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TI'JIABA I. TPUTOHOMETPUYECKUE YPABHEHMUSA
8 1.1. IIpocmeiiwiue mpuzonomempuueckue ypasHeHus

N3BecTHO, UTO ypasHeHuem HA3BIBAETCS aHAINTUYECKas 3allUCh 33Ja4M
00 OTBHICKAaHMM 3HAYEHUU APTYMEHTOB, IPU KOTOPBIX 3HAYEHMS JABYX JaHHBIX
(yHKIUH paBHBI.

R Tpueonomempuueckum ypasHeHuem HA3BIBACTCS PABEHCTBO, COJEpIKaIlee
HEW3BECTHYIO BEJIIMYMUHY TOJBKO TMOJ 3HAKOM TPUTOHOMETPUYECKOW (DYHKIUU
(OJTHOM WM HECKOJbKHUX), U CHPABEIJIMBOE JIMIIh MPU HEKOTOPBIX 3HAYCHUIX
HEHU3BECTHOM.

Bce ypaBHeHus nOpuHSATO ACAUTh HA JIB€  OOJBIIWME  TPYIIIbI:
anreOpanyecKkue ypaBHEHUS U TPAHCIICHICHTHBIC YPaBHEHUS.

/ YpapHeHHA \

AnrebGpan4eckue TpaHCleHIeHTHBIE

OTnauyme TpaHCIEHJASHTHBIX YpaBHEHUU OT aireOpanyeckux COCTOUT,
TJIaBHBIM 00pa3oM, B TOM, YTO OHM HE MOTYT OBITh PEIIEHBI C TOMOIIBIO
MIOCJIEIOBATEIILHOTO BBITIOJIHEHUS psiia apu(PMETHYSCKUX U alreOpandecKux
NeliCTBHAI HaJl TaHHBIMH, BXOJISIIMMH B HX COCTaB.

B mkonmpHOM Kypce MaTeMaTHKH K TpPaHCIEHISHTHBIM YpPaBHEHHUSIM
KpOME TPUTOHOMETPUUYECKUX YypaBHEHWM OTHOCAT €mI¢ TOKa3aTeIbHBIC M
gorapumMuUecKre YpaBHEHHS, KOTOpbIE TPAJUIIMOHHO HW3YYalOTCS IIOCIE
TPUTOHOMETPUUYECKUX YPaBHCHUH.

[Ipu pelmieHHMH TPUTOHOMETPUUECKUX YPAaBHEHHH YacTO MPHUXOIUTCS
npuderatb K pa3IUYHBIM COOTHOIICHHSAM MEXIY TPUTOHOMETPUUYCCKUMU
GYHKIMAMHA, YIOPOIIATh MX K TaKOMY BHJY, 9TOOBI MOYKHO OBUIO ONPEICIIUTH
3HAYCHHUS OJHOM W3 TPUTOHOMETPUYCCKHUX (YHKIUH HCKOMOTO apryMEHTA.
ITocne dero KOpHH TPUTOHOMETPUYECKOTO yPaBHEHHUS ITOJYYAOT C MOMOIIBIO
00paTHBIX TPUTOHOMETPUUICCKHUX (PYHKITHIA.

Takum  oOpa3om, pemieHHe  OOJBIIMHCTBA  TPUTOHOMETPHUCCKUX
YpaBHEHUM COMNPSDKEHO C MpeoOpa3oBaHUWEM HX K MPOCTEHIIEMY BHAY C
MTOCJICIYFOIIMM ITPUMEHEHHEM U3BECTHBIX (OPMYIIL.
= Ipocmeniwmuumu mpuzoHomempuuecKUmMu ypasHeHuAMU HA3BIBAIOTCSA
ypaBHeHMs1 Tuma SINX=a, cosx=a, tgx=a, ctgx=a, rme a — HEKOTOpOE
JNIEUCTBUTEIHLHOE YHUCIIO.

Pemrats 5TH ypaBHEHHS MOKHO Pa3HBIMHU CITOCOOAMMU:

1) c moMoIIbI0 €AMHUYHON TPUTOHOMETPUUYECKOU OKPYKHOCTH;

2) rpaduuecku;

[3]
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3) ¢ momouIso GopMyJIbI.

Haubonee pacnpocTpaH€HHBIM CIOCOOOM — pEIIEHUST  MPOCTEUIIHNX
YpaBHEHUH SIBISETCS CIIOCOO, OCHOBAHHBIN HAa UCIIOJIb30BaHUU (POPMYII.

[Honyunm Gopmynbsl s pelieHus NPOCTEHIIMX TPUTOHOMETPUUECKUX
ypaBHEHU TpéX Hanbolee BaXXHBIX TUIOB SINX=a, COSX=a, tg x=a.

1.1.1. Ypasnenue sin X = a

Jlns  pemieHuss  ypaBHeHus — SinX=a,

¥

OTMETHM CHAuYaJla Ha TPUTOHOMETPUYECKOU a}ja = J
okpyxxHoctu (Puc. 1) Bce Touku ¢ opaAnHATOM a, ‘4"-'1'.//_ A v=a
T.C. TOYKH repeceveHus CUHUYHOU /\ f
TPUTOHOMETPUUYECKON OKPYKHOCTU U IPSAMOM Y 0'- L -
= a. ’

Ucxons w3 Puc. 1, Buaum, 4ro 1mipu p—
|a| >10KpY>KHOCTh U MpsMasi Y = a 00X TOYEK
HE MMEIOT, a 3HA4YUT, YPAaBHEHUE PCEIICHUU HE Puc. 1
UMeEeET.

Ecnu xe |a| =1, To mpsimas Y = a KacaeTrcs OKPY>KHOCTH, T.e. pu a=1 u

a=-1 OKpYy>KHOCTPH U TIPSIMasi IMEIOT OJIHY OOIIYIO TOUKY.
Hakonen, ecnu |a| <1, To TpUrOHOMETpUUYECKAsI OKPYKHOCTh U MpsiMas

Yy = a Bcerjga MMEIT JBE OOIIME TOYKH, CUMMETPUYHBIE OTHOCUTEIBHO OCH
opaunar Oy.

I[Ipy »>TOM HAZO  YYUTHIBATH, UYTO KaXIOH  oOmeH  ToYKe
TPUTOHOMETPUUYECKON OKPY>KHOCTH C MPSIMOM Y = @& COOTBETCTBYET HE OAHO
YHCIIO X, a 0ECKOHEYHOE MHOXKECTBO uncel Buaa X + 27k, k € Z.

O4eBUAHO, UYTO BCE ATH YHUCIA U OYyAYT PEUICHUSMH PAcCMaTPUBAEMOIO
yYpaBHEHHUS.

3amaya Tenepb COCTOMT B TOM, YTOOBI 3amucaTh 3TU perieHus. [lockonbky
Touke Ay COOTBETICTBYET YHCJIO arcsina, TO OJHAa W3 CEpUH pPEIICHUN

ypaBHEHHUs SINX=a 3aMUCHIBAETCS B BUJIE
X, =arcsina+ 2nk, k € Z.
Touka Ap_yx Ha Puc. 1 coorBercTByeT umciy m—arcsina, Io3TOMYy

BTOpasi CepHs pEIICHUH STOTO YPaBHECHHS MOXKET OBITh 3aITMCaHa B BUJIC
X, =m—arcsina+ 2nk, k € Z.

Hepenko nBe moirydeHHBIE CepyUU OOBEAWHSIOT B OJHY, YTO TO3BOJISET
COKpPaTUTh 3aIlUCh

x=(-1)"arcsina+nn, ne z.

OTMeTuM, 4TO COKpalleHHas 3alucCh YJ00HA JIMIIb JJi 3alUCHU OTBETA,
JUIS. AHAJIA3a MOJIYYEHHOT'O PELICHUs MPEANOYTEHUE CIEAYET OTAAaBaTh 3alUCH
pEILICHUS B BUJE COBOKYITHOCTH JIBYX CEPHUH.

[4]
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3ametum, 4yto mpu 3HaueHusx N=2K, K € Z u3 cokpallleHHO# 3amucu
CIIEAyeT MepBas cepus pelleHuit, a npu 3HadyeHusx N=2Kk +1, K € Z — Bropas
Cepusl PELICHUN.

Wrak, peuieHue ypaBHEHHs sinX=a MoXHO NPEACTABIATH CJICAYIOLIUM

o0Opazom:
1) B BUJIe COBOKYITHOCTH JIBYX CEpUI TOUCK:

X, = arcsina + 27k,
: (1.1.1)
X, =m—arcsina+2nk, k € Z,

2) B COKpAIICHHOM BHUJIE
x=(-1)"arcsina+mn,n € . (1.1.2)

Oco00 cuexyer ckazath 00 ypaBHeHHMsx SINX=-1, sinx=0, sinx=1. D10

TaK HA3bIBa€MbIC YACTHBIE CJIy4ad MPOCTEHIIEr0 TPUTOHOMETPUUECKOTO
ypaBHeHus tumna SInX=a. Cpasy ckaxem, yto ¢opmynsl (1.1.1) u (1.1.2) pus

ATUX CIy4aeB HENPUMEHUMBI. [[ns 3>THX ypaBHEHUM MO3KE Mbl COCTABUM
CHEIUANbHYIO TabJuIly, B KOTOPOH OYyIyT conepKaTbCsl pElIeHUs i1 BCeX
YaCTHBIX CIIy4aeB NPOCTEUIINX TPUTOHOMETPUUECKUX YPABHEHUMN, COJIEPHKALIUX
OCHOBHBIE TPUTOHOMETPUYECKUE (DYHKIIHH.

3amMeTuM, 4TO B cllydae, Korjaa ae(—l;O) dbopmyna (1.1.2) mpuobperaer

BUJI
X= (—1)n+1 arcsinfal+ min,n € Z. (1.1.29

PaccmoTpuMm eni€ oiuH noaxo/ K MOUCKY PEIIEHU YpaBHEHUS sinx=a.

JlomycTuM, 4TO MBI HAalUIM KAaKOM-TMOO KOPEHb X, 3TOr0 ypaBHEHUS.
Torna B cuily mepruOUYHOCTH (PYHKIIUHU Y=SIN X, UMeeM

sin(x, +2nk) =sinx, =a

M yhuclia BUIa X, + 21K Taxke yIOBIETBOPSIOT 3TOMY YPaBHEHHIO.

3aMeTHuM eI, 4To

sin(m—x,)=sinx, =a,

TEM CaMbIM TIOJIy4aeTCsl T — X, TaKXKe YAOBJIETBOPSET 3TOMY YpaBHEHHIO.

VYuuThiBass paHee OTMEUEHHOE, MOXKHO YTBEpXkAaTh, 4YTO W 4YHUCIA BHJA
T —X, + 27K Takxke eMy yIOBIETBOPSIOT.

CrnenoBaTenbHO, 3Has OJHO KaKOe-TO 3HAYEHUE X,, YAOBIETBOPSIOLICE
YPaBHCHHUIO sinx=a MoXHO MOJIYYUTh JIB€ CEPUM 3HAYCHUN apryMEHTa,
YIOBJIETBOPSIONINX ITOMY K€ YPAaBHEHUIO:

X, +2nk,k € Z, (1.1.3)
(2k +1)TC—X1,kEZ. (1.1.4)

Ecnu B kauectBe X, B34Th arcsina, To u3 gopmyi (1.1.3) u (1.1.4) nerko

nonyyaerca popmyna (1.1.1).

[5]
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1.1.2. ¥pagnenue cos x = a

Jna  pemenus  ypaBHeHus ~— COSX=a, oOTMETMM  CHaydajia  Ha

TpUrOHOMETpUYecKor OKpyxkHOcTH (Puc. 2) Bce Touku c abcuuccoit a, T.e.
TOYKH IIEPECEUCHUS €AUHUYHON TPUTOHOMETPUYECKON OKPYKHOCTH U MPSIMOU X
= a.

Ucxonst u3 Puc. 2, BUaum, 4YTO TIpU

a<-1 N a=1 |a| >10KpYKHOCTB U IIpsiMasi X = & 00X TOYEK
A HE UMEKT, W, CIEN0BaTEIbHO, YPAaBHEHUE

\ pELIECHUN HE UMeeT.
Ecnm xe |a| =1, To npsimas X = a Kacaercs

U TIpsiMasi UMEIOT OJTHY OOIIYIO TOUKY.

/
A .
03 / X OKPYKHOCTH, T.¢. ip @=1 1 a=-1 OKpyXHOCTb

Ay Haxonen, ecliu |a| <1, TO
a=-1 a=1 TPUTOHOMETPUYECKAss OKPY)XKHOCTh W TIpsAMast X
Puc. 2 = a Bcerga HMEKT [BE OOIME TOYKH,

CUMMETPHUYHBIE OTHOCUTENBHO ocH abcuucc OX.
IIpn sTOM 311€CH, KaKk U B cilydae ypaBHEHHUs SINX=a, HaJl0 y4YHUTHIBATH,

YTO Ka)XJ0¥W OOIel TOYKEe TPUTOHOMETPHUIECKONW OKPYKHOCTH U MPAMOM X = a
COOTBETCTBYET HE OJHO YHUCJIO X, a OECKOHEYHOE MHOXKECTBO YHCEN BHJa
X+2nk, k € Z.

OTu yucna ¥ OyayT peuieHusIMA 3TOro ypaBHeHHsS. OCTaércsi TOJIBKO
PaBUJIBHO 3aMMCaTh CAMH PEILCHHUS.

ITockonbky Touke Ay Ha Puc. 2 cooTBeTCTBYET UnCIIO arccosa, To oxHa
U3 cepuil peneHuit ypaBHeHus: COS X=a 3amuchIBacTCs B BUJIC

X, =arccosa+ 2nk, k € Z.

