VY Hac: fl(X) :th OyJeT UMeTh Tepuon 1, =

f,(x)= tg OyneT uMeThb nepuon I, _| |

KpOMe TOT0, U3BECTHO, uT0 coxHas pynkums Y= f,(x)+ f,(x) nmeer
OCHOBHOM TIEPUOJ, KOTOPBIH BhmcisieTcs o popmyne T, = HOK (T;;T,).

3Hauurt, B HaleM ciayvae T, = HOK (27z; 371) =67,

X X
Wrak, ocHOBHOU Tieproa ¢pyHkiuu f (X) =10 5 tg 3 paBeH 67 .
Tenepp HalAEM pelleHUEe TaHHOTO HEPABEHCTBA HA JIOOOM MPOMEXYTKE,
X X
JUTHHA KOTOPOTO paBHA OCHOBHOMY mepuoay ¢yHkiuuu f (X) =tg—--1t9—-,
HaIlpuMep, Ha [0;6%).

o X X
Ha BBIOpaHHOM NpOMEXYyTKe HaljaeM KopHU ypaBHeHms tg——tg—=0.

3

Bocnonb3yemcst «memodom cpasnenus apeymenmogy (T.e. 1l ypaBHEHUS BUAA
tg (ax) =19 (,BX) KOPHH HaXOMSITCS U3 COOTHOLICHUS X = X+ N, Ne”Z).
B Hamewm ciyuyae:
X

X_X +zn,ne”Z,
2 3

Otkyma X=6zn,neZ. IlpoMexyTKy [O;67r) NPHUHAIIEKUT — TOJBKO
oauH Kopenb X, =0.

OOpaTM BHHMaHHE, YTO HEKOTOpPBIC TOYKH BBIOPAHHOTO IPOMEKYTKa
[0;672')H€ x0T B O3 maHHOrO HEpaBEHCTBA. Y CTAHOBUM 3TH OCOOBIC TOUKH:

g;tgwm,nez,? X#rx+2zn,ne’Z,?
&

X 7 _ X¢3—ﬁ+37rk,keZ..

§¢E+7rk,kez, 2

K gnciay 0coObIX TOYEK OTHOCSITCS:
1 5
037z+27m<67r<:>—7z£27rn<57z<:>—§£n<§:>n=0,1,2.

3HAuUT, X, # 7T, X, # 37T, Xy # o7 .
AHaJI0OTU4HO

03377[+37Zk<67r<:>—37ﬂ337rk 977[@—&<k<2:>k 0,1.

T.e x;«t?’—7Z 7&9—”
€., X, 2,x5 5
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X X
Otobpa3um Ternepb TOUKH pa3pbiBa GyHKimu f (X) =1g > —tg 3’ a TaKxke

X X o
KOPHHU ypaBHeHHs tQ E—tg —=0 na npomexytke [0;677) KOOpAMHATHOI OCH X

(cm. Puc. 17).
r=6r
I 1121 I J Is lrslfs
0 n 3n 3n 9% Sm 6m x
2 2
Puc. 17
3r 3
Homyuanmn mects «ydactkos»: |, =(0;7), |1,= 7z;7 , = 7;372' ,

|4=(37r;97ﬂj, I5:(977T;57z), I6:(57z;67z), Ha KaXJIOM U3 KOTOPBIX

paccMmaTpuBaeMas GyHKIIMSI HENIPEPhIBHA M COXPAHSET 3HAK. Y CTAHOBUM 3HAKH
(GYHKIIMY HA KaXKIOM U3 TIOJYYEHHBIX YYACTKOB «Memo00OM NPOOHLIX MOYEK».

T Vs
Brioupaem cHauama X = E € |, n Haxomum f (Ej )

f(f):tgf_tgle_ﬁ_ﬁ>o_
4 6 3 3

AnasjormyHo  momy4ymMm, 4to: X=€l,, f (X) <0, x=el,,f (X) >0;
x=el, f(x)<0; x=el, f(x)>0; x=el, f(x)<O0.

B pesymprare moiy4aeM pelleHHE 3aJaHHOTO HEPaBEHCTBA Ha
POMEXKYTKE, PABHOM JJIMHE OCHOBHOTO meproaa pyukuuu f (X):

XE(O;E)U[%;?)EJU(%;ESEJ.

YuuThiBas OCHOBHOM nepuo Gpyukimu f (X) , OKOHYATEJIbHO MOJYYUM

5 =

Xe(67zn;7z+67zn)U(3§+67zn;37z+67ij(97ﬂ+67zn;57z+67m} heZ.

OrtsBerT:

Xe(67zn;7z+67zn)U(3§+67zn;37z+67ij(97ﬂ+67zn;57z+67m} heZ.

B 3akmrouenme storo maparpada paccCMOTpPHM TPUMEDP, peuiaemvlil

CReYUuaIbHbiM NPUEMOM.
Unes »toro mnpuéma OCHOBaAaHA HAa KOOPAMHATHOM MHTEpIpPETALUMU

MOHATUI CUHYC M KOCHMHYC. Tak Kak COS¢@ M Sing ecThb abcuucca U OpAHHATA
TOYKH TPUTOHOMETPHUCCKON OKPYKHOCTH, TO PEIICHUE HEPAaBEHCTBA

[22]
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f (cosg;sing)>0
PABHOCHUJIBHO PEIIEHUIO CMEIIAHHON anreOpandecko CUCTEMBbI
f(xy)>0,
X +y*=1.
Ora cucTeMa ONpEAEISIET Ty 4YacTh €IMHUYHOW OKPYKHOCTH, KOTOpPas
conepxures B obmacti f(x;y)>0.
Pemenus cucremsl ypaBHEHUN
f(xy)=0,
X +y*=1
€CTh KOHIBI AYr, Ha KOTOPBIX BBIMOJHSIETCA [TaHHOE TPUTOHOMETPUUYECKOE
HEPaBEHCTBO.

INpumep 1.3.4. Pemuth HEPABEHCTBO SiN@ > 4./3cos® Q.
Pewenue. CocTaBisieM CMELIaHHYIO CHCTEMY HEPAaBEHCTB

y > 43%,

X* +y*=1.
PGHICHI/ICM 3TOI>1 BCHOMOFaTCHBHOﬁ 3a1a4un SABIIACTCS )Iyl“a
TPUTOHOMETPUYECKON  OKPY)KHOCTH, PaCIOJOXKCHHAss BBIIIC KyOWUYECKOM
Hapa6OHI>I y:4\/§X3. HaXOIII/IM TOYKH IICPCCCUCHUA KPHBBIX, T.C. PCIIACM

CUCTEMY YpaBHEHUU

y=43x,

x2 + y2 =1.

IlogcTaHoBKa Y W3 MEPBOrO ypaBHEHUS CUCTEMbI BO BTOPOE BIICUET
MOSBJICHUE PABHOCWIBHOTO YPABHEHUS C OJHOW NIEPEMEHHOMN

x? +(4\/§x3)2 =1. | y
Wnn

48x° + x* =1.
[Tocnennee ypaBHEHHE HWMEET JIMIIH [Ba

+ 4+t

JIEVUCTBUTEIIBHBIX KOPHS X = ia .

Jlyra TpUTOHOMETPUYECKON OKPYKHOCTH,

kot SE O P TR S R AR S T N ey
+++++++t ettt A+

+

COCIMHAIONIAs] TOYKA C TaKUMH abcruuccamu, | A
pacroyioKeHHasi Bbllle  mapadosibl, 3anaércs b
JIBOMTHBIM HEPABEHCTBOM 1 : I

T 4r + 44

— <@ <— (cMm. Puc. 18). 4+

3 3 +++

[TosTOMy  OKOHYATENIBHBIM  PEILIEHUEM Puc. 18

JaHHOI'O HCPAaBCHCTBA 6yz[eT MHOXKECTBO:
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%+2ﬂn<gp<4§27tn,nez.

OtBeT: @ € %+27zn;4?7[27m he”Z.

8 1.4. /loxazamenbcmeo mpuzoHomMempuiecKux HepageHcme

B stom maparpade peub MoHAET O TPUTOHOMETPUUECKUX HEPABEHCTBAX,
CIIPABENIMBOCTh KOTOPBIX HAJO JI0Ka3aTh HA 3aJJaHHOM MHOXECTBE 3HAYCHUU
nepeMeHHOM. Eciu Takoe MHOXECTBO HE YKa3aHO, TO NOAPA3yMEBAETCSH, YTO
nepeMeHHasi MOXKET MPUHUMATH JII000€e eHCTBUTEIFHOE 3HAUCHHE.

N3BeCTHO HECKOJBKO CIOCOOOB J0Ka3aTeabCTBA HEPaBEHCTB (B TOM
YHUCJIE U TPUTOHOMETPUUECKUX):

1) nmoka3aTeabCTBO HEPABEHCTB C TIOMOIIBIO ONPEICICHUS;

2) CHHTETHYCCKUIH METOJ I0Ka3aTeIbCTBA HEPABCHCTB;

3) 10Ka3aTeIbCTBO HEPABEHCTB METOJIOM OT MPOTHBHOTO;

4) moka3aTeNbCTBO HEPABEHCTB METOIOM MaTeMAaTHYECKOW HHAYKIIUH;

5) n0Ka3aTeNbCTBO C UCIIOJIb30BAHUEM CBOMCTB Fr€OMETPHUECKUX (DUTYD.

PaccMoTpuM cyTh 3THX c€mOCOOOB, COMPOBOAMB HEKOTOpPbIE M3 HUX
COOTBETCTBYIOIIUMH IIPUMEPAMHU.

1)  Ilo onpedenenuro cumraercs a>b, ecim paswocts a—b -

HOJIOKHUTENBHOE YUCITo. [ToaTOMY IS JOKa3aTeabCTBa HEpABEHCTBA BUA
f(ab,...k)>g(ab...k)

Ha 3aJaHHOM MHOXKECTBE 3HaueHHi a,b,...,K HeoOX0aMMO COCTABUTH PAa3HOCTH

f (a,b,...,k)—g(a,b,...,k) U yOeIWThCS B TOM, YTO OHA IOJIOKHUTEIbHA IPHU

3a7aHHbIX 3HaueHusx a,D,...K. AHamormuso mpuMeHseTcs 3TOT CIOCOO s

A0Ka3aTCJIbCTBA HCPABCHCTB BHUAA:

f(ab...k)<g(ab,..k),
f(ab,...k)>g(ab,..k),
f(ab...k)<g(ab,..k).

T
Ipumep 1.4.1. JlokazaTh, 4YTO €CIIM O<oc<§, CIIPABEIIUBO

HepaBeHCTBO Sina >sin“a .
Hokazamenvcmeo. PaccMOTpUM pa3HOCTH

sina —sin’a =sina(1-sina).
I ) .
Tak kak 0<0c<§, To Sinad>0 u 1-sina>0. CnenoBarenbHO, Pa3HOCTh

sina —sin®a OyleT TOJ0XUTEIbHON BEIMYMHOM, KaK MPOU3BEIACHHUE IBYX
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MIOJIOKUTENBHBIX BEJIMUUH. DTO 03HAYAET, YTO IO ONPEAEICHUIO JOKa3bIBAEMOE
T
HEPaBEHCTBO CIPaBEIIMBO MpH yciaoBuu, uto 0 <o < >

2) Unmes  cummemuueckoeo cnocoba n0Ka3aTeIbCTBAa HEPABCHCTB
COCTOMT B TOM, YTO C TOMOMIBIO psAa MpeoOpa3oBaHU TOKA3HIBAEMOE
HEPABEHCTBO BBHIBOJIST M3 HEKOTOPHIX WM3BECTHBIX (OMOPHBIX) HEPAaBEHCTB. B
KauecTBE OIOPHBIX HEPABEHCTB MOTYT HCIIOJIb30BAaThCH, HANpPUMEp, TaKUE
HEPaBEHCTBA:

A) a®>0;

b) E+EZO,€CHI/I ab>0;
a

B) ax* +bx+¢>0, ecim a>0 u b* —4ac<0;
') HepaBeHCTBO, COAEpIKAlIEe KIACCHYECKHE CPEIHUE BEIUIMHBI

H <G <A <Q_, *)
B KOTOPOM:
n

H = T 1 T cpeoHee 2apmMoHuyeckoe BEIUYMH a,,a,,...,a, ;

e e SR A

a1 a'2 an
Gn = Q/a1 -, +...- & — cpeonee ceomempuieckoe BEINYUH @,,3,,...,a, ;

a +a+..+a
A = — cpeoHee apugmemuyeckoe BEIUUUH a,,a,,...,a ;

n

\/a ‘+a,+.+a°
Q =,—2 - " — cpedHee Kéadpamuyeckoe BEIUYMH a,,a,,...,a .

HepaBenctso (*) nuMmeeT BecbMa
MHTEPECHYIO TCOMETPUUICCKYIO
UHTEPIPETAIMIO IpH N=2.

Ha Puc. 19 wu3o6paxeHa
tpanenus ABCD. Ha Heit orMedeHBI
YeThIpe OTpe3Ka:

PQ — otpe3ok, mpoxomsniuii
qyepes TOYKY MepeCceUCHUs
JIUaroHajeil Tpamemnuu, NapajjielbHO
e€ ocHoBaHMsM a U b.

0

PQ=H,= — CpeJIHEE TAPMOHNYECKOE OCHOBAHUM TPaICIUU.

2
1 1
7+7
a b
LN — otpesok, nensmmii nanuyro Tpanenuio Ha BCNL u LNDA — nBe

MOJTIOOHBIC IPYT IPYTY TPAICIUH.
LN =G, =+/ab — cpennee reomeTprueckoe 0CHOBAHKE TPATICLIUH.
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MK — oTpe3ok, coeAuHSIOMMN cepeAMHbl OOKOBBIX CTOPOH Tpameluu, u
napasuieNibHbId €€ OCHOBAHUAM (CpPEeaHSISL TUHUS ).
a+b y
MK=A, = — - cpenHee apupMETHIECKOE OCHOBAHHUM TPaTeIHH.
EF — orpe3ok, mapamuienbHblid OCHOBAaHUSM Tpamlely, KOHIBI KOTOPOTO
nexar Ha e€ OOKOBBIX CTOpPOHAX, puyeM Takoi, yto Tpaneunn EBCF u AEFD
PaBHOBENUKH (T.€. UMEIOT PaBHbIE TUTOMIAIN).

a’+b’
EF=Q, = — CpeHee KBaJApaTHIeCKoe OTPE3KOB a u b.

Hpumep 1.4.2. Jlokazath, uyto ecim a>0, b>0, a=z#mnh,ne’Z,

: b
CIIPaBEJUIMBO HEPABEHCTBO ASIN’ ¢ + — —>2ab.
SIN" o

Loxaszamenbcmeo.
Bocnonezyemcs HEPaBEHCTBOM, CBA3bIBAIOIINM cpeaHee
apu(pMETHUYECKOE U CpeIHEE TEOMETPUUECKOEe IBYX BEJIMUMH 4, a, :

a,+a
#zﬂ/aloaz,alzo,a2 >0.
b

Beeném o6o3HaueHnst a,=asin’o., a, =

sina,
Torna

asin®o +

2

— _
sih o 2\/a3|n2a- —,
sinZa

OTKy/1a

) b
asin®a +——=2ab,
sin«

YTO U TPEOOBAJIOCH JOKA3ATh.

3) Nnes cmocoba goKa3zaTenbcTBa HEPABEHCTB  MemoooM  Om
npomusrnozo xopomo wu3BectHa. (CHauvama TpeanojaraloT, 4YTO JIaHHOE
HEPABEHCTBO HEBEPHO (a BEPHO MPOTHUBOIOJI0KHOE MO CMBICIY HEPABEHCTBO), a
3aTeM C TIOMOINBIO METOYKH MPeoOpa30BaHUMN MPUBOJAT €ro K BUIY, KOTOPBIHA
yKa3blBa€T Ha HaJW4yWe TMPOTUBOPEYMS, U3 YEro JejaloT BBIBOJA 00
OIMMOOYHOCTH TPEANOI0KEHUS K BEPHOCTH UCXOTHOTO YTBEPIKICHHUS.

Ipumep 1.4.3. Jlokas3aTh HepaBeHCTBO COS36 >1g36 .

Joxazamenvcmeo. llpeanonoxkum, 4to JaHHOE HEPABEHCTBO HEBEPHO,
T.e. C0$36 <tg36 . Torma momay4um
cos36 < ﬂ cos’36° <sin36 .
cos36
[Ipumenum K JIeBOM YacTH TMOCIEIHEr0 HepaBeHCTBa (OpMYIy
MMOHUKEHUS CTETICHU
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1+c0s72 <2sin36,
1+cos(90" ~18) < 2sin (6 +30’),
1+sin18" < 2sin6 cos30 +2cos6 sin30,
1+2sin9°cos9 < 2sin6 cos30 +cos6 .
Tak kak
1>co0s6, sin9 >sin6 >0, cos9 >cos30 >0,

TO TIOCJIEIHEE HEPABEHCTBO JIOKHO! 3HAYUT, OCTAETCS IPUHSATh, YTO UCXOTHOE
HEPaBEHCTBO SIBJIICTCS BEPHBIM.

4)  Unes wmemooa mamemamuueckou uUHOYKYUU TaKKE XOPOIIO
M3BECTHA.

Y TBepKACHHE, 3aBUCAIICE OT HATYpPaIbHOTO YHCIa N, CIpPaBeJIUBO IS
J1000T0 N, €CJIM BBITTOJHEHBI JBa YCIIOBHUS:

a) yTBepKIACHUE cripaBeiiuBo i N =1 (6aszuc undykyuu);

0) W3 cChOpaBeIMBOCTH yTBEpXKIcHHs mnpu N = K (mpu 1r000oM
HATYpaJbHOM 3HaYCHHUH K) BBITEKAeT ero crpaBeiMBOCTh M it N = K +1 (wae
UHOYKYUU).

Ipumep 1.4.4. JloxaxuTte, 4YTO [ JHOOOT0 HATYpajIbHOTO n
CIIpaBeIJIMBO HEPABEHCTBO SiNa +SIN2a +...+SiNNax <n.
Loxazamenvcmeo.

[IpoBepuM cHauana cpaBeITUBOCTh Oa3nca MHIYKINU:

a) N =1: sina <1(BepHO B CHUJIy OTPaHUYEHHOCTH CUHYCA).

0) TpeANoNoKUM, YTO HEPABEHCTBO CIIPaBeUIMBO mpu N = K, T.e., 4TO
CIIpaBEIJIMBO HEPABEHCTBO

sina +sin2a +...+sinka <K.

JlokaxkeM Temeph CIpaBeIIMBOCTh HepaBeHcTBaA mpu N = K +1. Jlnsg sto
no0aBUM K O00€MM YacTsAM HEpPaBEHCTBA, SIBISIIONIETOCS WHIYKTUBHBIM
IPE/IIONI0KEHUEM CllaraeMoe Sin(k +1)a, T.C. TIOJTyYUM HEPaBEHCTBO BHUJIA

sina +sin2a +...+sinka +sin(k +1)a <k +sin(k +1) .
CpaBuum K +1 u k +Sin(k +1)a , T.C.
k +1-(k +sin(k +1)a)=1-sin(k +1)c .
Jlnst  cripaBeIMBOCTA HWCXOJHOTO HEPABEHCTBA HEOOXOIMMO, YTOOBI
BBIIIOJHAJIOCH YCJIOBUC

1-sin(k +1)a >0.
JIeHCTBUTENBHO, T.K. Sin(k +1)a <1 (B cwIy OrpaHUYECHHOCTH CHHYCA),
TO
1-sin(k +1)a >0.
CrnenoBaTenabHO,
k+1 >k +sin(k +1)a >sina +sin2a +...+sinka +sin(k +1)«,

TOTZa IO CBOWCTBY TPAH3UTUBHOCTH
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k+1 >sina +sin2a +...+sinka +sin(k +1)a

Taxum 00pa3zom, O MPUHIUIY MAaTEeMAaTHYECKOW MHIYKIUU W3 MYyHKTOB
a) u 0) cieayer, YTO JaHHOE HEPABEHCTBO CIPABEJIUBO TMIpU JHOOOM
HaTypaJbHOM N.

5) HWuorma pans qoka3aTenbCcTBa TPUTOHOMETPUYECKHX HEPABEHCTB
UCIIOJIB3YIOT CBOUCMBA HEKOMOpbIX 2eomMempudeckux ¢ueyp (Hampumep,
CBOWMCTBO CyMMBI BHYTPEHHHX YTJIOB TPEYTOJIbHUKA).

Ipumep 1.4.5. /loka3ats, 4Tto ecnu o, [, y — yIJbl TPEYTOJIbHUKA, TO

7 33
-8

3 a
CIIpaBEJIUBBI HEPABEHCTBA COS( + COS B+ COSy < 5 U COS— COS I cos

Hoxazamenvcmeo. TIpeobpazyeM BbIpakeHUE, BXOSIIIEE B JIEBYIO YacTh
TIEpBOTO HEPABEHCTBA:
y = COSa +CO0S 3+ C0S y = COS et +C0S 3 —Cos(ax + fB) =

atp 2P p
2 2

a_
+1-2cos? —~X =

=2 cosa+’8 1cosa al += cos i+1.
2 2 2 2 2

[lony4yennast cymma nNpuHUMAET HauOoJIbllIee 3HAUCHUE, E€CIH

cosa+'6—1cosa B =0,
2 2

= 2C0S

2
cos? ¥ =8 _q.
2
3 3
Orta cucteMa paspemnma npu « = =60, IIpu atom v,,; = rE T.€. y< r

TeM caMbIM, IEPBOE HEPABEHCTBO JOKA3aHO.
[lepeniném Kk TOKa3aTeIbCTBY BTOPOrO HEPABEHCTBA. TaKk Kak «, S, y —

By

o o
YUJIbl TPCYTOTBHHUKA, TO YIIbL —-, ©-, o TONOKHTEIBHBI 1 MCHBIIC 90°. B sToM
CJIyIIae MOXHO HpI/IMeHHTL OHOpHoe HepaBeHCTBO, CBA3BIBAIOIIICC CpeI[Hee
reoMETPUYECKOE B CpeiHee apu(pMETHYECKOE IS KOCHHYCOB
COS¢o + CO0S O + COoS o+ p+

: p /< cos2FPHY

B CJIy4dac ITOJIOBHHHBIX apPIr'YMCHTOB OHO IIPUMCT BUL:

a+p+y . 3
6

3/cosarcos feosy <

=c0s30° =—,

\/coszcosécosl <cos
2 2 2 2

HIIn

8

3
cosgcosﬁcosZ < ﬁ = 33
2 2 2 2

YTO U TPEOOBATIOCH JOKA3ATh.
Ipumep 1.4.6. Jlokasath, 4TO €CIU o, B, y — YIJIBI TPEYTOJIbHUKA, TO
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BonY

.o . 1
SIN—SsIn—SsIin—<—.
2 2 2 8
Jlokazamenbcmeo. Hpeo6pa3yeM JICBYIO YaCTh IAHHOTO HEPaBEHCTBA

L=singsinEsin1 cos— = a—p cosa—JrB sind =
2 2 2 2 2 2 2

o-p o+f

cCOS—- sm——cos— smY
2[ 2 2 2 2}

+sin

:%{sina_—w+sin_a+ﬁ+y—sina+B+y %B_q

Tax kak o+ 3+ vy =180° no ycnosuio, mosToMy
oa—B+y=180"-2B;
—o+pB+y=180" - 2u;
a+p—y=180"-2y.
Otcrona cieyer, u4ro

sin“=B+Y _ G, 180 = 2P

sin%’“yzsin% sin(90° —a) =cosa;

a+[3—y:sin180°—2y

=sin(90" —B)=cosp;

sin =sin(90° —y)=cosy;
0
sinOHB” :sin@:sinQO0 =1.
2 2

Torna

L =%[003a+cos[3+003y—1],

HO
3
cosa +COoSP+Cosy < > (cm. Ilpumep 1.4.5.).
3HauuT,
1
coso.+CosP+cosy—1<—.
2
1

YMHOXHM 00€ 9acTH MOCJIeTHETO HEPABEHCTBA HA 2 )

1 1

Z[cos<>c+cosB+cow—l] < g

.o . By 1
Orcroma cieayer, 4ro SIHESIHESInE < 3’ ecimu o, B, y — YIIbI
TPEYrOJIbHUKA.