Touka A_y mna Puc. 2 cummerpuyHa TO4YKe Ay OTHOCHUTEILHO OCH
aOcuucc, MOITOMY BTOpas Cepusi pEIIEHHH 3TOro ypaBHEHUS MOXKET OBbITh

3alliCaHa B BUJC
X, =—arccosa+ 2nk, k € Z.

Hepenko nBe moiydeHHbIE cepuHM OOBEAMHSIOT B OJIHY, YTO TMO3BOJSET
COKpATUTH 3aIIUCH
X =zarccosa+2nn, n € Z.
Urak, pemienne ypaBHeHuss COS X=a MOXXHO MPEACTABIATH CIEIYIOIIAM

obpazom:
X =ztarccosa+2nn, n € Z. (1.1.5)

3ameTuM TakXke, 4TO B Ciy4yae, Korja aec (—1;0) dbopmyna (1.1.5)
puoOpeTaeT BU
x==(m—arccos|al)+2nn,n € Z. (1.1.5%)

[6]
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Taxke ocobo cremayeT cka3aTh 00 ypaBHeHUsiXx COSX=-1, c0Sx=0,
cosx=1. Dro Tak Ha3pBaCMbIC  YACTHBIC  CIy4ad  HPOCTEHUIIETO
TPUTOHOMETPUUECKOTO ypaBHeHUs Tumna COSX=a. Cpasy ckaxem, uTo hopmyna
(1.1.5) nns 3TUX cydyaeB HENPUMEHHUMA.

1.1.3. ¥Ypaeunenue tg x = a

YroOsl pemuTh ypaBHeHHe tQ X=a, oTMeTUM

CHayaja Ha TPUTOHOMETPUYECKOW OKPYXHOCTH
(Puc. 3) Bce TOYkM, IJii KOTOPBIX OTHOIICHHE
OpJIMHATHI K a0CIMCCe PaBHO 3aIaHHOMY YHCITY a.
Takux Todek, o4yeBUIHO, Oynmer nBe. OHuU
CUMMETPUYHBI OTHOCUTEIBHO IIEHTPa OKPY>XHOCTH
O ¥ JIeKaT Ha MPSIMOU, MPOXOAIIeH uepe3 Touky O

n OTCGKaIOHIGﬁ Ha OCHU TAHI'CHCOB OTPC30K JIJIMHBI Ok Ig
a. mtx

Kaxmoii Touke COOTBETCTBYET OCCKOHEUHOE Puc. 3
MHOECTBO To4eK Buaa X+ 27k, k € Z.

Bce atu yncna SBiIsOTCS pELIEHUSIMU JaHHOTO YPaBHEHUS.

ITockonbky TOuke Ay Ha Puc. 3 coorBercTByeT umncio arctga, to oxHa

U3 Cepuil pelieHni ypaBHeHUs g X=a 3anmuchIBaeTCA B BUJIE
X, =arctga+ 2nk, k € Z,
Touka A,y Ha Puc. 3 coorBercTByeT 4umciy arctga+m, mosTomy

BTOpAs CEpPUs PEIICHUI ATOTO YpaBHEHUS MOXKET OBITh 3amucaHa B BUC
X, =m+arctga+2nk, k € Z.

Jlerko 3ameruth, 4T0 TOYKa A,y H TOYKAa Ay pACIOJIOKEHbI Ha

pa3BEpPHYTOM yTiie, KOTOPOMY COOTBETCTBYET paJuaHHas Mepa mn. OITO
M03BOJISIET OOBEIMHUTD JIBE MOJYYEHHBIE CEPUU B OJIHY.
Urak, pemieHue ypaBHeHUs tQX=a MOXXHO NHpPEACTaBIISITH CIEIYIOINIUM

obpazom:
X=arctga+mm, m e Z. (1.1.6)

3amMeTuM TakXke, 4TO B CiIy4yae, Korja ae(—oo;—l)u(—l;O) dbopmyna
(1.1.6) npuobpeTaet BuL

x =—arctgla]+zm, m € Z. (1.1.6")

Taxxe ocobo crmeayer ckaszath 00 ypaBHeHusx tgx=-1, tgx=0, tgx=1.

DTO Tak Ha3bIBAEMbIE YACTHBIC CIIy4aW MPOCTEHUIIEr0 TPUTOHOMETPUUYECKOTO
ypaBHeHus: Thna tgXx=a. Cpa3y ckaxkem, 4TO IJsi ITHX Ciy4daeB (opmyioi

(1.1.6) monb30BaTHCS HE PEKOMEHAYETCS.

[7]
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[IpeacraBum cBOJKY (OpMyN, HEOOXOAUMBIX [JIsi PEIICHHs] BCEX THUIIOB MPOCTEHIINX  TPUTOHOMETPHUUECKUX
YPaBHEHUH, OTPA3UB B HEW TaK HA3bIBAEMBIE YACHbIE CYYAU:

a e(-oo;-l) =-1 e(-l;O) =0 e(O;l) =1 e(l;+oo)
k+1 .
sinx=a %) X=—§+27rk x=(-1)"" -arcsinfa+ k|, _ x=(—1)k -arcsina+ 7k x=%+27zk %]
cosx=a | @ X = 77+ 27N x= (7 - arccosal) + 27k x=§+7zn X =tarccosa+2zn X =27 %)
tgx=a [#] X = —% + 7l x =—arctg |a|+ 71 [#] x = 7l x = arctga + 7 [*] X = % + 7l [*]
cigx=a | [@] | x= —% +xt | x=-arcctga+7t[@] | x= % + 7t x=arcctga+ 7t [$] | x= % + 7t [$]

Hampumep, TpebyeTcst pemuth ypaBHeHUE COS X = E

1 T
CornacHo Ttabmuune: X = iarccosa +27n,neZ wm X= iE +27nnel.

[8]
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PaccmoTpum mpumeps! perieHns MPOCTEUIINX TPUTOHOMETPUIECKUX
YpPaBHEHUH.

IIpumep 1.1.1. Peruth ypaBHenue 2Sin4x=-1.

Pewenue.

VYpaBHeHUE JIeTKO Tpeodpa3yeTcs B BULY

[To popmyne (1.1.2*) umeem:

Otkyna

OtBeT: X :(—1)n+12—71+%n,n el.

X
IIpumep 1.1.2. Petuth ypaBuenue g > =2.

Pemrenue. [Tpumenum popmyiy (1.1.6):
X
E:arct92+nn,n el.

Jlanee monydyaem
X=2arctg2+2nn,ne”.

Otset: X =2arctg2+2nn,ne”Z .

OcoOblii  WHTEpPEC  MPEACTABIAIOT  IMPOCTEHINHE  TPUTOHOMETPHYECKHE
YpaBHEHHUs, B TMPAaBOW YACTH KOTOPBIX COJAEPKUTCS HE KOHKPETHOE 4YHCIO, a
YHCIIOBOE BBIpAYXKEHUE, COJIepKalllee KaKyl0-TH00 TPUTOHOMETPUUYECKYIO (PYHKITHIO.

Ipumep 1.1.3. Pemute ypaBaenue SinX=cosl.

Pemenue.
3necr a=C0S1. Tak kax 0<C0S1<l, To ypaBHEHHE MMEET pElICHUE, KOTOPOE

MO>KHO 3amucath mo popmyse (1.1.2), T.e. X= (—1)n arcsin(cosl) +7Nn,n € Z.
Ho Tak kak

arcsin(cosl) = arcsin[sin(g —1D = g —-1, 10

x=(—1)”(%—1}+nn, nez

IIpumep 1.1.4. Pemure ypaBHeHne COSX=2C0S6 .

Pemenue.
3neck a=2C0S6 . Ypasuenue Gyser nMeTh perenue, eciu [2c056|< 1.

[9]
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117z
OueBHIHO, UMEET MECTO JBOWHOEC HEPaBEHCTBA T<6<27z. Ha unrtepBaie

3 11
> ;27 |, KOTOPOMY HPHHAIICKAT TOYKH T U 6, QyHKIHS Y=COS X ABJISAECTCS

MOHOTOHHO BO3PAaCTAalOIICH, U, CIIeI0BATEILHO,

5

117
C0S6 > COS——=C0S —=—
6 6

T
Torpma nonydyaem, uto 2C0S6 > 2COST=\/§>1, ¥ M0JTOMY JAHHOE ypaBHEHHUE HE

HMCCT PCIICHUA.

§ 1.2. Pewenue mpuzonomempuueckux ypagHeHu
PasznodceHuem Ha MHOMCUmMenu

OCHOBHBIMH METOAAMU, UCIOJIB3YEMBIMU IIPH PELIEHUN TPUTOHOMETPUUECKUX
ypaBHEHH (BIpPOYEM, KaK U IPYTUX TUIIOB YPABHEHHI ), SIBIISIOTCS:

1) pa3JIoKEHNE HA MHOKHTEIIH;

2) BBEJICHUE HOBOW IIEPEMEHHOMN

(mMepeMEHHBIX).

B nanHoM maparpade Mbl paccCMOTPUM TOJBKO METOJ pa3jOXKEHUs Ha
MHOHUTEIIHN.

Ecim B ypaBHeHuu, mnpuseaceHHOM K Buny f(x)=0, ero JeBas 4acTb

pasznaraercss Ha MHOXkuTenu, 1.e. f(X)= f(x): f,(X)-...- f (X), To cnenyer kaxmplii

U3 3THUX MHOXHUTEIEW NpHUPaBHATh K HYJI0. [IoJyduTCs HECKONBKO OTHEIBHBIX
yYpaBHEHHI (COBOKYITHOCTh YpaBHEHUWH), KOPHM KaXJOrO0 M3 KOTOPHIX OyayT
KOPHSIMH HCXOJHOTO YpaBHEHHMS, €ClId TOJbKO OHM BXomar B OJI3 kaxumoro us
MHO>XHUTEJIEN JIEBOM YaCTH YPABHCHMUS.

Paccmotpum mpumep, korga yder OJ]3 mMeeT CylmiecTBEHHOE 3HAY€HUE IMpU
PEILICHUU TPUTOHOMETPUUECKOTO YPaBHEHUS.

Ipumep 1.2.1. Pemure ypasaenue SinX-ctg 2x=0.

Pemenue.

Tak kak B JIEBOM YaCTU YpPaBHEHUS NPUCYTCTBYET MHOXKHUTEIb, COACPHKALINN
(GYHKITNIO KOTAHTE€HC, KOTOpast, KaKk M3BECTHO, CYIIIECTBYET HE MPU BCEX 3HAUCHUAX X,
TO 00S3aTENBHOW YACTBHIO pernieHus sBisercs ymbOo Haxoxkaenue OJI3, mubo
BBHITIOJTHEHUE MTPOBEPKHU HalICHHBIX cepuii. M1 Oyaem ucnonb3oBath OJ13:

zn
2X# 7N, T.e. x¢7, neZ.

Jlanee monyyaeM COBOKYIIHOCTb, COCTOAIIYK) M3 JBYX IPOCTEUIINX
TPUTOHOMETPUUECKUX YPABHEHHUIA:

sinx=0,
ctg 2x=0.

[10]
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Penras mepBoe M3 ypaBHEHHWIM COBOKyHHOCTH, moaydaem X= 7K, k € Z. Ho

n
HOJIydeHHas cepust peurenuii He yposierBopser O3, T.k. mpu K= > MHOKHTENb

Ctg 2X TepsieT CMBICT.
Jlanee mepexoauM K peIieHUI0 BTOPOTO YPaBHEHUSI COBOKYITHOCTH. SICHO,

/4 T zm
2x:§+ M, m € Z. OTkyAa nojay4aem, 4To X=Z+ PR m € Z. IlonyueHHas cepus
pemeHnid He npotuBopeunT OJ13.
T zm
OtBeT: X=—+—, M€ Z.
4 2

PaccmoTpuM Temepb mnpumep, Korjna HeooxoaumocTh HaxoxaeHus O/I3 ne
BO3HUKACT.

IIpumep 1.2.2. Pemmute ypaBHeHue 1 (2sin x —cos x)(1+cos x) =sin*X .

Penrenue. BOCHOHBSyeMCH OCHOBHBIM TPUTOHOMCTPHUYCCKUM TOXKIACCTBOM,
I1ITO6I>I B lIaJILHeﬁIIIeM PAa3JI0KUTH MMPAaBYIO 4YaCTh YpAaBHCHHA C IMOMOIIbIO q)OpMyJ'IBI
Pa3HOCTHU KBAAPATOB, ITOJTYUHUM:

(2sin x —cos X)(1+cos X) =1—cos® X;
(2sin x—cos x)(1+cos x) = (1+cos x)(1—cos x).

I[anee HGpGHCCéM BBIPAKCHUC, CTOALICC B npaBoﬁ 4aCTH, B JICBYIO 4YaCTb
YpaBHCHUA, YTOOBI BBIHECTH HOBTOpiII-OHIPIfICSI MHOXKHUTEJIb 32 CKOOKHM. TeM cambIM
6y,II€T OCYHICCTBJICHO PA3JIOKCHHUC HAa MHOKXUTCIIN. By,I[CM HUMCTb:

(2sin x—cos x)(1+cos x) —(1+cos x) (1—-cos x) =0;
(1+cosx)(2sinx—1)=0.
B wurore mnosiydaeM COBOKYIHOCTbH, COCTOSIIIYIO M3 JBYX MPOCTEHUIINX

TPUTOHOMETPUYECKUX YPABHCHUN:
cos x=-1,

1

sinx==
2

OueBHUHO, YTO

X, =r+2zk,keZ; x,= (—1)k%+7zn, neZ.

Orser. 7+27K, keZ; (-1) %-l—ﬂ'n, neZ.