[29]



Tmasa ll

I'TABA 1II. YPABHEHHUSA U HEPABEHCTBA, COAEPKAIIIUE
OBPATHBIE TPUTTOHOMETPUYECKHUE ®YHKIIUU

§ 2.1. llpocmeitwue ypagnenus, cooeprcauiue oopamusle
mpuzonomempuueckue QynKyuu

X Vpasnenuem, codepowcawum odbpamuvle mMpuecoHoMempuyeckue @OyHKYuu,
Ha3bIBACTCS PABEHCTBO, COJCPKAIEE HEU3BECTHYIO BEIMYMHY I0J 3HAKOM
0o0paTHOM TPUTOHOMETPUUECKON (PYHKIMH (OTHON MU HECKOJIBKUX ).

[TpocTelmuMy ypaBHEHUSMH, B KOTOPBIX TPEOYETCS HAMTH HEM3BECTHYIO
BEJIMYMHY, HAXOJSIIYIOCS TOJ 3HAKOM OJHOW W3 apK()yHKIMH Ha3bIBAIOTCS
ypaBHCHHMSI BUIA:

1) arcsinx=m;

2) arccosx=m;

3) arctgx=m;

4) arctgx=m.

Tak xak Bce oOpaTHBIC TPUTOHOMETPHYECKHE (PYHKIIMM MOHOTOHHBI B
00JIacTU CBOETro OMpPEACNICHUS, TO BCE 3THU YPAaBHCHHUS WMEIOT €JIMHCTBEHHOC
pelieHue.

YTOYHUM JHIIb YCJIOBUS, HAKJIAJIbIBAEMbIE HAa YHMCIO M, TMPH KOTOPHIX
YPaBHEHHMSI pa3pelIuMbI:

1) arcsinx=m, me[—z;z};
2 2
2) arccosx=m, me[0;7];
T T
3) arctgx=m, me| ——;— |;
) arctg ( > 2j

4) arctgx=m, me(0;7).

: T
Ilpumep 2.1.1. Pemure ypaBHeHHe arcsin X = re

T T
Pewenue. Tak kak Ee irak TO JAaHHOE ypaBHEHUE PA3PELIMMO U

.1
MMEET EIUHCTBEHHOE pemeHue. M3BectHo, uro SIin E = E , IO3TOMY X = E .

OtBeT: X=—.
2

T
IIpumep 2.1.2. Pemite ypaBHeHUE arCCOSX = >

3r _ .
Pewenue. Tak xak E) ¢ [O,ﬂ], TO JIaHHOE YpaBHEHHUE PEIICHUN HE UMEET.
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§ 2.2. Ypasnenusa, cooeprcaujue oopamusvle mpuzonomempuyiecKue
¢ynuxkyuu, ceooauuecsa 3ameHnoil nepemenHoll
K anzedpauyecKkum ypasHeHuam

PaccmoTrpuM ypaBHEeHUE BU1a
f (arcsinx)=0, (2.2.1)

rjie o1 3HakoM (QyHKIUHM f MOKEeT HaXOAUThCS JI00ast Apyras apK(yHKIIHS.

Crnenyer uMeTh B BUJY, UTO B 3aBUCHUMOCTH OT KOHPUTYypauuu (pyHKIUU
f pemenne naHHOTO ypaBHEHHs MOXeT conepxkarb OJI3, a Moxer U He
coJiepKaTh TAKOBOTO!

C nomompto mojicTaHoBKU t=arcsinX ypaBHenue (2.2.1) cBoautcs K
PELICHUIO CMEIIaHHOW CUCTEMBI:

f(t)=0;
(—Est Szj (2.2.2)
2 2

C MOCTEAYIOIINM pElIeHUEeM MPOCTEHIITNX ypaBHEHUM (B 3aBUCUMOCTH OT YHCla
pelIeHUN CMEIIaHHOW CUCTEMBI).

Hpumep 2.2.1. Pemmte ypasuenue 2arcsin® X —5arcsinx+2=0.
Pewenue. BBeném 3ameHy t=arcsinx, TOraa HCXOIHOE YypaBHEHHUE

. T T
npumer Bupx 2t° —5t+2=0, ¢ OroBopKoi, 4TO —EStSE. OueBUIHO, YTO
KOPHSMHU KBaJpaTHOTO ypaBHEHHs SBIsOTCS uucna t =2, t, =§. Tak Kak

T i .
tl:2¢[——;—}, TO YpaBHEHHUE arcSinX=2 He HUMEEeT pELICHHN. 3HaAuMuT,

OCTA€eTCs TOJABKO PELINTH IPOCTENIlee ypaBHeHue arcsinX = E .
1
SIcHO, yTO X =SIN E :

.1
OtBeT: X= SmE )

3ameuanne 2.2.1. OtMetruM, 4TO K ypaBHeHHIO Buaa (2.2.1) cBomsTcs
ypaBHEHUS BUA

f (arcsin x; arccosx) =0. (2.2.3)
CBs3aHO 3TO C TEM, UTO UMECT MECTO TOXKIECCTBO

. T
arcsin X +arccos X = o rae xe[-11].

. T
Ilpumep 2.2.2. Pemmte ypaBHEeHHE arcCOS X —arcsinX = re
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. T
Pewenue. W3 ToxzaecrBa  arCcSINX+arcCosX = E CICayeT, 4YTO
T .
arcCosx = E —arcsin X. Torxa UCX0IHOE YpaBHEHHUE IPUMET BU

Vs . . T
— —alCSIn X —arcsin X =—.
2 6
N
T . T
—-=2arcsinx=—.
2 6
Otkynaa nonydaem
. T T
—2arcsinX=———.
6 2
Jlanee umeem
) Vs
arcsin X =—.
6

OKOHUaTeNbHO MOJIyYaeM, 4To

OtBeT: —.
2

2
: /4
IIpumep 2.2.3. Pemure ypaBHEeHHE arcsin X - arccos X = 8

, V4 .
Pewenue. Bocriosibzyemcs €€ pa3 COOTHOIIEHUEM arCcCoS X = E —arcsinx.
B pe3ynbrare ypaBHEHUE IPUMET BU]

2
. T . T . .
arcsin x - (— —arcsin xj =18 < 18arcsin®x—9rarcsinx + 72 =0.

: T
[ycts t =arcsinx, |t|< > MoJTydaeM KBaJpaTHOE ypaBHEHHE

18t — 9zt + 72 =0.

D :(—977)2 —4.18-7* =81r* - 727 =97° = (371)2.
_r+3r 127 7,
"3 3 3
{ 9n-3r bz _=7
> 36 36 6
Torna

. T . T
arcsinX=—; arcsinx=—.
3 6

[32]



Tmasa ll

1 43

OtBeT: —, —.

2

3ameuanne 2.2.2. AHaJOTUYHBIM NPUEM MOXKHO HCIOIB30BaTh MPHU
pelieHny ypaBHeHui Buga f (arctg X; arcctg X) =0.

IIpumep 2.2.4. Pemure ypaBHenue 4arctgx —o6arcctgx=r.

T V4
Pewenue. Tax xak arctgXx-+arcctgx= o T.e. arcctgx= 5 arctg x.
Torma uCcxoIHOE ypaBHEHUE MPUHUMAET BU/L
T
4arctg x — 6(5 —arctg x) =7.

Janee nomyvyaem
10arctgx -3z =r.

N
10arctgx =4r.
[Tomyuaem
arctgx = o
-
3Hauut, X=1g 2?7[ :
OtBeT: X= tg%{ :

X X
Mpumep 2.2.5. Pemnre ypasuenue 12arctg’ > = 77(37[ +arctg Ej :

Pewenue.
X /4 T .
O603HaYNM arcth yepes t; —E <t< E B pe3ynprare Takon 3aMeHbI

MOJIy4aeM KBaJIpaTHOE YPaBHECHUE

12t? 572t -37° =0 <

T /4
ITockonbky Heu3BecTHast t OKHA YIOBIETBOPSATH HEPABEHCTBY _E<t<5’

T T
TO, oueBUIHO = T — MIOCTOPOHHEE 3HAYECHUE. 3HAYUT, 1 = —E , HO TOorJ1a
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X T X
arctg—=—— << —=—J3 < x=-23.
gz 3 2 \/_ \/_
OTBGTZ—Z\/§.

§ 2.3. Ypasnenusa, cooeprcawjue 00nouménnvie oopamuvie
mpuzonomempuueckue QynKyuu

Cnoco0 penieHus ypaBHEHHH, COAEpPXKAIIMX OJHOMMEHHBIE OOpaTHBIC
TpUTOHOMETpUUYeCKue (YHKIIMU Pa3IMYHBIX apryMEHTOB, OCHOBBIBAETCS Ha
CBOMCTBE MOHOTOHHOCTHU ATUX (DYHKITUH.

CremyeT MOMHHTH, 4TO (YHKIMH Y =arcSINX u y=arctgx SBJISIOTCS

CTPOro BO3pacTalIMMH, a (YHKUHUHA Y =arcCoSX u y=arcctgx, HaoOoporT,

CTporo yOBIBAIOT Ha CBOUX OOJIACTAX ONpeAeNieHus. B CBsi3m ¢ 3TUM
CIIPABCAJINBLI CICAYIOMINC PABHOCHUIIBHBIC IICPCXOAbI.
) Ypasnenue Buzna arcsin f (x)=arcsing(x).

arcsin f (x)=arcsing(x) < arcsin f (x)=arcsing(x) <
f(x)=9(x), nm f(x)=9(x),
c’{ | f(x)<1 c’{ 1g(x)I<1.

IIpumep 2.3.1. Pemure ypasHenue arcsin (3X2 —4x - 1) =arcsin ( X+ 1) :

Pewenue. I[aHHoe YPaBHCHHUC PABHOCHIIBHO CMEIIaHHON CUCTEME

3x? —4x—1:x+1,’ - 3x* —5x—2=0, o =2 %=
| X+1[<1, | x+1|<], x €[-2;0].
OueBHIHO, YTO YHUCIO X, =2 HE YAOBICTBOPSET YCIOBUIO X € [—2;0] .
[To3TOMY KOpHEM ypaBHEHUS SABIIAETCA JULIb X, = —%.
OtBet: ——.
3
II) Ypasuenue Buna arccos f (x)=arccosg(x).
arccos f (x)=arccosg(x) < arccos f (x)=arccosg(x) <
f =
~ { (%)=9(x) e { (%)=9(x)
| f(x)I<1, lg(x)I<1.

Ipuviep 2.3.2. Pemute ypasrenne arccos(x’ —8)=arccos(x+4).

Pewenue. IT0 ypaBHEHHE PAaBHOCWIBHO CIECAYIOIIEH CMEIIAaHHOU
CUCTEME
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X =4
2 _ 2y _
X°—8=Xx+4, o )X =X 12=0, PN L _ 1
|X+4|<1, —1<x+4<1, ?

—5<x<-3.
SlcHo, 4TO uymMcao X, =4 He yAOBIETBOpSAET YCIOBUIO —o<X<-3.
[ToaTOoMy KOpHEM ypaBHEHHS MOXET OBITh JIUIIb X, = —3.
Otsert: —3.
IIT) Ypasuenue Buna arctg f (x)=arctgg(x).
B TakoM citydae uMeeT MecTo CIEAYIOIMNA PaBHOCUIIBHBIN MIEPEX0]T
arctg f (x) =arctg g(x) < f(x)=9g(x).
IIpumep 2.3.3. Pemure ypaBHeHue arcrg (5X2 —3X— 1) =arctg (6X — 5) :

Pewenue. 310 ypaBHEHHME PABHOCWIBHO CIEAYIOUIEH CMEIIaHHOU
cUCTEME

5X* —3x—-1=6x-5, < 5%°-9x+4=0, < x1:1,x2:%.

Otser: 0,8; 1.
IV) YpaBuenue Buga arcctg f (X) =arcctgg (X)
B 3TOoM citydyae BBITTOJHIETCS PAaBHOCHIIBHBIN MIEPEXO/T
arcctg f (x)=arcctg g(x) < f(x)=g(x).
Ipumep 2.3.4. Pemute ypaBHeHue arccrg (4X2 —2X— 2) =arcctg (X + 8) :

Pewenue. 310 ypaBHEHHWE PABHOCWIBHO CIENYIOUIEH CMEIIaHHOU
cUcTeMe

4x* —2x—-2=%x+8, < 4x*-3x-10=0, < x1:2,x2:—%.