IIpn pemieHHM TPUTOHOMETPUYECKUX YPABHEHHM METOJOM pa3lOXKEHUs Ha
MHOXHUTEIU MOXKET BO3HHUKHYTh €HIE€ OJIMH «YHCTO METOJIUYecKuil» HroaHc. OH
KacaeTcs MPaBUILHOCTH O(DOPMIICHHS 3aIUCH OTBETA.

Tak Kak m0Opu pPEHIEHWH TPUTOHOMETPUYECKUX YPAaBHEHHH METOIAOM
Pa3JI0KEHUsI HA MHOKHUTEIN NPUXOJUTCS, B KOHEUHOM CUETE, pElIaTh COBOKYITHOCTh
MPOCTEUIINX TPUTOHOMETPUUYECKUX YPABHEHHM, TO 3TO O3HAYAET, 4YTO IOCIE
pEILICHUsI BCEX YPABHEHUM COBOYNHOCTH HANJCHHBIE MHOYKECTBA PEUICHHM CIIEAyeT

[11]
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o0benuHUTh. OOBEAUHEHSS] CEeMEICTBAa pelIeHU#, YacTo MoJydaroT Oosee
KOMITAKTHYIO 3aIIACh OTBETA.

OObenMHEHNE pElIeHU ya00Hee BCEro BBINOJHATH ¢ MOMOIIBIO €IUHUYHOU
TPUTOHOMETPUYECKOM OKPYKHOCTH, HAa KOTOPYK) HAHOCIAT CEMEMCTBA PELICHUMN
COOTBETCBYIOIIEH COBOKYITHOCTH YPaBHEHUM.

PaccmoTpum Ha mpumepe, Kak 3TO HaJl0 AenaTh.

IIpumep 1.2.3. Pemure ypasaenue 2 Sin3X = COS 2X .

Pemenue.
Cuauvana Bocmonb3yeMcs: (OpMyJol MpHUBEJEHUS, C TOMOIIBI KOTOPOU
GyHKIMIO KOCHHYC Mpeo0pa3yeM B CUHYC.

o . T
I[GI/ICTBI/ITCJIBHO, TaKk Kak COS 2X = SII’\(E — ZXJ , TO HCXOIHOC ypaBHeHI/Ie
HpI/IMeT BU]
. . T
sSin3x = sm(a — 2xj .

[lepeHocs crmaraemoe B JIEBYIO YacTh YpPaBHEHHMsSI, MOJYYUM BO3MOXHOCTb
BOCTIOJIb30BaThCs (POPMYIION Pa3HOCTU CUHYCOB. [leficTBUTENBHO,

sin3x—sin(g—2xj =0

3x—(n—2xj 3x+(n—2xj
2 2

2sin - COS =0.
2 2

NN

Jlanee monydyaem

(L T
SX—— X+ —

sin—z-cos—Z:O.
2 2

ITocne aToro mosydyaeM COBOKYITHOCTh ABYX TPUTOHOMETPUUECKUX YPAaBHEHUM,
OTHOCSIIIIUXCS K YaCTHBIM CIy4asiM (CM. CTp. 8):

sin(ﬁ—zjzo,
2 4

cos(§+ 1):0.
i 2 4

X T vkeZ
2 4

SlcHo, 9TO

X 7w 7
—+—=—+7n,nel.
2 4 2

Janee nmeem

[12]
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x1=£+ g7zk, keZ,
10 5

X2=£+27m,neZ.
2

IToctpouM TOYKM KaXIOM W3 IIOJAYYEHHBIX CEpUHd HA E€IUHUYHOU
TPUTOHOMETPUYECKON OKpykHOCTH (cM. Puc. 4). OueBunHO, uTOo cepun X; OynayT

COOTBETCTBOBATH MATh «OCHOBHBIX» TOYEK, KaXJasi U3 KOTOPBIX C YUYETOM MEpUoAa
ONpENEIAET OCTAIBHBIE TOUKU ATOM CEPUH.
B cepuro ke X, BXOIUT JIMIIb OJJHA TOYKA, KOTOpas C y4€TOM CBOEro Iepruoaa

TAKKE ONPCACACT BCC OCTAJIBHBIC TOYKH ITOU ccpuu. HO, KaK Mbl BUAHUM, TOYKH

T
cepuu 5 + 27N SIBHO MPUCYTCTBYIOT B CEPHU X .

I'.-_;l £l
—_
-

9‘\'_ s
16 10

o~ " 1
10 10
Puc. 4
Taxum 06pa3oM, npu 0ObEAMHEHNUN CEPUN X; U X, OCTAETCS JIUIIb OJJHA CEpUs

T
pelleHuii, a UMEHHO X=E I gﬂ'k, k € Z. Hanuuue BTOpOI CEpUM B OTBETE MOXKHO
TPaKTOBATh KaK OLIUOKY (METOJUYECKYIO HETOYHOCTD ).

Ortser: X=£ + gﬂ'k, kel
10 5

8 1.3. Pewwenue mpuzonomempuueckux ypasHeHuil 6uoa

sin(ax)=sin(3x), cos(ax)=cos(Bx), tg(ax)=tg(Bx)

Paccmotpennsiii B mpeasinymeM maparpadge Ilpumep 1.2.3 mpencraBuser
MHTEPEC C APYTrOM TOYKH 3PCHMUS.
Ero mMo0XHO BOCHpHMHHMMATh KaK YpPaBHEHHE, OTHOCSLIEECS K CIENUAIBHOU

TpyIIIe ypaBHEHHM BU/Ia sin(ax) = Sin( ,BX)

Paccmorpum  oOmuit  cmoco®  pemieHuss Takux — ypaBHeHui. CHayana
MPEACTABUM €T0 B HECKOJIbKO MHOM BHJIE

[13]
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sin(ax)—sin(x)=0.

Ou4eBUTHO, YTO MOXKHO MIPUMEHUTH (POPMYITY PA3HOCTU CUHYCOB:

ZShw(géiﬁ-x)-cos(gigﬁ-szzo.

Otkyna nomydaem
SM(G_B-{}:OHM{QB(Q+B-%):O.
2 2
atp

OLT_B-X:nk,keZ;

T
X:§+nn,neZ.

B utore nonyuaem GpopmyIib:

1= 27k keZ,
“- (1.3.1)
2n+1 a
2:7z(n+ XneZ
| a+

3nanue Qopmyn (1.3.1) cCylIecTBEHHO YKOpayMBaeT PEIICHUE YpaBHEHUI,
BXOJISAIIUX B PACCMOTPEHHYIO Ipymiry. PaccMoTpuM 3T0 Ha mpuMepe.
Ipumep 1.3.1. Pemure ypaBuenue SINSX=sin3X.

Pemenue.
VY nac a=5, B=3. [Ipumenss popmynsl (1.3.1), nonydaem:
X1=2—7[k keZ,
5-3
2n+1
ML CLLD
i 5+3
N
X;=7k,keZ,

7 7zn
X2=§+T,nez.

OrTBer: 7zk,keZ,2+7[—n,neZ.
8 4

Teoperndeckoe 00OCHOBaHWE IPHUBEJACHHOTO METOJIa PCIICHHS ypaBHCHUU
Mo00HOT0 BHa MOYKHO OCYIIECTBUTH HHBIM CITOCOOOM.

OTOT Ccrmoco0d OCHOBAaH Ha MCIOJB30BAHUU COOTHOIICHUN MEXIYy JBYMS
JTyraM¥l, IMEIOIIUMH OJITMHAKOBOE 3HAYCHUE JAHHOH TPUTOHOMETPHUUYSCKOU ()yHKITHH.

Teopema 1.3.1. KakoBa Obl HM ObUTa CHUCTEMa JIBYX JIEHCTBUTEIHHBIX YHCEI
(u,v), rme u? + v? =1 cymecTByeT eIMHCTBEHHas ayra 0 < o < 27 (T.e. B Ipejenax
SIUHUYHON OKPYKHOCTH), KOCUHYC B CUHYC KOTOPOH UMEIOT JJaHHBIC 3HAYCHUS U U V,
T.C.

cosa.=u,Sina =V. (1.3.2)

[14]
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JloKa3aTeabCTBO: HAa IUIOCKOCTU CYIIECTBYET €OUHCTBEHHass Touka M ¢
abciuccod U M opauHATOW V, Touka M JIeKUT Ha €AMHUYHON OKPYKHOCTH T.K. p

(O,M) = IOM | = yJu? +v?* = 1. Paguyc OM onpenensieT eIMHCTBEHHbIH yroid o B
npomexytke ot 0 10 27, 1711 KOTOPOT0 KOCUHYC U CUHYC UMEIOT JIaHHbIe 3HaYeHus U
nVv.

B none R cymectByeT OeCKOHEYHOE MHOXKECTBO 3HAUEHUW apryMEHTOB,
yIOBJIETBOPSAIONIUX COOTHOIIEHHIO (1.3.2), Kaxk10€ U3 3TUX 3HAYECHUN OTIUYAETCS OT
a Ha ciaraemoe 2nk, ke Z.

CaeacrBue. Kakoa Obl HU ObllIa cUCTeMa JEMCTBUTEIBHBIX 4Yucel U, V, W, Z
B3ATBLIX 0NpU  ycaoBusx U’ +Vvi=12z= E’W: %, B mnpomexytke or 0 go 2z
CYILIECTBYET €AMHCTBEHHOE 3HAUCHUE apryMeHTa « , IPU KOTOPOM

cosa. =u,Sina.=V,tgo. =z, ctgo. = w.

Teopema 1.3.2. HeoO6X01uMBIM U IOCTATOYHBIM YCJIOBHUEM TOTO UTO:

1) nBe ayru U U V UMEIHM OAMHAKOBBIN cumyc, T.e. SIN U = SIN V SBJISETCS HaJIHYNE

cooTHolIeHusd: U= (—1)n v+mn,nel;

2) nBe ayru U U V UMENM OJJMHAKOBBIA KocuHyc, T.€. COS U = COS V SIBJISIETCS HAJIUYUE
COOTHOILIEHUS: U = 2V + 27K, Kk € Z;

1 o
3) Ayra U u 'V, OTIIMYHBIC OT OYT BHOA , HMCJIM OJUMHAKOBBIU mMAaHcEHC, ABJIIACTCS

HaJIMYKE COOTHOIIEHUs: U =V + zn, N € Z .

JloKa3aTenbCTBO: JOKAKEM TOJBKO CIPAaBEIMBOCTh IEPBOTO  YTBEPKIACHUS
TEOPEMBI.
1) IOCTaTOYHOCTH YCIIOBHSI.

n
Ecnn mMeer MecTO COOTHOIIICHHE u=(—1) V+ 71N, 1O, B 3aBUCUMOCTU OT

YETHOCTH WJIM HEYETHOCTH YUCIIA N, UMEEM:
V + 21k

T—V+ 21k

sinu =sin

B 000MX ciaydasx Sinu=sinyv.

2) HEOOXOIMMOCTh YCIOBHS.
[Tycts sinu=sinv. O6o3HaunM depe3 M obIIee 3HaUYeHUE CUHYca JBYX AyT U

uVv:
sinu=m,sinv=m.
PaccMoTpuM MHOXECTBO BCEX YT, Y KOTOPBIX CUHYC PaBeH M:
(—1)" arcsinm+nn,
KaxKjaas nu3 ayr uumyv. COI[ep)KI/ITCH B OTOM BBIpa)KeHI/II/I HpI/I HCKOTOPOM 3HAa4YCHUMU N.

u=(-1)"arcsinm+mmn,,
S (1.3.3)
v=(-1)"arcsinm+mn,.

[15]
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Ecnu uncnma Ny 1 N2 oamHaKoBOM YETHOCTH (T.€. 00a YETHBIC WU HEUYETHHIC),
TO BBIYTEM MOWICHHO cooTHomeHus (1.3.3):

u—v=(n—n,)m=2nk.
Eciu ke ymcma Nip U N2 pasaMyHOM YETHOCTU, TO CIIOXKHUM ITOYIICHHO
cootHomenus (1.3.3):

u+v=(n+n,)n=(2k +1)m.
Wrtak, ecnu ayrd U ¥ V MMEIOT OJMHAKOBBIC 3HAYCHHs CHHYCA, TO JTHOO HX
Pa3HOCTh paBHA IEJIOMY YHCITYy MepuojoB 27K, 1100 MX CymMMa paBHA HEYETHOMY
ancity nomyneprozos (2K +1).

CrnenoBarteiabHO,

-V +(2k +l)7c:(_l) v

[Mepeiiném Temeps K pacCMOTPEHHIO CIIOCO0a PENIEHHs TPUTOHOMETPHYECKUX
ypaBHEHHUI BUIa COS(aX) = COS( ﬂX)

O4eBUAHO, YTO B TAaKOM CiIy4ae MOXXHO NPUMEHHUTH (OPMYITYy pa3sHOCTU

KOCHHYCOB!
_Zsin(oc__l3 . X] . Sin(a__FB . Xj =0.
2 2

OTKyza morydaem
OL_B-XJ:O WIN Sin(OH_B-Xj:O.
2 2

o

O('T_B.ink,kez; 0LT—i_B-Xsz,ﬂez.