OrtseT: —1,25; 2.

PaccmoTpum Temeps 6osiee CIOKHBIE Cllydau, T.e. TAKUE YpaBHEHUS, TIPH
pEIICHHH  KOTOPBIX  HET  BO3MOXKHOCTH  NPUMEHHUTH  BBIIIECTOSIIIHE
paBHOCWIBbHBIE TMepexonbl. Kak mpaBmio, TakWe YypaBHEHHUS COJEpKaT
HEKOTOPOE «OTATOIICHUEY», B KAYECTBE KOTOPOTO, HAIPUMEP, MOKET BHICTYIIAThH
YUCIOBOM KO3 (PUITUEHT, CTOSAIINNA XOTS OBI Iepe]l OAHON U3 apKPyHKITHH.

B Takmx cmydasx ciemyeT BBIMOJHUTH MpeoOpa3oBaHUE, CYTh KOTOPOTO
COCTOMT B  BO3JCHCTBMM Ha 00€ YacTH YpaBHEHHS HEKOTOPOU
TPUTOHOMETPUYECKON omepanuu (HampuMmep, MPUIUCHIBAHUE K 00CHM YacTsIM
MCXOJHOTO YPaBHEHHS KaKOW-THO0 TPUTOHOMETPUIECKON HYHKITNN).

B OonpmmHCTBE CiydaeB Takoe MpeoOpa3oBaHWE TMPUBOIUT K
HEAKBUBAJICHTHOMY YPaBHEHHIO, HATIPUMED, JIsl YPaBHEHUS

f(x)=¢(x) (2.3.1)

MOYKHO IEPENTH K YPABHEHUIO
sin( f (x))=sin(o(x)). (2.3.2)
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[Tpu sTom ypaBHeHue (2.3.2) siBasieTcs cliecTBUeM ypaBHenus (2.3.1), Ho
o0paTHOE YTBEP)KIACHHE HE MMEET MECTa, TaK Kak u3 ypaBHeHHs (2.3.2) MOXKHO
MOJTYIHTh

f (x)=(—1)n -@(x)+mn,neZ. (2.3.3)
Jlerko 3ameTuTh, uTO TpH BCskoM N =0 mroboe pemieHUe ypaBHEHHS
(2.3.2) sBnsercst mocTOpoHHMM Ui ypaBHeHus (2.3.1). [lns ycTpaHeHus

ITIOCTOPOHHHUX KOPHEW, OYEBUIHO, HY’KHA MPOBEPKA, KOTOpask OCYIIECTBIISETCS
MyTEM MOJCTAHOBKU HAaWJIEHHBIX 3HaUE€HUI B ypaBHeHue (2.3.1).

Hpumep 2.3.5. Pemute ypaBHenue 2arcsin X = arcsiny/1— x> .

Pewenue.
O/J13: |X|Sl.
[TopelictByem Ha 00€ 4YacTH HMCXOJHOTO ypaBHEHUS (PYHKIMEW CHUHYC,
ITOJTYYUM
sin(2arcsin x):sin(arcsin \/1—x2).
Nu

2sin(arcsin x) - cos(arcsin x) =sin (arcsin J1-x2 )

Jlanee momy4yaeM ypaBHEHHE BUIa
2x-\1- X2 =/1—-%* .
[TpeoGpaszyem ero K BUIY
2x-\J1-x2 —\1-x2 =0.

J1-x* - (2x-1)=0.

OTtkyzaa mojaydaeM COBOKYITHOCTb, COCTOSIIIIYIO U3 IBYX O0JI€e MPOCTHIX
ypaBHECHUH

Jlanee umeem

1-x% =0,
(2x - 1) =0-
O4eBUAHO, YTO PEIICHUSIMU TIEPBOTO YPABHEHHUS STOW COBOKYITHOCTH

OynyTt uncina X=11, a pemeHusM BTOPOro ypaBHEHUs OyieT X=E .

HenocpencTBeHHOM MOICTAHOBKOM KAXKI0TO U3 MTOJTYYEHHBIX YHCEN B
HCXOJHOE YPaBHEHUE MOJIYUHM:

1) x=1: 2arcsinl=arcsinv1-1; 2-§:arcsin0; r#0.

[TomydeHHOE TTPOTUBOpPEYHE YKa3bIBaeT HAa TO, 4TO X=1 — MOCTOPOHHHUI
KOpEHb.

2) x=-1: 2arcsin(—1)=arcsiny/1-1; 2-(—%)=arcsin0; —#0.
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DT0 03HAyYaeT, YTO YUCIO X=-1 Takxe SABISETCS MOCTOPOHHUM KOPHEM.

3) =1 ; 2arcsin1:arcsin,/1—1; Z-Z:arcsinﬁ;
2 2 4 6 4

Z:arcsinﬁzzz.
3 2 3 3

HOHy‘II/IHI/I BCPHOC YHCIIOBOC PABCHCTBO, IIO3TOMY CIWMHCTBCHHBIM

KOPHEM 3TOT'0 YPaBHEHHUS SBIIAECTCS X=E .

OTBeT: E :
INpumep 2.3.6. Perunre ypaBHeHHe arccos X +arccos 2x =arccos(3x —1).
Pewenue.
-1<x<1,
x| <1, )
O/13 |2X|S1, WJTH —ES XSE,
3x-1]<1, 5
0<x<—.
3

“

B pesynbraTe pemieHus MOCNEIHEH CHCTEMBI JBOWHBIX HEPABEHCTB,
1
noJiydaeM X € O,E .

[TonelicTByeM Ha 00€ 4acTH UCXOJHOTO ypaBHEHUS (PYHKIIMECH KOCUHYC:
cos(arccos X 4+ arccos 2x) = cos(arccos (SX —l)) ;

cos(arccos x) - cos(arccos 2x) —sin(arccos x ) - sin(arccos 2x) = 3x —1;
X-2X —/1— X -1/1—(2x)2 =3x-1;
2X° —3x+1:\/(1—x2)-(1—4x2);

[ToTpebyem, 9TOOBI BHIMOIHSIIOCH YCIOBUE
2x% —3x+1>0,

BBIIIOJTHUMOCTb  KOTOPOIro II0O3BOJIMT BO3BCCTH o0e dYacTtu IHOCJICOAHECT O

Puc. 20

yYpaBHEHUA B KBaJIpar.

N3 Puc. 20 BUAHO, UTO X € [—oo;%} U [1;+oo).
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1
Ho yuuTtsiBas ycnoBue X e [O;E , moiryueHHoe B O/13, 3akiro4aem, 4To

KOPHSAMHU JaHHOTO YPaBHEHUS MOTYT OBITh JIMINB YWCJA, YAOBICTBOPSIONINC
1
TpeOOBaHUIO X€|:0;E :

[IpenBapuTenbHO pPa3l0KUB HA MHOXKHUTENHM KBAJPATHBIA TPEXUIIEH,
CTOSAILMI B JIEBOH YacTU ypaBHEHUS, U BO3BOS B KBaJpaT 00€ YacTH, MOIydaeM

(x=1)"(2x-1)" =(1-x*)(1-4%*);
(x—l)(2x—1)(2x2 —3x+1-2x° —3x—1) =0;
(x—1)(2x—1)-6x=0;

[ x =1,
1
X:_s
2
_x:O.

OdeBHHO, YTO X=1 HE yIOBIETBOPSIET YCIOBUIO X € [O;E} .

OtBeTt: 0; —.
2

Ipumep 2.3.7. Pemnre ypaBHeHUE
arccos(4x” —3x - 2) +arccos(3x* ~8x—4) =1

Pewenue.
Tak Kak UMEET MECTO COOTHOILICHUE

m —arccost =arccos(—t),
TO UMEET MECTO CJIEYIOIIas [IeNouKa Ipeodpa3oBaHmil
arccos(4x2 —3x— 2) = 7 —arccos(3x* —8x — 4) ;

arccos(4x2 —3x— 2) = arccos(—3x2 +8X+ 4) .

[Monyuwnu ypaBHeHHE Buaa arccos f (x):arccosg(x) (cm. ciyuant I
BBIIIE IO TEKCTY). Torna numeem

{4x2 _3x—2=-3x*+8x+4 {7x2 —11x—6=0,
=

2 2 <
‘4x -3x-2|<1. ‘4x —3x—2‘£1.
[ x=2,
3
= X=—=, C)X:—E.
_ 7 7
4x* —3x —2|<1.
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OtBeT: X= —§.
7

§ 2.4. Ypasnenusa, cooeprcaujue paznouménnvie oopamuule
mpuzonomempuueckue QynKyuu

B Tom ciy4yae, Korga jeBas M TpaBas YacTH YPaBHEHHUS COJCPIKAT
pa3HOMMEHHBIE OOpaTHBIC TPUTOHOMETPHUYECKHE (DYHKIMH, IIOJIB3YIOTCS
M3BECTHBIMH TPHUTOHOMETPUYECKUMHU TOKIECTBAMU. DTH YPAaBHEHUS SIBISIOTCS
qyTh 0OJIce CIIOKHBIMU 0 CPABHEHHIO C YPaBHEHHSMH, ONUCAHHBIMH B § 2.3.
[Ipu perieHry OGONMBIIMHCTBA YPaBHEHHH TaKOro poja ObIBacT IeIeco00pa3Ho
He OCTaHaBJIMBATHhCA HA PABHOCHIILHOCTH BBIMOJHIEMBIX IPEOOpa3oBaHUii, a
cpasy MEepexXOoAdTh K PEHICHHIO YpPaBHEHHA-CIEACTBUS, MOCIEC YEro JesaTh
IIPOBEPKY HAWJICHHBIX 3HAYCHUN HEU3BECTHOM.

PaccMoTprM CImoco0BI pereHuss HanboJiee TUIMYHBIX YPaBHEHUN 3TOTO
pona.

ITycts nano ypasHenue Buga arcsin f (x)=arccos g(x).

HomyctuM, 4YTO X, — peueHue H3Toro ypaBHeHua. (OO003HaAUUM
arcsin f (x )=arccos g(x,) uepes a. Torma sina=f(x), cosa=g(x),
OTKyJa, odeBuaHO, moxydaeM f?(x,)+9g”(x)=1.

Takum 00pa3oM, MOTYYHIIN JIOTHIECKUI IEPEX0/T

arcsin f (x)=arccos g(x) = f*(x)+g*(x)=1. (2.4.1)

Paccyxnast aHamoruyHoO, MOKHO MOJYYUTh CICAYIOIIHUE TTEPEXO0IbI:

arctg f (x)=arcctg g(x) = f(x)-g(x)=1 (2.4.2)
(ucrronp3oBana hopmyina tgo - ctga=1);
. 1
f(x)= t f2(Xx)=———
arcsin f (x)=arcctg g(x) = f*(x) e (2.4.3)
(ucmons3oBana opmyaa Sin‘ol = ————);
1+ ctg®o
arctg f (x)=arccos g(x) = ﬁz(x) =g°(x) (2.4.4)
(ucmons3oBana popmyaa CoS’‘oL=————);
1+tg’a

_ 9°(x)

arcsin f (x)=arctg g(x) = f*(x)= 1+9°(x)

(2.4.5)
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- tg’a
(ucnonn3oBana Gpopmyna Sin‘c. = ;
1+tg°a
arccos f (x)=arcctg g(x) = fz(x):M (2.4.6)
1+9°(x)
, ctg’a
(ucnonwp3oBaHa popmyna cos’ot=—————).
1+ctg’a
IIpumep 2.4.1. Pemnte ypaBHeHue arccos > =arcsin ax+l

Pewenue.
Bocnonszyemcs noruueckum nepexojioM (2.4.1), Oynem umersb

7X+5 _Ax+1  (7x+5Y (4x+1Y
arccos =arcsin = + =1.
13 13 13 13

HpI/IMeHHSI (1)OpMy.IIy COKpAaIICHHOTO YMHOXCHUSA «KBaApaT CYMMbI»,
Imojydyacm

49x% +70x + 25 . 16X* +8x+1
169 169

1.

N

65x° +78x—143=0.
KopusiMu  3TOro  KBaIpaTHOTO  YypaBHEHHUs  SIBISIIOTCS  4YHCIIA

143
X =1 X, :_E’ OJIHAKO KOpPHEM HCXOAHOro Oyner yumb X=1, B TO Bpems
143 " N
KaK 4YHCIO X :—E — TIOCTOPOHHUW KOpeHb (B u4éM MOXHO yOemuThcs
HETMOCPEICTBEHHOM €ro MoJICTAaHOBKOM B MCXOJIHOE€ YPaBHEHHUE).
Ortger: 1.
. A/3X+2 2
IIpumep 2.4.2. Pemmre ypaBHeHHE arcsin S arcctg R
X+

Pewenue.
[Tpumenum nepexon (2.4.3), coraacHO KOTOPOMY MOITy4aeM

arcsin‘3X+2=arcctg,/ 2 :>3X+2: 1
2 X+1

4 1+—2
X+1

< 3P +7x+2=0.
KOpHHMI/I 9TOTO KBaI[paTHOFO ypaBHeHI/Iﬂ SIBIIAOTCA quciia

1 .
X, =2, X, :_5' [IpoBepka MOKa3bIBAET, YTO YUCIO X, =—2 — IOCTOPOHHUIA

KOPCHb NCXOJHOI'O YPpaBHCHMA.
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OtBeT: ——.
3

Ipumep 2.4.3. Pemnre ypaBrenue arctg(2sinx)=arcctg(cosx).

Pewenue.
Ha sToT pa3 Bocnonib3yemcs nepexosioM (2.4.2), nonydaem
arctg(2sinx)=arcctg(cosx) = 2sinx-cosx =1<

. VA
<:>sm2x:1<:>x:z+7zn, neZ.
Ho nonydennyro ceputo peleHnid MOKHO MEPENUCATh B BUJIE

T
X=—+2zn,n e”Z,?

/4
X=—+27n,,n,eZ.
4
HGHOCpe}ICTBeHHOﬁ HOJICTaHOBKOfI 3HAUYCHUN X B HCXOJHOC YpPAaBHCHHUC

o
JIETKO YOeIUThCsI, UTO KOPHU BHUJIa X = 7 + 27m2, n, e Z — OCTOPOHHKE KOPHH.

OrtBerT: X:%+27rn,nez.

PaccMoTpuMm Temeps crocob pemieHuss 0oJiee CIIOKHOTO ypaBHEHHS,
COZIEPIKAIEr0 pPa3sHOMMEHHBIE OOpATHbIE TPUTOHOMETpPHYECKHE (YHKITUH.
OC0o0EHHOCTBIO MOJOOHOTO poOjJa YpaBHEHUH OymeT HEKHH «omseoujarouull
KomnoHenmy (HalpUMEp, YHUCIOBONH KOI(D(HUIMEHT), KOTOPBHIA HE MO3BOJISIET
IPUMEHUTH HanpsaMyio nepexoasl (2.4.1) — (2.4.6).

Ipumep 2.4.4. Pemure ypaBHEHHE arccos(% - xj = 2arcsinx.

Pewenue.

Kak Buamm, ymucioBod KOI(PGUIMEHT 2, CTOSIIMA B TPaBOM YacTH
yYpaBHEHHUSI, HE JAET BO3MOXKHOCTU MPUMEHUTH mepexon (2.4.1). B tom cnydae
cHavana Hauaém OJ13, mns yero morpedyeM OJHOBPEMEHHYIO BBITIOJIHUMOCTD
JIByX HEPABEHCTB, T.€.

—1£§—x31

-1<x<1.

Pemiennem  3amuMcaHHOM  CHUCTEMBI  JBOMHBIX HEPABEHCTB  OyzeT

1.7 .
MIEPECEUYEHNE JIBYX YMCIOBBIX MHOXECTB X € i 151 Xe[—l,l]. OueBuHO,

. 1
YTO TaKOBBIM OYJIET YUCIOBOM OTPE30K X € [—Z;l .
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[loneiicTByeM Ha 00€ YacTU TaHHOTO YpaBHEHUS (PYHKIIMEH KOCUHYC, T.€.
OyJeM UMETh

cos(arccos(% — XD =cos(2arcsinx).

Nmn
%— x =1-2sin’(arcsinx).

Janee nomyyaem

%_x:1_2x2<:>8x2—4x—1:0.

Otkynaa nonydaem
1+4/3
4
JI71 TpOBEpKH MCTUHHOCTU HAWJAEHHBIX 3HAYCHUHN X, IIOCTPOUM B OJHOM

. . 3
JIEKapTOBOM cHCTeME KOOpAMHAT rpaduku ABYX QYHKUHA Y = arccos(z —-X|u

y = 2arcsinx.

= arccos i =X
¥V =arccos 1 A

Puc. 21

N3 Puc. 21 Buaum, uro rpaduku ¢GyHKIUAN y:arccos(%—x) u

y=2arcsinXx uMelT JMIIb OAHYy OOLIyK TOYKy, abcumcca KOTOPOM

3 .
pacIoja0KCHa IIpaBCC HYIIA, IIO3TOMY XZT— IIOCTOPOHHHHU KOPCHDb

YPAaBHEHHS.

OTtBeT: X =

1+\/§
1
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§ 2.5. Hcnonv3osanue coiicme MOHOMOHHOCHU U 0ZDAHUYEHHOCIU
00paAMHBIX MPUOHOMEMPUYECKUX PYHKYUIL NPU PeuleHUU YPAGHEH UL

Pemenue HEKOTOPBIX YpaBHEHUH, coAepIKaIux oOpaTHbIe
TPUTOHOMETPUYECKHE (DYHKIIMH, MOXET OCHOBBIBATHCS HWCKIIOUUTEIBHO Ha
MOHOTOHHOCTM M OTrPaHUYEHHOCTH 3TuX (yHkumii. Ilpm sTomM mnpuxomurcs
OIIEpPUPOBATH CIIEAYIOIUMU TEOPEMAMU:

Teopema 1. Ecnu ¢ynkums Y= f(X) MOHOTOHHA, TO ypaBHEHHE

f (X) =C (C = const) umeet He OoJiee OJTHOTO KOPHS.
Teopema 2. Eciu Gynkums Yy = f (X) MOHOTOHHO Bo3pacTaer, a hyHKIHs
y=9(X) moHoTOHHO yObIBacT, T0 ypasHenue f(X)=g(X) nmeer e Goiuee

OJIHOTO KOPHSI.

Teopema 3. Eciu minf(x)=C=maxg(x) (c= const), To Ha
X X

f(x)=c,

g(x)=c.
IIpumep 2.5.1. Pemmre ypaBHeHne 2arcsin 2x =3arccosX .
Pewenue.

®Oynkips Y =2arcsSin2X sABISETCs CTPOro BO3PACTAaroIIed (YHKIHEH B

MHOXecTBe X ypaBHeHue f (X) =0 (X) PaBHOCWIJIBHO CUCTEME

00JIaCTH CBOETO ONpeseNieHHs, B TO BpeMs Kak (yHKIus Y =3arccosx -

MOHOTOHHO yObIBaeT. Umcimo X=0,5 sBusercs, OYEBHIHO, CIHMHCTBCHHBIM
KOpHEM JIaHHOTO YypaBHEHHUsS, TaK KaK, BO-TIEPBBIX, BBITIOJIHSIOTCS YCJIOBHS
TeopeMbl 2, a BO-BTOPBHIX,

2arcsin(2-0,5) =3arccos(0,5) < 2-%:3%9 T=1.
Ortser: 0,5.
IIpumep 2.5.2. Pemre ypaBHEHHE arctg\/m +arcsinyx® + X+ :% :
Pewenue.

2
[TonoxuMm, uro t = X" + X, TOrma UCXO0AHOE YPAaBHEHHE ITPUHUMAET BUJ]

arctg/t +arcsin/t +1= % .

DYHKIMKA, BXOJAIIME B JIEBYIO 4YacTh IIOCJIEJAHEr0 YypaBHEHHS,
MPEACTABIISAIOT COOOM KOMITO3MIIMM MOHOTOHHO BO3pacTaloOImMX (QYHKIIHH,
MMOATOMY OHO, coriacHo Teopeme 1, MOXXeT MMETh He 0Ojiee OJHOTO KOPHS.
ScHo, uro t=0 — eqMHCTBEHHOE PEIICHHUE 3TOT0 YPAaBHCHUS.

3naunr, monydaem, uto X° + X =0, Ho Torza Xx=0, X=—-1.

OrtseT: —1; 0.
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Ilpumep 2.5.3. Pemure ypaBHEeHUE
arcsin(x(x+y))+arcsin(y(x+y))=r.

Pewenue.

N 1
IockombKy arcsin t SE npu [t|<1, To JeBas 4acTh JAHHOIO YPABHCHMUS
HE NPEBOCXOMT -+ =1. 3HAaK PaBEHCTBA MOXKHO MOCTAaBHTh, JIHIIb B TOM

o T
ciIy4dac, Koraa Kaxaoc cjiaracMoc JICBOM 4aCTHU paBHO —. Tem camMbIM UCXOJIHOE

YpaBHEHHE OKa3bIBAECTCS DPABHOCHJIBHO CHCTEME, COCTOSIIEH H3 JBYX Oosee
IPOCTHIX YpaBHEHUIN

arcsin(x(x+y)) =

e

NN

~
Il

X(X+y
y(x+y

N
—~
S
1
= =

arcsin(y(x+y))=

§||'*N

Pemas oty cucremy, nonydaem (

§ 2.6. I'pagpuueckuii cnocod pewienus ypasHeHuil, cooeprcaumiux odpammvle
mpuzoHomempuueckue QyHKyuu

)

B tex cnyuasx, korma (yHKIOHMH, CTOSIIME B JIEBOM W INPaBOM YacTAX
YPaBHEHHUS, UMEIOT «PA3HYI0 NPUpody HPOUCXOHCOeHUs», HO OJHA U3 HUX

SBIISIETCSl apKQYHKIIMEH, HE3aMEHUMbIM WHCTPYMEHTOM PEIICHUS CTAaHOBUTCS
rpadudeckuii MeTo .

PaCCMOTpI/IM, KaK 3TO ACJIaCTCA Ha KOHKPCTHBIX ITPUMCEpaAx.

Ipumep 2.6.1. Pemmre ypasuenue arcsin(sinx)= x> —10x.
Pewenue.

I'paduxom ¢yskuum Yy = x> —10X, cTosimeii B IpaBoif YacTH ypaBHEHMUS,
aBIseTcs Tapaboiia, BETBM KOTOPOW HAIpaBIEHBI BBEPX M BEPIIMHA KOTOPOW
HMEET KOOPUHATHI (5; —25) .

Jlns mocTpoenus rpaduka GyHKIUK Y =arcsin (Sin X) BCIIOMHHM, 4TO 3Ta
(GYHKIHS SIBIIICTCS HEYETHOW U TIEPHOANYSCKOM C IIEPUOIOM 27T .

Ha Puc. 22 wusoOpaxkensl nBa rpaduka ¢yskmmii y=Xx"—10X wu
y =arcsin (Sin X), COOTBETCTBEHHO. BuauM, 4YTO OHM HMEIOT JBE TOYKH
nepecedeHusi, MO3TOMY TaHHOE YPaBHEHHE UMEET JBa KOPHSI.
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Iy = arcsin(sin x)

n 2n ) 3n

Y

=
b | A+
=Y

y=x*-10x

Puc. 22

YcranoBuMm TCIICPh 3HA4YCHUA X, KOTOPBIC SBIAIOTCA €ro KOPHSIMH.
HepBBIﬁ KOPCHb Xx=0 siBnsteTcs O4YCBUIHBIM. Yo kacaeTcs BTOPOT'O KOPH:, TO I10
PUCYHKY OIIPCACINTL C€Iro TOYHOC 3HAYCHUC HCIb3sd, HO BHIAHO, YTO OH

Ve
NPUHAJICKUT  UHTEPBATY 371;7 , Ha KoTopoM rpaduK (QYHKIUH

y =arcsin (Sin X) COBMajaeT ¢ npsMmoii Y =37 —X. 3HauuT, BTOPOH KOpPEHH

2 o
ypaBHEHUS cleAyeT HcKaTh W3 ypaBHeHHs X —10Xx=37—X, mpuuém 3T10
JOJDKEH OBITh OOJBIIUMK KOPEeHb (MEHBIIMM KOPEHb COOTBETCTBYET BTOPOM
TOYKE IepeceueHuss mapadojbl ¢ OpsAMOi Y =37 —X, OYEBHIHO, OH JICKHT

JieBee).
HNmeem kBanpaTHOE ypaBHEHHUE

x> —9x—37=0.
Ero quckpuMuHaHT

D=81+12r.