{ V + 271tk

B urore nmonyyaem GpopmyIsL:
_ 27k
_a—ﬂ
_2zn

Xp= nelZ.
a+p

X keZ,

(1.3.4)

3ameuanme. PaccMoTpuM e1i€ 0JJMH UHTEPECHBIN CTydaii sin(ax) = COS( ﬂx)

[lepenocs BwIpakeHHE, cojaepkamee (QYHKIHUIO KOCHHYC B JIEBYIO 4YacTh
YpaBHEHUS U 3aMEHSISI €T0 110 opMysie MPUBEACHUS, TTOTYIUM

sin(ax) - sin(% — ﬁx) =0.
[Tpumensist opMyiTy pa3HOCTH CUHYCOB, OyIeM UMETh

X — ﬂ—ﬁx) ax+(”—ﬂx)
2sin (2 2 =0,
2 2

- COS

[16]
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N

25sin a+’8-x—z - COS a_ﬂ-x+£ =0.
2 4 2 4

Jlanee mepexoauM K COBOKYIHOCTH JBYX TPUTOHOMETPHUYECKHUX YPaBHEHMH,
OTHOCSIIMXCS K YACTHBIM CIy4asiM.

sin(OHﬁ . x—zjzo,
2 4

cos(a_ﬂ-x+£)=0.
| 2 4

OTkyna rnoiaydaeM OKOHYATEIIbHBIC POPMYJIBI:

X\=——-(4k+1),keZ,
L 2(a+ ) ( )
(1.3.5)
X2=—- dn+1),ne’.
KRR
Ocranoce paccMOTpeTh Wb croco0 peuieHus YpaBHEHHUI

Buatg (aX) =1g (,BX) :

bynem cuurtarh, yto 00e (yHKIMH, BXOASIIME B 3TO YpaBHEHHE, HMEIOT
CMBICII, TaK KaK MbI 00513aHbI y4€CTh TOT (DAKT, UYTO TAHT€HC HE BCET/a OINpPEICIICH.
Bocrnonb3yemcst  ¢opMmynoil pa3HOCTH TAaHTEHCOB, IIOCJIE€ YEro YypaBHEHHE

IMPpUMCT BU
sin[(a-8)-x]
cos(ax)- cos(ﬂx)

OTKyaa BO3MOXKHO JIMIIb, YTO
sin[ (- B)-x]=0.

[TonmyyeHHoe ypaBHEHHUE BECbMa MPOCTOE, TOITOMY Cpasy Mmoyrydaem GopMyiy:

K
kezZ. 3.
o € (1.3.6)

IIpumep 1.3.2. Pemure ypasaenue Sin15x=cos5x.

X=

Pemenue.
DTOT Ccilydall paccMOTpeH HamH B 3aMmedanuu. SIcHo, uro o =15, B=5.

Bocnone3yemcs dhopmynamu (1.3.5).

X1= m (4k+1) kEZ

(4n+1),neZ.

& 2(15 5)
N

[17]
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X1=£+7Z—k,keZ,
40 10

T 7N
X,=—+2" neZ.
20 5
7k T 7zh

OTBeT: £+—,keZ, —+—,ne’.
40 10 20 5

§ 1.4. Tpuconomempuueckue ypagnenus, cooepicaujue blpa3ceHus ¢ 00HOU u
Mmoil Jce mpuzoHomMempuuecKou YyHKyuei 00H020 U mo20 ece apZymeHma, u
ceooauuecs K HuUm

B »ostomM mnaparpade MBI paccMOTpUM HEKOTOPBIE CHOCOOBI (METOABI U
METOANYECKUE TIOJAXOMAbI) PEIICHUS] TPUTOHOMETPUUECKUX YpPaBHEHUM, KOTOpHIC
00beTMHEHBI 001 Haeel, CMBICI KOTOPOM COCTOUT B TOM, YTO JIAHHOE ypaBHEHUE
PUBOJAT CHayasa K YpaBHEHUIO, coaepxKalemMy BBIPAKECHUS c
TPUTOHOMETPUYECKUMU (PYHKIIMAMH OJIHOTO M TOTO >Ke aprymeHnTa. Jlayiee, kak
MPaBUJIO, UCTIOJIB3YETCSI METO/T 3aMEHBI IEPEMEHHOMA.

1.4.1. Tpuconomempuueckue ypasuenus, cooepricauiue eblpaHceHus ¢ 00HOU
U moit yHce mpu2oHOMempu4ueckou yukyuei
00H020 U MO20 JHce apZyMenma

B sToM myHKTE MBI OyJIeM UMETh JIEJI0 C YPAaBHEHUSIMU, COACPIKAITUMU KaKyIO-
7100 OJTHY TPUTOHOMETPUUYECKYIO (DYHKIIMIO OJHOTO M TOTO )K€ aprymeHTa. B takom
cly4yae clienyeT 3aMEeHUTh 3TH (YHKIMIO KaKOH-THOO HOBOW TIEPEeMEHHOH, B
pe3yNbTaTe TMONYYUTCS alreOpanyeckoe ypaBHEHHME, DEIIMB KOTOPOE U CJeliaB
o0paTHYI0 3aMEeHy, Mbl CMOXEM CYAWTh O HAJIWYUU WU OTCYTCTBUH PEHICHUH Yy
HUCXOAHOTO YPaBHEHHS.

Ipnmep 1.4.1. Pemmre ypasrenne 2tg* 3x—3tg? 3x+1=0.
Pemrenne.

[Tonoxum tgz3x:t. OueBHUJIHO, YTO HA MEPEMEHHYIO CJIEAYET HAJOKUTh

nomnoyiHuTeNIbHOE orpanmdeHre t>0. IlepexomuM K KBaJpaTHOMY ypaBHEHHUIO
OTHOCHUTEJIBHO IEPEMEHHOM t

2t* — 3t+1=0.
Tak kak cymMmma K03 (PUIUEHTOB 3TOr0 KBaJAPAaTHOIO YPaBHEHUS! paBHA HYIIO,
TO OJIHUM W3 ero KopHei oOs3arenpHo Oyner {=1. Torma, ommpasice Ha Teopemy

Buera, 5ierko Ha3BaTh BTOPOM KOPEHb 3TOr0 ypaBHeHusi. Im Oyzaet t2=§ .

3HAYUT, Mbl IMEEM COBOKYITHOCTh JBYX YpPaBHCHUU
[18]
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tg? 3x=1,

1
tg? 3x==.
J 2

Ou4eBHUIIHO, YTO BMECTO 3TOM COBOKYIHOCTH MOKHO 3alMCaTh COBOKYITHOCTH
U3 YETBIPEX MPOCTEUIINX TPUTOHOMETPUUECKUX YPABHEHU I

tg 3x=1,

tg 3x=-1,

1
tg 3x=—=,

J2

1
tg 3x=-—.
! J2

Pemas >tn YpPpaBHCHU:A, ITIOJIYyHaCM

X1,2=i%+ﬂ—k,kez,

k 1 J2  7n

OrtBerT: i£+—,keZ, t—arctg—+—,ne’Z.
12 3 3 2 3

1.4.2. Tpuzonomempuueckue ypagnenus, cooeprcaujue eblparceHus ¢ Ko-
dyHKyUAMU 00HO20 U MO20 dHce apyMeHma

B Takmx ciydasx HEOOXOAMMO CHadaja BBIIOJHUTh MPeoOpa3oBaHus,
HaIlpaBJIEeHHBIC Ha TO, YTOOBI OfHA M3 KO-(YHKIMH OblIa IMOJHOCTHIO 3aMEHEHA Ha
APYTYI0, COOTBETCTBYIONIYIO € KO-(yHKITHIO.

Jlemaercs 3TO MOCTATOYHO MPOCTO, OOCTATOYHO TOMHHUTH, YTO CHHYC H
KOCHHYC OJTHOTO M TOTO >K€ apryMEHTa CBS3aHbl OCHOBHBIM TPUTOHOMETPHUYECKUM
TOKJIECTBOM, a TIPOM3BEICHNE TAHTEHCA U KOTAaHTE€HCA PaBHO 1.

Ipumep 1.4.2. Pemmte ypaBHenne 2C0S° X +14€0S X = 3sin° X,
Pemenue.

Tak kak Sin®X=1—C0S’ X, To UCXOMHOE ypaBHEHHE MOYKHO HPeoOpa3oBaTh K

BHIY
2¢0s’ x+14c0s x —3(1—cos’ x)=0.

OuYeBMIHO, 4YTO MOCIE PACKPBHITUS CKOOOK M IPUBEACHHS MHOMOOHBIX

CJaracMbIX OHO 3AMULIETCS CIIEAYIOMHUM 00pa3oM:
5cos” x+14cosx—3=0.
[Tonoxum, COSX=Y. I[lepexoanm K pelIeHUIO KBaAPATHOIO YPaBHEHUS
5741 -3¢
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OTKyZa HETPYAHO MOIYYHUTh, YTO

M E;)é =<
3Ha4uT, JIMOO
COSX=—
OTKyJa
x:iarccos%+2nn,n el,
0o

COS X =—3.
BTOpO@ HpOCTCﬁHIee ypaBHeHHe HC UMCCT peHIeHHfI, TaK KaK HC€ BBIITIOJIHACTCA
YCJIOBHAE OTPAaHUYECHHOCTH KOCHUHYCa ‘COS X‘ <1

1
OrtBer: iarc:cosg +2nn,ne’Z.

1.4.3. Tpuzonomempuueckue ypagnenus, cooepiicaujue 8blpaxceHus ¢
PA3HOUMEHHBIMU MPULOHOMEMPUUECKUMU PYHKYUAMU 00HO20 U MO20 Hce
apeymenma

B srom ciyuyae umeercss B BUAY UyTh OOJbINasl «3arpy:KEHHOCTHY» 3allUCH
YpaBHEHHUS, T.€. MOTYT MNPHUCYTCTBOBAaTh KOMIIOHEHTHI, HE SIBJSIOIIMECS, HAIpUMED,
KO-QYHKIMAMH 10 OTHOLIEHUIO JIPYyr K JApyry. B TakoM ciydae NpUXOIUTCS
IPOU3BOJIUTh YyTh OOJIbIIIE YIPOIIEHUH, HO MX LIENbIO JOJKHO OBITh BBISABICHHUE B
3aMmucH MpeoOpa30BaHHOTO YPAaBHEHMS TOJBKO OAHOW (YHKIIMH OZHOTO U TOTO Ke
apryMeHTa.

1
Ipumep 1.4.3. Pemmnre ypasuenne 19° X —1+ —3ctg (— - Xj 3.
COS’ X 2

Penrenue.

Hcnons3ys  popmymsl  1+19° X = ——

u Clg (E - X) =1g X, nepenuiiem
COS™ X 2
HCXOJIHOE YPaBHEHUE B BUJIE
tg°x—1+(1+1tg°x)—-3tgx=3
WIn
tg° x+1g°x—3tgx—3=0.
Beeném oOo3znaueHune tgX=t, moayyum anreOpanyeckoe ypaBHEHHE TPEThEH
CTEIEHU

+t*-3t—-3=0.
HpI/IMeHI/IM MECTO paSJ'IO)KeHI/Iﬂ Ha MHOXUTCIM, HO IIPCABAPHUTCIBHO
BBIIIOJIHUM I'PYIIIIMPOBKY CJIaraCMbIX 1 BBIHCCCHHUC O6IHCFO MHOKHTEIIS 32 CKOOKH

t*(t+1)-3(t+1)=0.
[20]
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Janee nomyyaem

(t+1)-(t"—3)=0.

Scno,uro t =-1, 1, = +43.
Torma mosydyaemM COBOKYIIHOCTb M3 TPEX IMPOCTEUIIMX TPUIOHOMETPUUYECKUX
YPaBHEHMM, KaK/10€ U3 KOTOPBIX COAEPIKUT (DYHKIIMIO TAHT€HC
tg x=-1,

tg x=+/3,
tg x=—+/3.

Pemas KaXa0€ U3 ypaBHeHHﬁ COBOKYITHOCTHU, COOTBECTCTBCHHO HAXOAUM

A T
X;=-—+7k,KeZ, X,3=t—+7n,ne’.
! 3

Ortser: —%+7zk,keZ, i%+7zn,neZ.

§ 1.5. Oonopoonvie mpuzonomempuueckue ypagHeHus nepeozo nopAaoKa

= Vpasaenne Buga aSinX+bcosx =0, rae a u b — npousBonbHEIE, OTANYHBIE OT

HYJIZ KOHCTAHTBI, HA3bIBACTCS OOHOPOOHLIM MPUSOHOMEMPUUECKUM VPABHEHUEM
nepeoco nopsoKda.

Pemenue nsroro YpaBHCHHA HC3aMbICJIOBATO. CHauyana HaJI0 pas3aciuTb 00e
yacTH JaHHOro ypasHeHus Ha COSX # 0, mocne 3Toro meiicTBUs ypaBHEHHE NPHMET
BUJI

a-tgx+b=0.

OueBUIHO, YTO TOJTYYEHHOE YpaBHEHHE JIETKO MpeoOpasyeTcs B MpOCTeHIee

TPUTOHOMETPUUYECKOE YpaBHEHHE, Co/ieprKaiee (PyHKITUIO TAaHTCHC

b
tg X =——,
a
KOTOPOC BCCraa pa3pCuinumo.

Hpumep 1.5.1. Pemmte ypasuenne 3SINX—2C0SX =0,

Pemenue.
Brinonuus aenenue obeux yacteil ypapHenus Ha COS X # 0| mosyuaem
3tgx-2=0
W
tgx=2.
3
3HAUUT,

x:amw%+nmnez.
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Ommtmrm%+nmnez.

§ 1.6. Oonopoonvie mpuzonomempuuecKkue ypagHeHus 6mopo20 nopaoKka u
ceooauuecs K HuUmM

. VpaHennme Buma a-Sin°X+Db-sinxcosx+c-cos°x=0, rne a, b u ¢ —
MPOU3BOJIbHBIC, OTJIMYHBIE OT HYJS KOHCTAHTBI, HA3bIBACTCA 0OOHOPOOHbIM
MPUSOHOMEMPULECKUM YPABHEHUEM 8MOPO20 NOPAOKA.
3ameuanmne. PaccMoTpum ciydaif, Korja OJiHa M3 KOHCTaHT, BXOJSIIUX B JIAHHOE
ypaBHEHHUE BCE ke paBHA HYI0. BO3MOXHBI Citydau:

1) a=0,b=#0,c=0.