L 9:+8l+12n
- : ,
9++/81+12r

2

Tornma nosyyaem

Hcxoas n3 BRIIECKA3aHHOTO, X =

9 ++/81+12x
5 :
Ilpumep 2.6.2. Permute ypaBHeHue arctg (tg X) = —‘X — 72" .

Pewenue.

Ortsert:0;
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Oyukims Y = arctg (tg X)* sBiseTcs mepHoaMIecKoil, 68 Mepros| paBeH 77 .
Ha Puc. 23 u300pakeHbl B OJTHON cuUCTeMe KOOPAMHAT Irpa@uku HyHKUIHMA
y=arctg(tgx) u y=—|x—7z.
\Y

y = arctg(tg x)

Puc. 23

T
BunuMm, uto 06a rpaduka coBmaaaT Ha MPOMEXKYTKE 5 <X<r.

T
OrtBeT: E<XS7Z.

8§ 2.7. Hepasencmea, codepiicawiue oopammeole
mpuzoHomempuieckue QyHKyuU, u Memoosvl Ux peuieHus

[Ipu pemeHny HEPaBEHCTB, COAEPKALIUX OOpaTHBIE TPUTOHOMETPUUECKHE
GYHKIIMM, MOXXHO TIOJIb30BAaThCS TEMU K€ MpUEMaMHu, KOTOpPbIE MBI
UCIIOJIb30BANIA JUIsl PEUICHUSI YPABHEHHM, B 3aMUCH KOTOPBIX MPHUCYTCTBOBAIU
oOpaTHbIC TPUTOHOMETPUUECKHE (PYHKIUH.

Paccmotpum npumepsl.

IIpumep 2.7.1. Pemute HepaBeHcTBO 3arcsin2x <1,
Pewenue.

3arcsin2x <1< arcsin2x < % &> arcsin2x < arcsin (sin %)

3HAYHT,

1 1 1.1
-1<2x<Ssin=< ——<Xx<=SIn-.
3 2 3

! T'padux s10it GyHKIME MOKHO HaiiTH Ha cTp. 92 B nocooun Enbuanunosa I.I'., MenbsHUKOB
P.A. lllkonpHas maTemaTuka: oT anbda mo omera. Yacte 3. Tpuronomerpus. — Enem: EI'Y
um. M. A. Bynuna, 2022. — 100 c.
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OtBeT: {—E;lsin 1)
2 2

3
Ipumep 2.7.2. Pemurte HepaBeHCTBO arccos’ X —3arccosx +2>0.
Pewenue.
ITycts arccosx =t, 0<t <, Torna momyuum HepaBeHCTBO t° —3t+2>0,
JUIsL KOTOPOTO MOTy4YaeM
t<1,
ooz
[Tockonmpky nmeet Mecto orpannuenue 0<t<r, to
0<t<],
{2 <t<.
3HAYuT,
O<arccosx <1,
{2 <arccosx <z

Wik, ¢ Yy4€TOM Toro, 4to QyHKIus {=arcCoOSX sBisieTcs yOBIBaOIICH
byHkumen, 0yaeM uMeTh
-1<x<cos2,
{ cosl<x<l.
OtBer: X e [—1; coS 2] U [cosl;l] .
IIpn pelieHMM HEpaBEHCTB, JieBas U IpaBas YaCTU KOTOPBIX COAEpKaT

OTHOMMEHHBIE  OOpaTHBIE  TPUTOHOMETpHUYEcKHe  (GYHKIUHU,  CIEIyeT
IIOJIb30BATHCS CIEAYIOIIMMU PAaBHOCUIIBHBIMU IIEPEXOJAMU:

F(x)<g(x),

1) arcsin f (x)<arcsing(x)<q f(x)>-1,

2) arccos f (x)<arccosg(x)<1< g(x

3) arctg f(x)<arctg g(x)< f(x)<g

4) arcctg f(x)<arcctg g(x)< f(x)=

IIpumep 2.7.3. Pemmte HEpaBEHCTBO
arcctg(8x* —6x—1) <arcctg(4x* - x+8).

Pewenue.
JlaHHOE HEPABEHCTBO PABHOCHIILHO CIICAYIOIIEMY HEPABEHCTBY

8X* —6X—1>4x" —X+8.
Ynpouas, nojryyaem
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I KOTOPOTO

OTBeT: X € (—oo;—l] U ‘:%;+ooj .

HpI/I pPCHICHUN HCPABCHCTB, JICBAA W IIpaBasAd YaCTHU KOTOPLIX SABJIANOTCA
Pa3HOUMMCHHBIMHA O6paTHBIMI/I TPUTOHOMCTPHUICCKUMU q)yHKL[I/ISIMI/I y
HGHCCOO6p&3HO HCIIOJIB30BATh MCTOA HHTCPBAJIOB, 4 B HCKOTOPBIX CJIIydasax
YUHUTHIBATH CBOMCTBA MOHOTOHHBIX (byHKLII/Iﬁ

3X+1

. 2
IlIpumep 2.7.4. Pemiite HepaBeHCTBO arcsin < arccos

Pewenue.
3x+1

. X+2
Paccmorpum dyukuuto f (X)=arcsin = arccos

Cuauvana HaiaéMm e€ oOnacTh ompeneNeHHs, Il ATOTO MOTpeOyeTcs
PEIIUTh CUCTEMY HEPaBEHCTB

x+2|
— <],
5
B+l
5
[anee nmomyyaem
x+2|<5, _ [5<x+255, _ ‘7§X§3’© L 4
Bx+1<5 = |-5<3x+1<5 2<x<2 -3

3x+1
5

s

. X
Teneps Haiiném nym dynxunn f (X)=arcsin = arccos

. X+
ATOr0 HaM MOTPEOYETCs PEIINTh ypaBHEHUE arcsin T = arccos

N3 § 2.7. Bocosib3yeMcsl IepexoIoM
arcsin f (x)=arccos g(x) = f*(x)+9g*(x)

TOr1a HOHy‘—IaCTCH
(x+2j2 (3x+1j2
2T ~1.
5 5

X2 +4X+4+9x%* +6x+1=25.

1,

N

[anee nmeem
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10x* +10x +-20=0<= x>+ X+—-2=0.
[Tocnennee ypaBHEHHE UMEET KOPHU
X, =-2; X,=1.
[Ipu moncTaHOBKE 3HAYCHUS X, = —2 MOJIYYUM
arcsin0=arccos(-1) < 0= 7.

To ecTb mpoBepka MoKaszajga, 4TO YHUCIO — 2 SBIAETCS MOCTOPOHHUM
KOpPHEM YpaBHEHMUS, COJIEPrKaIero apK(yHKIIUH.

3HauuT, HYJIEM paccMaTpuBaeMoil GYHKIIUU SBJISIETCS UL X=1.

Jlanee mpuMEHUM METOJI HHTEPBAJIOB.

+

SLLLL
2 1

| = 4
ot

Puc. 24

N3 Puc. 24 w™moxHO YyBUAETh, 4YTO Touka X=1 pa3buia oO0JacTh

OIIpCACICHUSA (I)yHKIlI/II/I f (X) Ha IBa IMPOMCIKYTKA U KaK PaCHpPCACINIINCh 3HAKU
Ha HUX.

Hac wmHTepecyeT MHOXXECTBa 3HAYCHHHA X, NMPU KOTOPBIX f(x)SO, T.€.
xe[-2:1].
OTBeT: [—2;1].

IIpumep 2.7.5. Pemnte HEpaBEHCTBO

arccos X + arccos( X2 ) + arccos( x/3 ) < 3% .

Pewenue.
Haiinem cHavasia o61acth onpeneneHus GyHKIIMN

f (x)=arccosx + arccos(x\/E ) + arccos(x\/§ ) .

Ou4eBHIHO, YTO MOTPEOYETCS PEIIMTH CUCTEMY HEPAaBEHCTB,
BKJTIOUAIOIYIO B c€0sI TP HEPABEHCTBA: |X| <1, ‘X\/E ‘ <lmu ‘X\/g‘ <1.

, 1. 1
E€ pemenueM Oyner oOTpe3oK |——=;—=|. JSIcHO Takxe, dYTO
NG

paccmaTpuBaemasi (QYHKIUSA SBISETCS MOHOTOHHO YOBIBAIOIIEH HAa ATOM

3
orpe3ke. Kpome Toro ypaBHeHue f(X)ZT MOXKET MMETh He 00Jiee OJJHOTO
kopHs. OueBuano, TakoBeM Oymer X=0,5. [losTomy pemieHneM HepaBEeHCTBA
3 11
f (X) < 7 SIBIIIETCST OTPE3OK — .

2’3
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I'JIABA III. CHCTEMbBI TPUTOHOMETPUYECKHUX YPABHEHUI
§ 3.1. IIpocmeituwiue cucmemol

K sromy knaccy npocmetiwiux cucmem OTHOCATCS CUCTEMBI, B KOTOPBIX
YPaBHEHUS SBIISIIOTCS MPOCTEHIIMMHU TPUTOHOMETPUUECKUMHU YPABHEHUSMU WU
CTAHOBATCSI TAaKOBBIMHU B PE3yJIbTaTe HECIOXKHBIX alreOpanuyeckux WIu
TPUTOHOMETPUUYECKUX TIpeoOpa3oBaHuil. Eciin TpuroHomeTpudeckoe ypaBHEHUE
pacnagaercsl Ha MPOCTEUIIINE, TO MPU PEIICHUU KaXKAOTO U3 HUX UCIOJIb3YEeTCA
OJIMH Y TOT € LEJIOYUCICHHBIN napaMeTp. [Ipu pemeHun TpuroHoMeTpuyecKmux
CHUCTEM, CBOASIIUXCA K CHUCTEME NPOCTEHIIUX TPUTOHOMETPUUECKUX
ypaBHEHUM, sl pelIeHrs KaKI0ro U3 ypaBHEHUU HEOOXOAUMO HMCMOJIb30BaTh
CBOM LIEJIOYHUCIIEHHBIN ITapaMeTp.

IIpumep 3.1.1. Pemure cucteMy TpUrOHOMETPUIECKUX YPaBHEHUM

sm(x+y):—%,
aw(x—y)z—%.

Pewenue.
3nech MBI MOXEM Cpa3y BOCIOJB30BaThbCS CIIOCOOAMU  pEIICHHUS
MPOCTEUIINX TPUTOHOMETPUYECKUX ypaBHeHUH. [Tomyunum cuctemy

k+1 7T

x+y:(—1) -E+7zk,keZ,

2r
X—y=x—+27Nn, neZ
3
[lepenuiem e€ nnaue

X+y:—%+27zk,keZ,

X+y:%z+27rk,kez,

X—yz%z—kZﬂn,neZ,

2r
X—y=——+27n,Nne”Z..
3
Jlanee €€ MOXKHO 3amucarh B BUJ€ COBOKYITHOCTH YETBHIPEX CUCTEM

X+y:—%+27rk,kez, X+y=—%+27zk,keZ,

x—y=%§+2ﬁmneZ; x—y:—%§+2nmneZ;
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X+y=%[+27zk,kez,

X+y:%+27rk,kez,

27 2r
X—-Yy=—+27n,ne’;; X—-Yy=——+27n,Nne”Z;
3 3
CKJIaI[BIBaSI, a 3aTCM BbIUUTAaA YPAaBHCHUA B K&)I(I[Oﬁ N3 ITOJYYCHHBIX
CHUCTEM, HAIEM UHTEPECYIOLINE HAC MapPhI:

x1:%+7zk+7m,kez,nez, X2=%+ﬂk+7fn,k62,n62,
o

ylz—E+7z'k—7z'n,keZ,n€Z;; y2=%+ﬂk—ﬂ'n,k62,n€zi;

X :—5—7r+7rk+7zn,keZ,neZ, X =£+7rk+7zn,keZ,neZ,
12 !

y4=%+7zk—7rn,kez,nez.;

y3:%+7zk—7rn,k€Z,n€Z;;

OTtBerT:

%+7z(k+n) ——+7z(k n)j,keZ,neZ,

117z

E+7z(k+n —+7zk n)|kezZnez,

—i—2+n(k+n) —+7z(k n j,keZ,neZ,

V/d 11z
—+7z(k+n);—+7z(k—n) keZ neZ
4 12
§ 3.2. Cucmempl, 8 KOmopbIX HeuzsecnHble CEA3AHDL
T
uepes y20.1, KpamHblil 5
. T

Cuctembl, B KOTOPBIX HEU3BECTHBIE CBSI3aHbI YEPE3 YroJl KpaTHBIM —, T.€.