B sToM cnydae ucxoHoe ypaBHEHHE MPUOOPETAET BU/T
b-sinxcosx+c-cos’x=0,

T.€., IO CYTH, OHO MOTEpsI0 mepBoe ciaraemoe. OHO JIETKO pPelIaeTcss METOJA0M
Pa3oKEeHUS HAa MHOXKUTEIH, T.K. KOCHHYC MOXKET OBITh BEIHECEH 3a CKOOKH. B TakoMm
cllyyae ypaBHEHHE HMMEET JIBE€ CEpUU pelIeHUuW (OJHAa TMOJydaeTcss W3 YpPaBHCHUS
cosx=0, a BTopas HaXxOAWTCS M3 OJHOPOJHOTO YPaBHECHHUS TIEPBOTO TOPSJIKA
b-sinx+c-cosx=0),

2) a=0,b=0,c=0.

OToT cnydai 6JIM30K K MepBOMY cityyaro. OTiIHYrde COCTOUT JIMIIb B TOM, YTO
U3 KCXOJHOTO YypaBHEHHMs BBHINAJAeT TPEThE ClIaraéMOe€ W B pPe3ysibTare OHO
IPUHUMAET BUJ

a-sin’x+b-sinxcosx=0.

Kak u B mepBOM ciyyae, 3TO ypaBHEHHE PEIIAETCS METOIOM PA3JI0KEHUS Ha
MHOKUTEJIM M TaK)Ke€ MMEET JIB€ CEpPHUH pelIeHUd (0JIHa U3 KOTOPBIX MOJTydaeTcs
Onmaromapst ypaBHeHUto SinX=0, a BTOpas HaxXxOJUTCS W3 OJHOPOJIHOTO ypaBHEHUS
nepBoro mopsaka a-SinX+b-cosx=0).

3) a=0,b=0,c#0.

OTOT cinydail MPUHIIMIHAIBHO OTIUYACTCS OT ABYX MPEIBIIYIINX, KOO Tenepb
B YPaBHEHUH OTCYTCTBYET BTOPOE CllaraeMoe, U OHO MPUOOpETAET BUJ

a-sin’x+c-cos”x=0.

BozHuKaeT BOmpoc 0 pa3pemMOCTH TAaKOTO YpaBHEHUS. 37€Ch BOZMOXHBI B
cirydast:

3.1) ecmu ko3pduuMEHTH, BXOASIIME B  YypaBHEHUE, —  4YHUCIa
MIPOTHBOIIOJIOKHBIX 3HAKOB. Tora MOKHO pa3JeiuTh 00€ YaCTH 3TOTO YpaBHEHUS Ha
cos*x=0. [TonyunTcss ypaBHEHHE BHIA

a-tg’x+c=0,
KOTOPOC IIPHU CACIIAHHBIX PAaHCC JOMMYIICHUAX, OUYCBHUIHO, paSPCHII/IMO;
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3.2) ecnu xe KOIPOUIMEHTH 3TOTO ypaBHEHUS — YHUCIA OJHOTO 3HAaKa, TO
JieBasl 4acTh JJAaHHOTO YpaBHEHHUs 00s3aHA OBITH PaBHOHM HYIIO, a 3TO HEBO3MOYKHO B
CHIIy TOTO, YTO CHHYC U KOCHHYC OJIHOTO U TOTO XX€ apryMEHTa OJHOBPEMEHHO HE
o0pararTcsi B HOJb. BRIXOIUT, 4TO B 3TOM cllydae ypaBHEHHE HE UMEET PEIICHUH.

Bepuémcsa Bc€ ke K HMCXOAHOMY YpPaBHEHUIO U PAcCMOTPUM CIIOCOO €ro
peleHusl.

Pazgenum 06e yacTu TaHHOTO YpaBHEHUS Ha cos®x#0. [Tomyunm

a-tg’x+b-tgx+c=0.

OueBUHO, 4YTO TMOJYYCHHOE YypPAaBHEHHE JIETKO PpEIIAeTCs  3aMEHOM
nepeMeHHoi. Hanmpumep, MOKHO moyioxkuTh tg X=t, mocie yero ypaBHEHUE MPUMET
BU/]

a-t"+b-t+c=0.

Kak u3BecTHO, pa3penmMoCTh WK HEPa3pPEIIMMOCTh KBAJIPATHOTO YPaBHEHHUSI
3aBUCHT OT 3HaKa €ro auckpuMunanta. [Tostomy B ciydae, korma D =b* —4ac>0
rcxoaHoe ypaBHeHne paspemmmmo. Ecioum ke D <0, 1o mcxomHoe ypaBHeHme He
MUMEET PEIICHUH.

Hpumep 1.6.1. Pemmte ypaBrHenne 5SiN° X —3siNXcos X —2¢o0s* X =0.

Penrenue.

2
Ilocne nenenuunst ua COS™ X # 0 YpaBHEHHUE CTAII0 UMETh BUJ]
2
otg°x—-3tgx—-2=0.
3ameTuM, 4TO cymMMa KO3(PGHUIIMEHTOB MOJTYYEHHOI'O KBaJIPAaTHOTO YpaBHEHUS
paBHa HYJIIO, CIEIOBATEILHO, CPEAU €r0 PEUICHUN €CTh YUCJIO 1, a BTOPBIM KOPHEM,

2
corjlacHo Teopeme Buera, 10mkHO OBITH YUCIO —— .

5

3HAUMUT, MOJYYae€M COBOKYINHOCTH JABYX HIPOCTEUIINX TPUTOHOMETPUUYECKHX
YPaBHEHHM OTHOCUTENIbHO (DYHKIIMU TAHTEHC.

tg x=1,

2
tg x=-—.
] 5

Otcrona, 04EBUIHO, TTOTYyYAEM

X1=£+7rk, ke,
4

x2:-arctg§+7zn, nel.

OrtBer: %+7zk, keZ, -arctg % +zn,ne’.

Paccmotpu Teneps ypaBHEeHUE BUAa
a-sin’x+b-sinxcosx+c-cos’x=d,

[23]



[lmaBa I

B KOTOPOM JJI1 ONpPENENEHHOCTH OyleM CUUTaTh BCE KOHCTAHTBI OTIMYHBIMH OT
HYJIS.
OTO ypaBHEHHUE JIETKO CBOAMTCS K OJHOPOAHOMY TPUTOHOMETPUUYECKOMY
YPaBHEHMIO BTOPOro Mopsiika. JJist 3TOro Hy»KHO MOCTYNHUTh CIEAYIOIINM 00pa3oMm:
1)  cHavaia yMHOXHTB MPaBYIO YacTh YPABHECHUS Ha TPUTOHOMETPHUYCCKYFO
€AMHMUILY, TTOCJI€ YETO YPAaBHEHHUE MMPUMET BU/T

a-sin®x+b-sinxcosx+c-cos’x=d -(sin2x+coszx);

2)  namee CJleOyeT pPAacKphITh CKOOKM B TIPaBOW YacTH YpaBHEHUS H
NOJIYYUBILIHECS CIAaraéMble MEPEHECTH B JIEBYIO YaCTh YPABHEHUS, CAENAB TaM IOCIIE
ATOr0 HEOOXOJMMYIO MEpPEerpymnmnupoBKYy cjaraembix. B pesynbraTe ypaBHEHHE
IPEACTAHET B BUJIE

(a—d)-sin”x+b-sinxcosx+(c—d)-cos*x=0.
3) [locne nenenust o0enx yacTed MOCIETHEr0 ypaBHEHHUs Ha cos*x =0,

cienyer paboTraTb C  MOJYyYEHHBIM  ypaBHEHHEM, KaKk C  OJHOPOJHBIM
TPUTOHOMETPUYECKUM YPAaBHEHUEM BTOPOT'O MOPSAKA.
IIpumep 1.6.2. Pemure ypaBHeHHE

2sin® X —5sinxcos x —8cos® x = —2.

Penrenue.
[TepenuieM ypaBHEHHE B BUJE

2sin* X —5sinXxcos X —8cos’ X =—2- (sin2 X + €0s* x).
I[anee 3aIlIMIICM €T0 CIICAYIOIINM O6p&30M
4sin’ X —5sinxcos x —6c0s” x =0.
[onenus o6e ero yactu Ha COS° X =0, momydaem
4tg® x —5tg x —6 =0.
HaxonuMm ITMCKpUMHUHAHT MOJYYEHHOTO KBAAPATHOTO YPAaBHEHUS
D=(-5) -4-4-(-6)=25+96=121>0.

5+11

3
3Hauur, g X= ,T.e. IgX=2 mm tg X = 2

Tornma nonyyaem
x,=arctg 2+zk,k € Z,

3
XZ:-arcth+7m, nel.

3
Otser: arctg 2+zk, k € Z, -arctg Z +zn,ne’.
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§ 1.7. ¥Ypasnenusa, cooeprcauwjue evipasricenus c
mMpuzoHOMempuUecKUMU QYHKYUAMU PA3TUYHBIX APYMEHM 08

1.7.1. ¥Ypasnenus, cooepocanjue eviparxcenus ¢ pazHoOUMEHHbBIMU
MpPUZOHOMEMPUUECKUMU PYHKYUAMU PAZTUYHBIX KPANHBIX APZYMEHM 08

Ecniu B TpUrOHOMETPUYECKOM YpPAaBHEHHHM COJIEPHKATCA BBIPAKEHHS C
Pa3HOMMEHHBIMU TPUTOHOMETPUYECKUMU (PYHKIUSAMHU, TPUUEM apryMeHThl Y HHUX
KpaTHble (Hampumep, x, 2x, 4x, ..., 2nx), TO MOXHO HCIOJb30BaTh (HOPMYJIbI
NIBOMHOrO aprymenta u (wid) ¢GopMmysabl TMOJOBUHHOrO aprymenra. [locie
BBIMOJTHEHUSI TPe0Opa30oBaHUM ¢ MOMOUIBI0 YKa3aHHBIX (HOPMYJI, TaKHME ypaBHEHUS,
KaK MpaBUJIO, MPUBOJATCS K YPABHEHUSM C OJHUM U TEM K€ apIyMEHTOM.

X . 4 X
Ipumep 1.7.1. Pemmre ypapuenue COS 2X = COS’ E —sin* E

Pemenue.
Bocroniedyemcst  popmyiioii  KocHMHyca JIBOWHOTO YIJIa, COTJIaCHO KOTOPOW
OyJeM UMETh

COS2X =2c0s* X —1.

Breipakenue, crosiiee B TMpaBOM 4YacTH JIaHHOTO YpaBHEHHUS, MOXKHO
npeoOpa3oBaTh, UCHOIB3YS (HOPMYITY pa3HOCTU KBAAPATOB, T.€.

XX XY LxY XX X X
cos* = —sin‘==| cos’Z | —| sin?Z= | =| cos’=—sin’= |-| cos?Z +sin*Z |.
2 2 ( 2] ( 2) ( 2 2)( 2 2)

[TepBbIii U3 TONYYEHHBIX MHOXKHTENEH mpeodpasyercs mo GopMyse KOCHHYca
JBOMHOTO apryMeHTa, a BTOPO — TPUTOHOMETPUUECKasl €IUHUIIA, TOITOMY

JX X
cos' = —sin*==cosX .
2 2
3HAYUT, KCXOJIHOE YPABHEHUE 3aMMMCHIBACTCS TEHEPh CIACTYIOMINM 00pa3oM:
2C0s° X —1=cos X
NnJiin
2c0s’X—cosx—1=0.
[TonyyeHHOE KBaJpaTHOE ypaBHEHUE, OYEBUIHO, PABHOCUIBHO COBOKYITHOCTH

JBYX TPOCTEUIIUX TPUTOHOMETPUUECKUX YPaBHEHUH, COAEpKAMUX (PYHKIHIO
KOCUHYC

cos x=1,
1
COS X=-—.
2

Pemas 3tu ypaBHEeHuUs, monydaem
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x.=27k,k € Z,

x23:i2—7z+27zn,nez.
’ 3

Ortser: 27k, ke Z, i%z+27zn,nez.

1.7.2. Ypaeuenusa, peuwraemoie c nomouybio hopmyn nonudxicenus cmenenu

[Ipu pemieHnn MMPOKOTO Kpyra TPUTOHOMETPUYECKUX YPAaBHEHNUN PELIAOIIYIO
POJIb UTPAIOT POPMYJIBI TOHUKEHUS CTETICHH:

. 2a 1-cosa
sin —=———,
2 2

2a 1+cosa
cos*—=——
2 2

IIpumep 1.7.2. Pemurte ypaBHeHHE
sin® X+ sin” 2x —cos’ 3x —cos” 4x = 0.

Pemenue.
[Tpumenum hopMyIIbl TOHUKEHUSI CTETIEHU
1-cos2x 1-cos4x 1+cos6x 1+C0s8X _

2 2 2 7 O
N
(Cos2x+C0s4X)+(Cos6x+Ccos8x)=0.
Hcnonws3ys ¢popmyiry CyMMbI KOCHHYCOB, TTOTYYUM
2C0S3X-COSX+2C0S7X-cosx=0.
HNnaue

2c0s X-(cos3x+cos7x)=0.

Emé pa3 mpumenum Ghopmyiay CyMMBI KOCHHYCOB, TEPEMUIIEM YpaBHEHUE B
BHJIE
COS X-C0S2X-C0S5X =0.
B  pesynmprare = HMMeeM = COBOKYNHOCTh M3  TpE€X  MNPOCTEUIIUX
TPUTOHOMETPUYECKUX YPABHEHHM, KaXKJ0€ W3 KOTOPBIX COJCPXKHUT (DYHKIHIO
KOCUHYC

X:E+nn,neZ, x1:2+nn,nez,

cosx =0, 2 y
cos2x =0, 2x=—+nkkeZ, x2:2+n—,kez,

2 4 2

cos5x =0; . T am
SX=—+mmmeZ; | X,=—+—me’

i 2 10 5
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OTtBeT: E+7m,neZ, E+7t—k,keZ, l+ﬂ,mez.
2 4 2 10 5
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1.7.3. Ypaeuenusa, peuwiaemoie c nomouybio popmyn mpoinozo apymenma

OCOOEHHOCTBIO ATUX YPAaBHEHUU SIBIISICTCS HAIMYUE y TPUTOHOMETPHUYECKUX
(GyHKIMIA, BXONANIMX B HUX apryMEHTOB, OTJIMYAIONIMXCA Opyr OT Jpyra Ha
YHUCIIOBOM MHOXKMTENb, IPEACTABIAIONINI cOO0M Kakyro-1n0o cteneHs uncia 3. Ilpu
pEIlIEHNH YpaBHEHUMU, BXOMAAIIUMX B ATy TPYIIy, CYIIECTBEHHYIO pOJb HUTPAIOT

(bopMyIbIL:
sin 3a=3$ina—4sin3a;
COS 3a=4cos3a—3c03a;
3
tg3a:w, a¢£(2n+1),nez;
1-3tg°x
3
Ctg3a:3Ctga_Ctzg «. a;tﬂ—k,keZ.
1-3ctg“« 3

[Io ypoBHIO CIOKHOCTH 3TH ypaBHEHHUS OBIBAIOT pa3HbIMH. MBI mpuBenEM

371ECH JIBA IPUMEPA C PA3HBIMU YPOBHIMH CJIOKHOCTH.
Ipumep 1.7.3. Pemmre ypasaenue COS3X =—2COS X.

Pemenue.
[TpumenuB hopmyiry KOcHHyca TPOHHOT'O apryMeHTa, IMOJy4YUM
4cos3 X —3C0S X = —2C0S X
HJIn
4cos3x—cosx=0.

BriHOCS 0011TMIT MHOXKUTENH 32 CKOOKH, Oy1eM UMETh

cosx-(40032 x—l) =0.

Jlanee mepexoauM K COBOKYIHOCTH JBYX YPaBHEHHM, NPEABAPUTEIBHO

MPUMEHUB BO BTOPOM ypaBHEHHH (POPMYITY MOHUKCHUS CTETICHU

cos x=0,
coS 2x=-1.
2
Otkyna
x=£ + 7k, keZ,
2
27
2x:i?+27rn,n el.
N ]
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x1=%+7rk,kez,

T
X, 3=t —+zn,ne’.
' 3

Ortser: %+7zk,keZ, i%+7m,nez.

X
Ipumep 1.7.4. Pemute ypaBHEeHUE COS? = COS’ X.

Pemenue.

. X
Ocy1iecTBUM 3aMEHY MEPEMEHHOM, MOJI0KHUB 3 =Y, T.e. X=3y. B pesynbrare

NCXOOHOC YPABHCHUC ITPUMCET BUJ
cos4y = cos’ 3y.
[IpumenuB ¢opMyny ABOMHOrO aprymMeHTa B JIEBOM YacTH MOJYYEHHOIO
YpaBHCHUA, U (I)OpMy.Hy IIOHU>KCHHS CTCIICHU B €TI0 npaBoﬁ qyacCTu, HpI/IBGJIéM K BUIY

2c0322y—1:%.

VYMHOXHUB 00€ yacTu IMMOCJICAHCTO PAaBCHCTBA Ha 2, IMOJIy4YuM
4c0s°2y —2=1+c0s6Y.
[Ipumenum QopMyny TpOWHOTO apryMeHTa IS CJaraéMoro, CTOSIIETrO B
IIPaBOM YaCTH YpaBHEHUS
4c0s°2y —2=1+4c0s’2y —3c0S2y.
[locie mepeHoca Bcex crlaraeémMblx B OJHY CTOPOHY M BBINOJHEHHUS
TOKJICCTBEHHBIX TIPeoOpa3oBaHUi ypaBHEHHE TIPUMET BHU]T

4cos” 2y -(cos2y —1)—3-(cos2y —1)=0
N
(cos2y—1)-(4cos’ 2y —3)=0.

Jlanee nepexo UM K COBOKYITHOCTH ABYX YPaBHEHUU

cos2y=1, cos2y=1, cos2y=1,
3 3 1
2c0s%2y="": |1+cos4y=": |cos4y==:
y 2 y 2 y 2
2y=2zn,neZ, y=rn,ne’Z, iz7zn,n e’,
T T 7k
=+ : =t —+ — :
4y _3+27rk,keZ, y i12+2,keZ, §=i%+%k,kez.

OKOHYaTENBHO MOJIyYaeM
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X;=3zn,neZ,

k
OrtBet: 37n,ne Z, i%+3%,k el.

1.7.4. Ypasnenusn, pewiaemoie c nomouybio popmyn paznocmu u cymmol
mpuzoHomempuuecKux YyHKyui

DTH ypaBHEHHS MOKHO YCIOBHO Pa3JejuTh HA JBE IPYIIIb:
1)  ypaBHeHMs, B 3aIlUCH KOTOPHIX JIETKO OOHApYXMBAIOTCA (DOPMYJIBI CyMMBI U
Pa3sHOCTH TPUTOHOMETPHUECKMX ()YHKIIMIA;
2)  ypaBHEHHs, 3allUCh KOTOPHIX HE COJAEPKUT HaMEKa Ha COOTBETCTBYIOIHE
(GOpMyJIBI, HO BO3MOKHOCTh MX MPMMEHEHHsS OOHAPYKMBAETCA MOCHE BBHIIOJIHEHHUS
peoOpa3oBaHuMii HHOTO PoJa.

[IpuBeaEM IPUMEpPHI TAKUX yPaBHEHUIA.

Ipumep 1.7.5. Pemmte ypaBHerne SIN3X+ 7SIN2X =7SsinX.

Pemenue.
HerpynHo 3aMeTuTh, 4TO MOXKET OBITh HCIIOJb30BaHa (opMmylsia pPa3HOCTH
CHUHYCOB. I[eﬁCTBHTeJILHO, MMeperumeM JaHHOC YPABHCHHUC B BUIC
sin3x+7(sin2x—sinx) =0.

[Tpumensis popmyny pa3sHOCTH CUHYCOB, MOJTydaeM

sin3x +14sin5 . cos% =0.
2 2

3ametuM, 49TO ciiaraemMoe SIiN3X MOXKHO pas3lioKHUTh 1O (GopMyle CHUHYca
JBOMHOTO apryMeHTa, IIOCJ€ Yero TMOSBUTCA BO3MOXHOCTh BBIHECTH OOIIUNA

3X .
MHOXXUTEIb 2COS? 3a CKOOKH. J{eficTBUTEIBHO,
Zsinﬁ-cos% +14sin>. cosﬁ =0.
2 2 2
Jlanee
2cos3—x- sin3—x +7sin2 |=0.
2 2 2

Ilepexoaum K paBHOCUIIBHOW COBOKYITHOCTH JIBYX YPaBHEHUM

cos%=0,
2

sin%+7sin§:0.
2 2
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[lepBoe U3 ypaBHEHMI MpeACTaBIsIET OO0 YaCTHBIN cilydaid, TO3TOMY Cpa3y
K€ MOXKEM IOIYUYUTh €0 PEIICHUE

33X 1«
—=—+7n,ne’.
2 2

Hraxk,

27N
x1=£+i,nez.
3 3

Tenepp 3aliMEMCS pELIEHUEM BTOPOrO YypaBHEHUs COBOKyHHOCTH. I[lepsoe
cJIaraeMoe MOKET ObITh IpeoOpa3oBaHo MO (popMyse TPOHHOIO apryMeHTa, T.€.

X a2 X X
3sin= —4sin® = +7sin==0.
2 2 2
HOCHe HpI/IBe):[eHI/ISI HOI[06HBIX cliara€MbiX OHO HpI/IO6peTaeT BU/
X X
10sin=—4sin®2=0 .
2 2
Jlanee monyyaem
X X
2sin=.] 5=2sin’Z |=0.
2 2
3Han/IT, UMEECM COBOKYHHOCTB

sinﬁzo,
2

5 — 25in? 2=0.

[IepBoe U3 3TUX ypaBHEHUH JTAET HAM €IIE OJHY CEPUIO PEIICHUI
X, =27K,keZ.
[Ipu permeHny BTOPOTO YpaBHEHHUS! COBOKYITHOCTH BOCITOJIb3yeMcs (hopMyIton
MOHWKEHUS CTeneHU. B pesynbTaTe noaydaem
5—(1-cosx)=0.
Ho Torma cosx=-4, yrto jumeHo cMmbicia. [loaTomy BTOpoe ypaBHEHHE

COBOKYIIHOCTH HC NMCCT pemeHHﬁ.

OrTBer: %+2—;m,nez, 27k, keZ.

Ilpumep 1.7.6. Pemmre ypaBHeHHE
COS2X —Sin3Xx —cos8x = sin10x — cos5x.

Pemenue.
3amMeTuM, 4TO B JICBOM YaCTH ypaBHEHHSI MMEETCS BO3MOXKHOCTH NMPUMECHHUTH
dbopmyTy pa3HOCTH KOCHHYCOB

(cos2x —cos8x) —sin3x = sin10x — cos5x.

JIelCTBUTENBHO, OJIy4aeM

2X—8X . 2X+8x
-SIn

—-25sIn —sIin3x =sIn10x —cos5x
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NJIn
2sin3X - sin5x —sin3x = sin10x — Cos5x.

B neBoil yactu ypaBHEHUs, OYEBUIHO, IOSIBUIACH BO3MOXXHOCTH BBIHECCHUS
oOLIEero MHOXKHUTENS 3a CKOOKH, a B MPaBOM YaCTH MOXHO HCHOJIb30BaTh (GopMyiy
CHUHYyCa JBOMHOIO apryMeHTa C IOCJIEAYIOIIMM BBIHECEHHEM OOIIEr0 MHOKUTEINS 3a
ckoOku. [Tocne BbINOMHEHNS ONUCAHHBIX JEHCTBUM, IOJTy4aeM

sin3x-(2sin5x —1) = cos5x - (2sin5x —1).
Hannuyne oanHAKOBBIX MHOKHUTEJIEH B JIEBOM M MPABOM 4YaCTAX IOCIEIHETO

ypaBHEHUs NAa€T HaAM BO3MOJKHOCTBH IIEPENUCaTh €r0 B BUJE COBOKYIIHOCTH IBYX
YPaBHECHUM.

2sin5x —1=0,
sin3x —cos5x=0.

HCHO, 4ToO MCPBOC YPABHCHUC COBOKYITHOCTHU UMCCT PCUHICHUC BHU/1A
5X=(—1)n§+7zn,ne Z
NI
xl=(—1)n£+—,neZ .
30 5

Bropoe ypaBHEHHE COBOKYMHOCTH TMOTpeOyeT 4yTh OOJIbIIE BpPEMEHHBIX
3aTpaT, HO CHaydaja, UCTOJb3ysl GOopMyily MpHUBEACHHS, 3aMEHUM (YHKIIUIO KOCUHYC
Ha CUHYC, T.€.

SIN3x — sin(% — 5x)=0 .

[Tpumenum Tenepb GopmMyIly pa3HOCTH CUHYCOB

3X—(ﬂ—5x) 3x+(ﬂ—5x)

2 2 _

- COS =0.
2 2

23in(4x — E) . cos(Z — x)=0 .
4 4

IlepeiinéM K COBOKYIMHOCTH JABYX YPaBHEHHUM, BOCIIOJIb30BABLINCH B OJJHOM U3
HUX CBOMCTBOM YETHOCTH (DYHKITUU KOCUHYC

sin(4x - EJ:O,
4

cos(x - Z):O.
4

2sin

Ynpomas, noiryyaem

Torma nonyyaem
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4X—£=7rk,keZ,
4

/A
X——=—+mrmme/”Z.
4 2

Jlanee nmeem

X2=£+”—k,keZ,
16 4

x3:3—7[+7zm,mez.
4

Ortser: (—1)n£+7[—n,nez, £+”—k,kez, 3—7T+7zm,meZ.
30 5 16 4 4

Tenepp paccMOTpUM TOpPUMEP ypaBHEHHs, B KOTOPOM Cpa3dy He
OOHapy’>XHMBaeTCsl BO3MOXXHOCTb IPUMEHEHHUS (QOpMYyll CyYyMMBI M Pa3HOCTH
TPUTOHOMETPUYECKHUX (DYHKIIHM.

Hpumep 1.7.7. Pemure ypasuenne 1+ SiN2X = (sin3x —CO0sS 3X)2 :
Pewrenue.
Ucnone3ys anrebpanueckyro (GopMyly KBaipara pPasHOCTM U YYMTHIBas

ITOABJICHUC TpI/IFOHOMCTpH‘ICCKOI;'I CANHUIDbI, MOXCT TIICPCIIUCATh HCXOAHOC
YpPaBHCHHC B BUC

1+sin2x =1—sin6xX.
HOCJIG B3aHUMHOTI'O YHI/I‘ITO)KGHI/I}I CIAUHUI] U Hepeﬂoca OJHOT'O cJIaracmMoro B

HCBYIO 4acCThb, ypaBHCHI/IC MOKXET 6I>ITI> 3aIIMCAHO CJIGI[y}OHII/IM 06pa30M
sinbx +sin2x =0.