(n 37
— Ty —,
2 2

Ipyroe, 3aTeM MOJICTaBUTh €r0 BO BTOPOE YPaBHEHUE U UCIIOIB30BAThH (DOPMYIIbI
MIPUBEICHUS.

2n,...) yIOOHO periaTh, BBIPA3WB CHaYalla OJHO HEM3BECTHOE Yepes

Ilpumep 3.2.1. Pemute cucremy ypaBHEHU I
3cos4x +sin3y =4,

2x+3y—377z
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Pewenue.

T 2X
BbIpasuM #3 BTOPOro YpaBHEHHsSI CHCTEMBI Y, MOJIy4YUM Y =———.

2 3
IloacTaBuM 3TO 3HaYEHUE B IEPBOE YPABHEHUE CUCTEMBI

30054x+sin3(£—%J =4,
2 3

[IpeoGpa3yem nojaydeHHOE ypaBHEHHE
30034x+sin£377[ — 2xj =4,
3c0s4x —cos2x=4,
3(2003 22 —1) —C0s2x—-4=0,

6c0s *2x —cos2x —7 =0.
PeIIII/IB HOqueHHOG KBaHpaTHOC ypaBHCHI/IG, 6yIIeM HUMCTDb
CosS2Xx =-1,

cost:Z.
6

SIcHo, yTO BTOpOE ypaBHEHHE MOTYYEHHON COBOKYITHOCTH HE UMEET
pEIIeHH, TO UCXOAHAS CUCTeMa YpaBHEHU Oy/1eT paBHOCHUIIbHA CIIeAYIOIen
cucTeme

cos2x =-1,
3
2X+3y=—.
y 2
Otkyna
X:£+7zn,neZ,
2
:5—@,%2
6 3
OTBeT: (£+nn;£—@j, neZ.
2 6 3

8 3.3. Cucmemvt, 6 KOmopbvIX HeuzsecmHble CEA3AHBL

T
uepes y20.1, He KpamHblil 5

Cuctempl Takoro Buja ObIBaeT yJOOHO pemiaTh, HE BBIpaXKas OJIHO
HEU3BECTHOE 4epe3 Jpyroe, a, MpeoOpa3oBbIBasi OJJHO U3 YpPAaBHEHUM K BUIY,
Korga B HEM MOKeT ObITh 3aMEHEHa Ienas CBsI3Ka, 3aJjaHHas BO BTOPOM
ypaBHeHHH. Takoil mojxon Oyaer HamboJiee palMOHAIBHBIM Cly4yaeM KOrja,
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MOJICTaBUB B NPeoO0pa3oBaHHOE YypaBHEHUE 3HAUEHHUE, 3aJaHHOE B JPYroM
YpaBHEHUH, Mbl CMO>KEM BBIYUCIUTH 3HAUEHUE TPUTOHOMETPUUECKUX (DYHKIIMIMA.
Ecnu >xe BBIYMCIIEHMS] TAaKWX 3HAYEHUN BBI3BIBAECT 3aTPYAHEHHUE, CIEAYeT
HCIIOIL30BaTh METO/, U3JI0KEHHEIN B § 3.2.

IIpumep 3.3.1. Pemrrte cucreMy ypaBHEHHI

2 H 1
cos“wx—sin“zy=7,

N 1
y 3
Pewenue.
Jlns mpeoOpa3oBaHusi IEPBOTO YPABHEHUS dTON CUCTEMBI BOCTIOJIb3yeMCS
(I)OpMy.IIaMI/I IIOHM>KXEHUS CTCIICHU. Tor;:[a MOJy4YHUM
1+cos2zx 1-cos2zy 1

2 2 2

YTO BJICUET
cos2zX+cos2rzy =1.

[Tony4usiv HOBYIO CUCTEMY YpaBHEHUM
cos2zx+c0s2wy =1,  [2cos(zwx+my)-cos(zx—rmy)=1,

1 = 1 SN
X—y== X—y==
y 3 y 3
Zcos(nx+7zy)~cos(%j:1, cos(zx+zy)=1,
= = 1 &
K-y=s s
3
z(x+y)=2zn,neZ, X+y=2nneZ, 2x:1+2n,neZ,
= 1 = 1 & 31
X=¥=3 X=¥=3 2y:—§+2n,neZ.

Torna OKOHYAaTCJIBHO ITIOJIYYHUM

x:£+n,neZ,

1
=——+Nn,nel.
y 6

OtBer: (£+ n;—l+ nj, ne”Z.
6 6
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§ 3.4. O630p memo0oe pewtenun mpuzoHOMemMpPUUECKUX CUCHEM

Pemenue w wuccnenoBaHWe CHUCTEM TPHUTOHOMETPUYECKUX YpPaBHCHHM
MOXXET TIPEACTABIATh 3HAUMTEIBHBIC TPYIHOCTH TaXe B TEX CPaBHUTEIHHO
peAKUX CclydasX, KOIJIa OTO pCEIICHHUE BBITIOJHUMO 3JIEMCHTAPHBIMHU
CpEIICTBaMH.

[Ipu pemieHUH CUCTEM TPUTOHOMETPUUYCCKUX YPABHCHUN MPUMEHSIIOTCS
T€ )K€ METOJbI, YTO M NPH PEIICHUH CUCTEM alreOpandecKux ypaBHEHUH, a
TaK)Ke METO/bI, TPUCYITUE TOJBKO TPUTOHOMETPUYCCKUM CUCTEMaM (Harpumep,
METOJT BO3BEJICHUsI 000MX YpaBHEGHUU B KBaJpaT W HCIOJIb30BAHHE OCHOBHOTO
TPUTOHOMETPHUYECKOTO TOXKJIECTBA).

PaccMmoTpumM Gosiee moapoOHO METOIBI, KOTOPHIE MOXHO HCIOJB30BaTh
JUTSL pEIICHUST TPUTOHOMETPUICCKUX CUCTEM.

1) Memoo 66edenus HOBbIX HeU36eCHbIX.

DTOT METOJ] UCTIOJIB3YETCS MPU PEIICHUH TPUTOHOMETPHIECCKUX CHCTEM, B
KOTOPBIX YpPaBHEHHS 3aBHCAT TOJIBKO OT YAaCTHBIX TPUTOHOMETPUYCCKHX
(GYHKIIUH WK MOTYT OBITh CBEJICHBI K TAKOMY BHUJTY.

IIpumep 3.4.1. Pemnte cucteMy ypaBHEHH

x+y.COSx—y_1

Ccos s
2 2 2

COSX-COS)/Z%.

Pewenue.

Bocnonszyemcs bopmyoi npeoOpa3oBaHus IPOU3BEICHUS
TPUTOHOMETPUYECKUX (YHKIMNA B CyMMY, TOTJa BTOPOE ypaBHEHHUE 3aJaHHOM
CHUCTEMBI TTpeodpa3yeM K BHIY

1
E[cos(x +y)+cos(x—y)|=

N

501051

cos(X+y)+cos(x— y):%.

Teneps as COS(X + y) u COS(X — y) OyZeM UCToNIb30BaTh (POPMYIIBI

[IOJIOBUHHOTO apryMEHTa!

cos(X+Y)= ZCoszxLzy—l,

cos(x—y)= 2c0s? =Y 1,

Torga nmosrydyum

X+Yy X—=Y

2coszT—1+ ZCOSZT—lzl

HIIn
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X+ X— 3)
20052 2 1 900 XY -2
2 2
Jlanee ucrnonb3zyeM 0003HaYCHUS
X+ X—
COS—yIU; COSTyZV.

3Ha‘II/IT, HCXOOHYIO CUCTCMY MOKHO IICPCIIUCATh B BUJIC

1
u-v=-=,
2
Pavi=>
4
Hanee
1 1 1
U'VIE, U‘V:E, u V:E,
5 < 5 l<:> 9<:>
u? +2uv +v2 ==+ 2uv (u+vf:—+2~— (u+vf:—
4 4 2 4
[ (u=1
1
_ V:_1
1 2
uv ==,
uv—1 2 U=l
2 u+v—3 2
3 2 v=1
S u+rv=S, & S|
2 1 u=-1,
3 UVZE,
u+v=——, VZ—E
2 3 2’
Uu+v=——,
i 2 1
u=-—-=,
2
v=-1

Bo3Bpamasice Kk NOpeXKHUM IEPEMEHHBIM,
YETBIPEX CUCTEM:

IMIOJIYy4YHMM COBOKYIIHOCTH

C%Zil=L osx+y——, C%X+y——L amiix——i,
2 2 2 2 2

amiix:l, C%—ZX—L cosm—Y o= |eosX Yoy
2 2 2

Jlanee nonyyaem
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%zzﬂk,kez, %:i%unk,kez,
XY 4% L oznnez 2=Y _ommnez
2 3 2
X+y:7z+27rk,keZ, X—;yziz?ﬁJrZﬁk,keZ,
ﬂ:iz_”Jrz;m,neZ, ;y:ﬁ+27zn,neZ.
2 3 2

OTky/aa rnomxydaeM 4eThbIpe CEMENCTBA PEIICHUI

x=i%+2;z(k+n),k,nez, x=i%+2;z(k+n),k,nez,
y:¢%+2n(k—n),k,nez, y=i%+2n(k—n),k,nez,
X:ﬂiz?ﬁ+27r(k+n),k,nez, X:ﬂiz?ﬂ+27r(k+n),k,nez,

y:ﬂT-%T+27z(k—n),k,neZ, y:—niz?ﬂ+27r(k—n),k,nez.
NX MOXKHO OOBEIUHUATE B OTHO CEMENCTBO

T
X=t—+27rm,me”Z,

y:i%+27rl,|eZ.

OrtBerT: (i%+ 27zm;i%+ 27z'|j, m,le”Z.

2) Memoo aneebpauueckux npeobpazosanuil VpasHeHul CUCHeMbl.

[Ipu permeHun cUCTEM STUM METOJOM HYKHO BHUMATEIBHO CJICAHWTH 3a
PaBHOCWIBHOCTBIO TPe0oOpa3oBaHMif, YTOOBI HE TMOTEPATh KOPHU WU HE
MPUOOPECTH JTUTITHHE.

IIpumep 3.4.2. Pemmte cucteMy ypaBHEHHM

sin xcosy _ 1
2!

cosxsiny—l
=5

Pewenue.
[TomydrumM HOBYHO CHCTEMY TPUTOHOMETPUUYECKHX YPABHECHUM, BBITIOJIHUB
MOYJICHHOE CJIOKEHUE Y BBIYMTAHUE YPABHEHUN TAHHOW CUCTEMBI

sinxcosy +cosxsiny =0,
sinxcosy —cosxsiny =-1.
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Hcnonb3yst popMyIbl CHHYCa CYMMBI M CUHYCa Pa3HOCTH, MOJTy4aeM
sin(x+y)=0,
sin(y—x)=L1.
Janee nomyyaem
X+y=nnnel,

T
y—X:E+27rk, keZ.
CkiajipiBasi ypaBHEHHUS MOJYUYEHHOM CHCTEMBI, HAXOIUM
T
2y:E+27zk+7rn, k,neZ
WIIA
T zn
y=—+zak+—,k,neZ.
4 2
Ho torna

X=7Z'n—y=72'n—(%+72'k+%n),k,nez.

B urore nosyunm

X:—£+7T—n—7rk,k,neZ.
4 2
T 7h Vs zn
Omser: | ——+——-7k;=+7zk+— |, k,ne Z.
4 2 4 2

3) Memod s036edenus 060ux YPaAsHEeHUL CUCEMbL 8 K8BAOPam.

OTOT MeToJ 0co00 BBIJEIACTCS Cpeau METOJ0B alre0panvdecKux
npeoOpa3oBaHUil CHCTEM B CHITY TOTO, 4TO:

a) MBI CBEpIIacM HEpPaBHOCHWJIBHBICE TpeoOpa3oBaHUs, 3HAYUT,
norpeOyeTcss TpoBepKa KOpHEH, YTO B TPUTOHOMETPUYECKHX CHCTEMax
3aTPyIHUTEIBLHO JHOO0 TPEANOYTUTEIbHEEe TPOBOANTH OTOOpP KOpHEH Ha
CTaIMSIX PEIICHHUS,

b) mpeobOpa3oBaHWe HYXHO MPOBOIAUTH TAaKUM OOpa3oM, YTOOBI IOCIE
CIIOXEHUS  ypaBHEHHH  MOXHO  OBUIO  BOCIOJIB30BAaThCS ~ OCHOBHBIM
TPUTOHOMETPUYECKUM TOXKJECTBOM M TIOJYYUTh YypPAaBHEHHE COJEpIKAIIHE
TOJILKO OJTHO HEU3BECTHOE.

IIpumep 3.4.3. Pemmte cucteMy ypaBHEHHIA

6cosx+4cosy =5,
3sinx+2siny =0.

Pewenue.

UToObI UMETHh BO3MOKHOCTH B JIaJbHEUIIIEM BOCHOJIb30BaThCS OCHOBHBIM
TPUTOHOMETPUYECKUM  TOXKAECTBOM,  IEPENUIIEM  3aJaHHYK)  CUCTEMY
YpPaBHEHUW B UHOM BU/IE
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3C0os X =g—2005 Y,

3sinx=-2siny.
BozBeném B kBaapat Kaxjaoe U3 ypaBHEHHUH TpeoOpa3oBaHHON CUCTEMBI U
CJIOKUM ITOJTYUYCHHBIC PE3YJIbTATHI, IIOJIYUYUM

9c0s” X +9sin® x = ? —10cosy +4cos” y +4sin’ y.
Jlanee nmeem
25
10cosy:7—9+4
501051
10cosy:%—9+4.
HpPIXOJ]PIM K HpOCTCﬁIIIGMY TPUT'OHOMCTPHUUICCKOMY YPABHCHUTIO
1
cosy=-—.
y 8
3HAYuT,

y= iarccos(%} +27n,ne’Z.

1 : 63
HYCTB COSYy = g , Toraa Siny = ? . 910 O3HaA4acT, 4TO Y JICKUT B

. 1
NIEPBOM YETBEPTU U Y = arccosg +27n,ne’.

Torga u3 mepBOro ypaBHEHHUS MOCICAHEW CUCTEMbl YPABHEHHH MOMXEM
3amucaTh

5 1
3cosx=——-2-—
2 8
WA
3
COSX=—.
4
B 10 e BpeMst U3 BTOPOTO YpaBHEHHS TOJTydaeM
. J7
SINX=———.
4
CnenmoBartenabHO,

X= —arccos% +27k, keZ.
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J63

1 , . .
[TIycTp COSY = § , €CTh €II€ OJMH BO3MOXKXHBIU ClIy4yau SINY = _T . 910
N 1
O3HAYAET, YTO Y JICKUT B UETBEPTOUN UETBEPTU U Y = —arccosg +27n,ne’Z.

3
W3 nepBoro ypaBHeHUs! CUCTEMBI HAXOIUM COS X = rE HO Toraa

N

sinx=——.
4
Takum oOpazom,

y= arccos% +27k, ke”Z.

OTBeT: (—arccos% + Zﬂk;arccos% + 272'['1), keZ neZ,

(arccos% + 27zk;—arccos% + Znnj, keZ,neZ.

4) Tpueonomempuueckue cucmemvl ¢ OmbOOPOM KOPHEL.
DTO TPUTOHOMETPUUYECKHE CUCTEMBI, B KOTOPBIX KOPHU HY>KHO BBIOHMpATh
Y3 HECKOJIBKMX CEMENCTB PEIICHUS, & TAK K€ CUCTEMBI, B KOTOPBIX OTPAHUYCHUS
Ha KOPHHU 33JIaHbI B YCJIOBUAX 3aJ]a4d WM BO3ZHUKAIOT 10 XOY PELICHUS.
5) @yuxyuonanrbHble MEMoObl peueHus. MPU2OHOMEMPULECKUX CUCTIEM.
[Ipu penreHnn UCIIOIB3YIOTCS 0a30BbIC HEPABEHCTBA

a+h > Jab, T.e. a>0, b>0;

a+£22, a>0
a

a-+ l <-2, a<0
a
MU T.1.
CBoiicTBa TPUTOHOMETPUUYSCKUX (DYHKIMH, a TakKKe METOJ BBIJCICHUS
MTOJTHOT'O KBaIpaTa 4acTo MO3BOJISIONTUI MTOTYyYUTh HEOOXOMMBIC OIICHKH.
6) Tpuconomempuueckue cucmemvl, cocmoswue u3 mpéx VYPAsHeHull ¢
mpems Heu38eCmHbIMU.

Yacro HCIIOJIb3YETCS IPYINIUPOBKA, anreOpanyeckue,
TPUTOHOMETPUYECKE TTPEOOPa30BaHUs, BHIPAKEHUE OJHOTO HEU3BECTHOTO Yepe3
Ipyroe, BBEJICHUE HOBOM IEPEMEHHOM. Crnenuduka TaKkux CHCTEM B

HEO0OXOIMMOCTH BBIOOpA PEIICHUS TT0 YETBEPTSIM.
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	Все тригонометрические неравенства можно разделить на две группы:
	1) простейшие тригонометрические неравенства;
	2) неравенства, сводящиеся к простейшим.
	При решении простейших тригонометрических неравенств обычно используют следующие приемы:
	1) с помощью тригонометрической окружности;
	2) с помощью графиков тригонометрических функций.
	1.1.1. Простейшие тригонометрические неравенства,
	содержащие синус
	Рассмотрим простейшие тригонометрические неравенства, содержащие функцию синус, т.е. неравенства вида:
	.
	Представим далее алгоритм решения лишь одного из неравенств этой группы.
	При решении неравенств вида
	например, с помощью единичной окружности поступают следующим образом:
	Сразу используют тот факт, что синус – это ордината точки тригонометрической окружности.
	Далее изображается декартова система координат и тригонометрическая окружность в ней. На оси ординат откладывается число, равное a (берётся из условия ). Через полученную точку строится прямая, параллельная оси абсцисс. По отношению к имеющейся тригон...
	А) иметь с ней две общие точки (т.е. пересекать её в двух точках, расположенных симметрично относительно оси ординат). Заметим, что в этом случае число a  будет удовлетворять условию .
	Б) иметь только одну общую точку с ней (т.е. прямая касается тригонометрической окружности). В таком случае число a может быть равно 1 или –1.
	В) не иметь общих точек с окружностью. Здесь либо , либо .
	В зависимости от того с каким случаем будем иметь дело, мы получим различные варианты ответа.
	Если  (случай В), то неравенство (1.1.1) не имеет решений.
	Если  (сюда входят две ситуации: (случай В) и  (Случай Б)), то неравенству (1.1.1) удовлетворяет любое значение x.
	Если  (случай А), то прямая АВ (см. Рис. 1) разрежет окружность на две дуги.
	Кроме того из Рис. 1 видно, что данному неравенству будут удовлетворять лишь те точки, которые расположены на дуге АВ, проходимой в положительном направлении (т.к. ординаты точек, расположенных на ней больше или равны a). Для удобства восприятия инфор...
	Известно,  что в таком случае точке А на тригонометрической окружности соответствуют числа , в свою очередь точке В – числа .
	Окончательное решение можно записать следующим образом:
	. (1)
	Если  (случай В), то, как известно, прямая будет иметь только одну общую точку с тригонометрической окружностью. Ордината этой точки будет равна 1, поэтому решением неравенства (1.1.1) будет .
	Если (случай А), то прямая, параллельная оси абсцисс, разделит окружность на две дуги (см. Рис. 2).
	В таком случае решением неравенства будет:
	. (2)
	Пример 1.1.1.1.  Решить неравенство .
	Решение. На тригонометрической окружности отмечаем точки, служащие концами радиус-векторов, ординаты которых равны 0,5 (см. Рис. 3). Таких радиус-векторов окажется два. Один из них образует с положительным направлением оси абсцисс угол, равный , а дру...
	. (3)
	Ответ: .
	Далее выделим фрагменты графика функции , которые оказались выше прямой . Заметим, что выделенные участки периодически повторяются. Возьмём участок  оси Ох. Видим, что на нём располагается один из выделенных нами фрагментов. Определим концевые точки э...
	. (4)
	Ответ: . (1)
	1.1.2. Простейшие тригонометрические неравенства,
	содержащие косинус
	Рассмотрим простейшие тригонометрические неравенства, содержащие функцию косинус, т.е. неравенства вида:
	. (5)
	Представим далее алгоритм решения лишь одного из неравенств этой группы. (1)
	Рассмотрим, как решается неравенство вида
	Исходим из того, что косинус – это абсцисса точки тригонометрической окружности.
	Далее изображается декартова система координат, в которую помещаем тригонометрическую окружность с центром в начале координат. На оси абсцисс отмечаем число, равное  а  (берётся из условия ). Через полученную точку строим прямую, параллельную оси орди...
	1) иметь с ней две общие точки (т.е. пересекать её в двух точках, расположенных симметрично относительно оси ординат). Заметим, что в этом случае число a  будет удовлетворять условию .
	2) иметь только одну общую точку с ней (т.е. прямая касается тригонометрической окружности). В таком случае число a может быть равно 1 или –1.
	3) не иметь общих точек с окружностью. Здесь либо , либо .
	Если , то неравенство (1.1.2) не имеет решений.
	Таким образом, окончательное решение для этого случая можно записать в виде:
	. (6)
	Если , то в таком случае, прямая, параллельная оси ординат, будет находиться правее начала координат. Этот случай весьма близок к предыдущему, но окончательное решение будет выглядеть несколько иначе:
	Пример 1.1.2.1.  Решить неравенство .
	Решение. На тригонометрической окружности откладываем точки, служащие концами радиус-векторов, абсциссы которых равны  (см. Рис. 6). Таких радиус-векторов окажется два. Одной из полученных точек соответствует угол, равный , а другой, соответственно, ....
	. (7)
	Ответ: . (2)
	Пример 1.1.2.2.  Решить неравенство .
	Решение. Отметим, что данное неравенство не совсем уместно относить к простейшим тригонометрическим неравенствам, но для иллюстрации графического метода наличие модуля не является серьёзным отягощением. Построим графики функций  и  (см. Рис. 7).
	Функция  является непрерывной и периодической функцией, с наименьшим положительным периодом, равным . Поэтому достаточно взять промежуток, длина которого будет равна , например,  , затем отобрать множество точек на графике функции , ординаты которых б...
	. (8)
	Ответ: . (3)
	1.1.3. Простейшие тригонометрические неравенства,
	содержащие тангенс
	Рассмотрим простейшие тригонометрические неравенства, содержащие функцию тангенс, т.е. неравенства вида:
	. (9)
	Представим далее алгоритм решения только одного из неравенств этой группы.
	Рассмотрим, как решается неравенство вида (1)
	1.1.4. Простейшие тригонометрические неравенства,
	содержащие котангенс
	Рассмотрим простейшие тригонометрические неравенства, содержащие функцию котангенс, т.е. неравенства вида:
	. (10)
	Представим далее алгоритм решения только одного из неравенств этой группы. (1)
	Рассмотрим, как решается неравенство вида (2)
	При решении неравенств, не являющихся простейшими, разными путями стараются прийти к простейшим тригонометрическим неравенствам, либо их системам и совокупностям. Основным методом решения неравенств является метод подстановки.
	Его суть легко уяснить из следующих примеров.
	( К первой группе неравенств, решаемых этим способом, отнесем тригонометрические неравенства «со смещённым аргументом».
	( Ко второй группе неравенств, решаемых этим способом, отнесём тригонометрические неравенства, «сводящиеся к алгебраическим».
	К методам решения тригонометрических неравенств, не являющихся простейшими, относятся:
	1) разложение на множители;
	2) метод интервалов;
	3) приёмы, использующие свойства монотонности и периодичности тригонометрических функций;
	4) специальные приёмы.
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