Tonbko Temeps y HAC MOSBUIACH BO3MOXKHOCTb MPUMEHUTHh (OPMYIY CYMMBI
JIByX CHUHYCOB
2sin4x-cos2x =0,

OTKyJ1a
sin4x=0,
[cos 2x=0.
Jlanee nomyvyaem
4dx=rk . keZ,

2x=%+7rn,neZ.

OKOHYATEIBPHO UMEEM

Xlz%k,kez,

7T 7N
Xo=—+—,ne’.
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OTtBeT: ﬂ—k,keZ, z+7T—n,neZ.
4 4 2

1.7.5. ¥Ypasnenus euoa
f (sin™ x+cos™ x; sin2mx; cos2nx) =0, z0e k, m, n e N

VYka3zaHHbIC B HA3BaHHE 3TOTO IMYHKTA YPaBHEHHUS, B KOTOPhIX f — HEKOTOpBIit
MHOTOWIEH, PEIIAIOTCS C UCIOJIb30BAHUEM IPECTABICHUS alredpandyecko CyMMBbl
Sin® X+Ccos** X B BHUAC BBIPAXKCHUN, COACPKAIIMX CHHYC M KOCHHYC YETHBIX
apryMeEHTOB.

He BA4aBasiCh B HOI[p06HOCTI/I, 3aIlInIcM pSII[ (I)OpMYJ'I, KOTOpBIe OKa3bIBAOTCA
BCCbMaA ITIOJIC3HBIMHU l'IpI/I peIJ_IeHI/II/I ypaBHeHI/Iﬁ yKaSaHHOFO THUIIA.

sin* x + cos* xEl—lsin2 2xEl+lcos2 2X;
2 2 2
sin*x—cos* x=-c0s2x =2sin’ x—1;

sin® X 4 cos® X El—gsin2 2xEE+§cos2 2X;
4 4 4
sin® X + cos’ xElsin“2x—sin22x+1s%cos42x+§c0522x+%;

sin*® X + cos® insin“ 2x—§sin2 2X +1E£cos“ 2x+§cos2 2x+i.
16 4 16 8 16

[IpeaaraeM YMTATENSIM OTYIUTh 3TH (OPMYJIBI CAMOCTOSTENBHO™,
Ipumep 1.7.8. Pemure ypaBHeHue 20(sin“ X +C0s’ X) —cos4dx =11.

Pemenue.
[Ipeobpaszyem ero JeByr0 4acTh C MTOMOIIBIO OJTHOU U3 ATUX (POPMYJT

20[% + %cos2 2xj —cos4x=11

NJINn
10+10cos’2x —cos4x =11.
[Iepenumem Tenepp ypaBHEHUE B BUJIE
10cos’ 2x =1+ cos4x.
[Tpumenum B mipaBoii yactu HopMyITy MOJTOBUHHOTO apryMeHTa

10cos? 2x = 2c0s* 2X.
Jlanee nmeem

8cos’2x =0,
OTKyZJa

! HpI/I BO3HHMKHOBCHHU 3any,ZIHCHI/II71 PCKOMCHAYEM YUTATCIIO HUCIIOJIB30BaTh KHUT'Y

«Tpuronomerpus. Ha cTpaHuIiax ¥ 3a CTpaHUIAMH IIKOJBHOTO yueOHHMKa» / B.B. AMenbkuH
T.W. PadueBnu. Munck: Kpacuko-IIpunt, 2011. 256 c. (cm. ctp. 68-69).
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cos2x =0.
3HA4MT,

T
2x=—+rn,ne’.
2
OKOHYATENBbHO MOJIy4aeM

X=—+—,ne’.
4 2

n
OrtBer: z+7T—,n el.
4 2

. 29
Ipumep 1.7.9. Pemure ypasnenne SiN” X +C0S” X = ECOS4 2X.

Pemenue.

DTO ypaBHEHHE MBI PEIIMM JBYMS CIIOCOOaMH, YTOOBI IMOHSATH HACKOJBKO
oOJieryaeTcsi peIieHue, Korja HMMeellb TMOJi PyKOW COOTBETCTBYIOIIHE (DOPMBI, a
TaK)Ke, YTO MPUXOAUTCS IMPUITYMBIBATh B CIIy4ac MX OTCYTCTBHS.

1 __cnocod (¢ mnomompo QopMynbl IS YOPOUIEHUS — BBIPAKEHUS
sin® X +cos™ x).

SIcHO, 4YTO BBIpaKEHHE SIN“ X+COS° X CcleayeT 3aMEHHUTh TOXICCTBEHHBIM
BBIPOKEHUEM, COACPIKAIINM KOCUHYCHI, T.€.

5 . 5 1 29
—CO0S*2X+—C0S" 2X + — = —CO0S" 2X.
16 8 16 16

YMHOXHMM 00€ 4acTH TMOJYYEHHOTO ypaBHEHUs Ha 16 u mpuBeneM mogoOHbIE
ciaraeMble, MOJyYuM

24cos* 2x—10cos’ 2x —1=0.

[Tonyunnm OWKBagpaTHOE YpaBHEHHE OTHOCUTEIBHO COS2X. Hcmomb3yem
3aMCHY COS* 2X = y. Ha nepeMeHHyr0 Y cCleayeT HaJIOXUTh JOMOJHUTEIbHOE
orpannuenue Yy >0.

ITepexoaum K COOTBETCTBYIOLIEMY KBAIPATHOMY YPABHEHUIO

24y* —-10y -1=0.

Ero kopHsimu OynyT uncna

y_i
)
1

Y2—'E-

Yucno y2=-E CleAyeT OTCesITh, TAK KaK OHO HE yJOBJIETBOPSAET TPEOOBAHUIO

y=>0.

Torzma Mbl IPUXOIMM K YPaBHEHUIO
1
C0S’2X ==,
2
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KOTOpOC C IIOMOIIbIO IIOHHKCHHUA CTCIICHU BJIICUET IMOSBICHUEC cJIeayromero

pe3yibTaTta
1+cosd4x 1
2 2
NN
cos4x=0.
3HAYuT,

T
4x=—+nn,ne’Z.
2
OKOHYATEIBHO UMEEM
T TN
=—+— nel.
8 4

2 _cnocod (ecnu He 3HaTh (GOPMYJBl JJIS  YNPOIICHUS
sin® x +cos™ x).
B TakoM ciydae nmepenuiineM HCXOTHOE YPABHCHHE B BUJIC

(sin?x) +(cos’ x) = %cos‘* 2X.

[Ipumenum Tenepb GopMyIIbl TOHMKEHUS CTETICHH

1-cos2x) (1+cos2x) 29
— T T 2X.

2 2
[TonoxuMm, 4To COS2X =Y, TOraa
1 s 1 s 29
—(1-y) +—(1+y) =—VY°
32 (=) 32 (1+y) 16 y

YMHOXHM 00€ 4acTH MOCJICTHETO PaBEHCTBA Ha 2

(1-y) +(1+y) =58y".

BBIPAKCHUA

[Tpumenum Teneps hopmyiry 6mHoma HproToHa Jy1st IATON CTENCHMU:

1-5y+10y* —10y° +5y* — y* +1+ 5y +10y* +10y° + 5y* + y* =58y".

[Tocne mpuBeaeHUs MOJOOHBIX CIaraeMbIX, YIPOIIAeM €ro K BUIY
2+ 20y’ —48y* =0,
OTKYZa MOJy4aeM

24y* —10y* -1=0.

Jlanee pemieHne CTaHOBUTCS OMU3KUM K pe3yJbTaTaM, MOJYYCHHBIM TEPBBIM

cnocoboM, T.€.

1
2__
y >
1
2___
y 12°

B ntore Taxxe mojaydacm, 410
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:E+n—n,neZ.
8 4

OrtBer: E+Tc—n,n el.
8 4

[Ipennaraem 4YuTaTeN0 CaMOCTOSITEIbHO OLEHUTh MpeuMyllecTBa (WM
HEJI0CTATKM ) KaXX/10T0 U3 MPEJCTaBICHHBIX CIOCOOOB PEILIEHHUS 3TOT0 YPAaBHEHHUS.

1.7.6. Pewenue ypasuenuii npeodpazosanuem npou3eedeHus
mpuzoHomempuuecKux YYHKUuii 8 Cymmy

Pelienrie  OTACNBHBIX TPUTOHOMETPUYECKUX YpaBHEHUM OMUpaeTCs Ha
NpUMEHEHHE ClIeyIoX popmyi:

cosxcosy:1 cos(X—y)+cos(x+Yy) ;sinxsiny:1 cos(x—y)—cos(x+VY));
2 2

sinxcosy:1 sin(Xx+y)+sin(x—y)).
2

Ipumep 1.7.10. Pemmre ypaBHerne COS4X-COS2X = Sin3X - Sin5xX.

Pemenue.
Tak xak

COS4X-COS2X = %(cos 2X +C0s 6X)

sin3x-sinbx = %(cost —c0s8x),
TO
1 1
E(cos 2X +C0S6X) = E(cos 2x —C0s8X).

Jlanee umeem
COS6X =—C0S8X .
Teneps npumenuM Gopmyry CyMMBI KOCHHYCOB:
2C0s7x-cosx=0.
[Tony4yaeM COBOKYIMHOCTB ABYX YaCTHBIX CIIy4acB

cos7x=0,
cos x=0.
Jlanee nomyvyaem

7x=%+7zk,keZ,

T
X=E+7zn,neZ.

OKOHYATEIHHO UMEEM
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x1=£+”—k,kez,
14 7

V1
X,=—+rn,ne’.
2

OTBeT: £+7z—k,kez, Z+7rn,r1eZ.
14 7 2

Wl

Ipumep 1.7.11. Pemure ypaBuenue g (X -15 ) -Ctg (X +15’ ) =

Pemenue.
OJ13:
X—15"#90"+180" -k, ke Z, x=105 +180° -k, ke Z,
Xx+15 #180"-n,ne”Z; X#-15"+180"-n,ne”Z.
[Ipeobpaszyem JieByIO YaCTh UCXOAHOTO YpaBHEHUSI
sin( x—=15")-cos(x+15°
tg(x—15')-cig (x + 15 ) = SMX=15)-c0s(x+15) _
cos(x—lS")-sm(x +15°)

i 1
(sin2x—sin30°) sIn2X 5

;(sin2x+ sin30") sin2x +; |

Toraa nomyyaem

i 1
S|n2x—E _1
sin2x+1 3

2

[IpuMeHHUB CBOKWCTBO MPOIOPIUH, Oy/IeM HMETh
: 3 . 1
3sIN2X ——=sIn2X+—,
2 2

OTKyJa
sin2x =1.

Jlanee nomyvyaem
V4
2x:E+27m, neZ.
OKOHYATEILHO,

T
x=z+7rn,nez.

T
OrtBer: Z+7zn, ne’.
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§ 1.8. Pewwenue mpuzonomempuueckux ypagHeHuil ¢ ROMOubo
YHUBEPCANbHOU NOOCMAHOBKU

[Ipy wW3ydYeHHH TOXKJIECTBEHHBIX NPEeOOpPa30BaHUl TPUTOHOMETPUUECKUX
BBIPAKEHUM YCTAHABIMBAETCS, YTO BCE TIJIaBHbIE TPUTOHOMETpPUYECKHE (PYHKIUU
MOTYT OBbITh BBIPA)KEHBI U€PE3 TAHI'€HC MOJIOBUHHOTO apryMeHTa.

X .
X TlogcranoBky t =tg 2 HA3bIBAIOT YHUBEPCATIbHOU.

JlencTBUTEINBHO,
X X
2sIn=Ccos—
2 2
_ x x Zsin)z(cos)z( 0052)2( 2tg§ |
1) smx:23|n§cos§—: < == - = =
2N qin2 N 2 A in2 A 2 X
COS 2+sm 5 COS 2+sm 5 1+tg 5
X X
COS*Z CO0Ss*=
2 2
X . ,X
cos’~ sin°=
2 _ 2
cos? X —sin?X  cos’ X cos? X 1—tg25
2) cosx=coszg—sin2§: i )2(: i )% _ )2(;
27 H 27 27 in2 1 27
COS 2+sm 5 COS )2(+sm i +tg 5
cosz§ 0032§
X
2tg ~
T2
X X
3 geosnx 9o 95
cosx_l_tgz>2( _1—tgz)2(’
1 a2 X
1+tg? =
+1g 5
X
1-tg> 2
4) ctgx:i= 1 9

tgx X X
2tg > 2tg >
, X
1+tg >
3HaHue HTUX (QOpPMYJ OKa3bIBAETCS BEChbMa LIEHHbIM HMHCTPYMEHTOB IpU
pPELICHUHN OTAEIBHBIX TPUTOHOMETPUUECKUX YPABHECHUM.
TpuronomeTpruyeckoe ypaBHEHUE BU1a
R (sin nx , cos mx, tg kx , ctg px) =0,

rie R — panuonanbHas QyHKUMS; n, m, k, p — ILEJble 4YUCIa C  MOMOIIBIO
TPUTOHOMETPUUECKUX (POPMYI JTBOMHOTO U TPOMHOIO apryMeHTa, a Takxke Qopmyl
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CIIOKE€HMSI TPUTOHOMETPUYECKUX (PYHKIIUH MOXKHO CBECTH K pallMOHAIBHOMY
YpaBHEHHIO OTHOCHTENBHO SiN X, COS X, tg X, ctg X. Ilocme 3roro wucxomaHOE
YpaBHEHHE MOXET OBITh MPUBEJICHO K PallMOHATBLHOMY YPaBHEHHUIO OTHOCUTEIHHO

X .
t=1g > C IOMOIIIBIO (HOPMYJT YHUBEPCATHHOM MOJICTAHOBKH.
3aMeTHM JIMlIb, YTO MPUMEHEHHE 3TUX (POPMYJ MOXKET MPUBECTH K CYKEHUIO
X
O/13 nepBOHAaYaJIbHOTO ypaBHEHMs, Tak Kak tg > HE CYLIECTBYET B TOUKE X = 7 +

27K, k € Z, O3TOMY B TaKMX CIydasX HYKHO MPOBEPATH SBISIIOTCS JU YIJbl X = 7 +
27K KOPHSIMHM MCXOJHOTO YPAaBHEHHS.

VYHuBepcanbHyl0 MOJACTAHOBKY HE CTOUT MPUMEHSTh BCSIKUW pa3, MO0 3TO
COMPSDKEHO C TPYNOEMKUMH U TPOMO3JIKMMH MpeoOpa3oBaHUSIMHU, U pe3yibTaT HX,
KaK IpaBUJjIO, HEMPEACKa3yeM. BEpHbIM MPU3HAKOM HUCIIOJIb30BAHUS YHUBEPCAIBHON
NOJICTAHOBKH SIBJSIETCS HAJIMYME B 3aMHUCH TPUTOHOMETPUYECKOTO YPABHEHHS XOTS
Obl OHOW U3 (YHKIUH (TaHT€HC, KOTAHTEHC), a TaKke APYrux QyHKUUH, apryMeHT
KOTOPBIX B JIBa pa3a 0oJibllle, YeM Yy TaHT€HCA UM KOTaHTeHCa.

] X
Ipumep 1.8.1. Pemmute ypaBuenne SINX+ Ctg > =2.

Pemenue.

Kak BuguM, B 3anucu ypaBHEHHUS MPUCYTCTBYET (PYHKIIHUS KOTAHTEHC, a TAaKKe
CHHYC, apryMEHT KOTOpPOro B JiBa pas3a OoJibllle, HEXEIHM Yy KOTaHreHca. JTO
OyrarompusiTHas CUTYyalus JJ1sl IPUMEHEHUs] YHUBEPCATbHOMN TTOJICTAHOBKH.

JIeMCTBUTEIIBHO, TTOJIOKUM

TOr1a

2t 1
+--2=0.
1+t° t
[Monyunnu qpoOGHO-pallnOHAIBPHOE YpaBHEHUE
2t + 1+t - 2t (1+t%)
=0
t-(1+t?)
SlcHo, uTO Hanee npuaETCS UMETh AEJI0 C YPABHEHUEM
2t° -3t +2t-1=0,

c oroBopkoii t #0.

Tax kak cymma kod(ddumnmeHToB 3TOoro ypaBHeHus paBHa (), TO cpeau ero
KOpHEN 00s13aTesbHO OyAeT unciio 1.

Jlanee Bociosnbzyemcs cxemon ['opHepa:

2 -3 2 -1
1 2 -1 1 0

OTKYyJa I10J1y4acM
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(t-1)-(2t*-t+1)=0.
OueBUAHO, YTO BTOPOM MHOXXHUTEIb HE HMMEET JCUCTBUTEIIBHBIX KOPHEW,

nosromy t =1.
3HAYUT, IPUXOJIUM K YPAaBHEHHIO

OTKY/1a ToJy4aeM
X
—=—+zn,ne’.
2 4
OKOHYATEILHO,

x:%+27zn,nez.

OrtBerT: §+27rn, ne’Z.

PaccMOTpUM eIé OfMH MPUMEp, B KOTOPOM He OyJeT BBINONHATLCSA YCIOBHE
KPAaTHOCTH apT'yMEHTOB TAHTEHCA U JAPYTHX TPUTOHOMETPUUYECKUX (YyHKIIHIA.
Ipumep 1.8.2. Pemmre ypaBHenne 3SiNX+4C0S X + 3tgx = —4.

Penrenue.

X
[onaras (g E =1 u npumenss GopMynbl IpeCTaBIEHUS CHHYCA U KOCUHYCA

yepe3 TaHTeHC TIOJIOBUHHOTO apryMeHTa, CBEAEM JAHHOE ypaBHEHUE K
anredpandecKoMy:

3-2t+4(1—t) 32t

+ 4=0,
1+t 1+t* 1-t°

WJIY TOCJIE YIIPOIICHUN
2t°—3t—-2=0.
SIcHo, uTO

Jlanee nomyvyaem

g=arctg2+7zk keZ,

§=-arctg 1+7zn, nel.
2 2

OKOHYATEIHPHO UMEEM
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X,=2arctg2+2zk ke Z,

X,=-2arctg 1+27zn, nel.
2

1
Ortset: 2arctg2+27k, ke Z, -2arctg §+27rn, neZ.

8§ 1.9. Payuonanvho-mpuzonomempuyecKkue ypasHenus

Tak 0OBIYHO HA3BIBAIOT YPAaBHEHHMSI, KOTOPBIE HMEIOT BHU]I
R(sinx,cosx)=0,
e ToJ R(Sin X, COS X) MOHMMAETCS BBIPAXKCHHWE, B KOTOPOM Haj SINX H COS X

POU3BOJATCA YeThIpe anreOpandeckux aeiictBus. [Ipu pemeHun Takux ypaBHEHUH
cienyer Haxoauth OJI3 (ubo mnpoBepKy HAWAEHHBIX peuieHuil), T.K. MpHU
BBIMIOJTHEHUHU TPeoOpa30BaHUl MOXKET HApYLIAThCS KBUBAJIEHTHOCTH MOJIy4aeMbIX
YpaBHEHH, HAITPUMED, 3aCUET YMHOXKEHHU (MU JeeHus) 00enx yacTell ypaBHEHUs
Ha BBIpAXKEHUE, KOTOPOE MOXKET 00paIiaTbes B HyJIb.

COS 3X
Sin3x —2sinX

IIpumep 1.9.1. Pemure ypaBHEeHHE =1gx.

Penrenue.

Bocnonb3yemcst popmynamMu TpoitHOTO apryMeHTa U MepenuiineM ypaBHEHUE B
BUJIE

4cos’x—3cosx _ sinx
sinx—4sin°x  CosSX
OJ13 »TOro ypaBHEHHUS COCTOMT M3 T€X 3HAUCHHHU X, JJIT KOTOpPhIX COSX # 0,

. i 1
sinx#0 u SINX# iE . Pemrate 3anrcanHbpie HEPaBEHCTBA HEOOXOIMMOCTH HET.

Jlanee riepexoInM K ypaBHEHHIO
4cos’ x—3cos” x =sin’ x —4sin’ X,
[Ipounsseném 3ameny
sin*x =t,
Toraa
cos’x=1—t,a COS*X = (l—t)2 .
Torna ypaBHEHHE TIPUMET BUJI
4(1-t) —3(1-t)=t-4t".
Jlanee
4-8t+4t° —3+3t—t+4t°=0
17001
8t* —6t+1=0.
KopHsiM# 3TOr0 KBaJIpaTHOTO ypaBHEHHUS OyyT YHCIIa
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i 1 . 1
Ho ecin Slnzx=Z, TO SINX= iE, yto npotuBopeuuT O/13. Octaércs TOIBKO
pEIINTh ypaBHEHHUE
i 1
sin’x==.
2
[TpumenuM (HopMyITbl TOHUKCHHSI CTETICHH, T.€.
2sin’x=1,
1-cos2x=1,

c0s2x=0.
3HAYMT,

2x:§+7zn,n el.

OxoHYaTEeILHO,

X=£+7Z—n,neZ.
4 2

n
OtBeT: z+7T—,n el.
4 2

§ 1.10. Memoo e6edenus ecnomozamenbHo20 y2ia

DTOT METOJI ABJSACTCS YHUBEPCAIbHBIM IPU PEIICHUHN YPaBHEHHUI BUIa

asinx+bcosx=c, a®*+b*#0.

B mpocredimmx ciiydasx 3TO ypaBHEHHE MOXKET OBITh PENICHO U JPYyTUMHU
cnocobamu. OcTtaHoBUMCST Oojiee TOAPOOHO Ha ATOM (akTe, JJIg ITOrO0 BO3BMEM
ypaBHeHHe SINX+CosX=1.

1 cnocod (ynusepcanvhas noocmanoexka)

[Honoxum
tg—=t,
TOT1a
. 2
2 + 1-t -1=0.
1+t 1+t°
Jlanee
24+t -1-t*=0
W

2t—2t*=0.
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Tornma

[Tomyuaem

Xk kez,
2

+zn,ne’.

L
2 4

Hraxk,
x,=27k,keZ,

x2:£+27zn,nez.
2

2 cnocod (6036edenue obeux wacmeil ypasnenus 6 Keaopam)

Cpazy oTMeTHM, 4YTO BO3BEJCHHE B KBAJpaT HE SBIACTCS TOXKIECTBEHHBIM
npeoOpa3oBaHuEM, T.€. BO3MOXKHO TMOSIBJIEHHE MTOCTOPOHHKUX KOopHE#. [ToaTomy mocie
HAXOXXJICHHS BCEX 3HAYCHHI X 00513aTEIbHO HYKHO C/IEJIaTh MPOBEPKY.

BosBeném 0be yactu ypaBHeHMs SINX+COSX =1 B KBaapar, MOJIy4IUM

sin®x +2sinxcos X +cos’ X =1 unu sin2x=0.
Ero pemenue Oyner uMeTh BU]I
AV X= n ne’.
2
OTMeTHM COOTBETCTBYIOLIMUE TOYKH HAa €IMHUYHOU
4 okpyxHOocTH (cM. Puc. 5). Toukamu, COOTBETCTBYIOIIMMHU
c Y nmaHHOM cepuu pemieHui, spisiorcs A, B, C, D.

OueBnnHO, uTo B nosoxkenun C: cosSXx=-1, sinx=0,
Ho torma —1+0=1.

s monoxenns D umeem: cosx=0, sinx=-1, wo

torga O+ (—1) #1.

D

Puc. 5
Tonbko s nonoxxkeuuit A u B nmojacraHoBKa NpUBOJUT K BEPHOMY YUCIOBOMY
PaBEHCTBY. 3HAYUT, OTBET B BUJIE x=%n,n € Z Oyner HeBepHBIM. M3 aTOM cepuu
HY>KHO BBIJICJIUTH JIBE OTJIEIbHBIE CEPUHU, COOTBETCTBYIONIME ToukaM A u B.
SlcHo, uto X =27K,k e Z, %+ 2rn,neZ .
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3 cnocoo (ucnonv3osanue Gopmyn 060UH020 apZymeHma U OCHOBHOZ20

MPULOHOMEMPUYECKO20 MOHCOECm 6a)
[Mepenuriem ypaBHeHne SINX+COSX=1 B BuC

sin(2-§j+cos(2-§j:1
2 2

X X ., X
2—:cosz—+sm2§.

NJIn
. X X » X
251IN—C0S— + COS E—sm >

[Tocne ynpomenui
. X X . 2 X
2sin—cos— —23|n2§ =0.

I[anee HpI/IMeHI/IM MCTO/, pa3JIO}KeHI/I${ Ha MHOKXUTCIINU
. X X . X
2sin—-| cos——sin— |=0.
2 2

Torma
sinE:O,
2
cosﬁ—sinizo.
2
N
sin§=0,
2
X
tg—=
L J 2
[Tomy4gaem
Ezﬂ'k, keZ,
2
Xz +zn,ne’.
|2 4
Hrak,
x,=27k,keZ,

x2:£+27zn,nez.
2

4 cnocod (cozoanue gpopmynvt KocuHyca pazHocmu uan CUHyca Cymmul)

VMHOKHM 00€ YacTh ypaBHEHHs SINX+COSX =1 Ha ymciio T , IOJIy4YHMM

GE. 2 2

—SINX+—CO0SX=——
2 2
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W
2
2
YUro pnaér BO3MOXKHOCTH IIOJIyYUTh KOCHHYC pPAa3HOCTM B JIEBOM YacCTH

YpaBHEHUS:
COS(X - Ej = Q :
4 2

T . e
SIN—sINX+C0S—COS X =
4 4

Tornma

T T
X——:iz+2nn,neZ

X—£=—£+27rk,kez,
4 4

X—z=z+27zn,neZ.
4 4

A 5TO HAC IPUBOIMT K CIEIYIOIIEMY PE3YILTATY
x,=27k,keZ,

x2:£+27zn,nez.
2

[Tpuém, KCrONBb30BAHHBIN B IMOCIEIHEM CiIy4ae, JIEKUT B OCHOBE «Memooa
BCNOMO2AMENbHO20 Y2la».
BepuéMmcs k ypaBHEHHUIO

asinx+bcosx=c, a’*+b?=#0.

Pasnenum o6e ero yactu Ha va’ +b?

b
——SINX+ ——— cosx=

C
a’+ b2 a2 +b? '
Tak kak ( 2 ] b j =1, TO CyIIECTBYET yroil ¢, TAKOMH, YTO
—_—— = 0,
JaZ+b? Jai+

a b a
COS( = ———, Sinp = , IPH 9TOM ( = arCC0S ——— (W
Ja® + Jaz b2 a’+b’
b b
@ = arcsin—— wim @ =arctg—).

Ja? +b? a

Torma paBEHCTBO MIpUMET BU:
: : c . C
SINXCOS® + COS XSINQP = ——= < SIN(X+ @) = ———, =,
Ja‘ +b? Va2 +b’

x+(p:(—1)k arcsinﬁﬂrk,:,
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arccosL +nk,ke”Z
\/a +b? Ja® +b? ’
Ipumep 1.10.1. Pemure ypasuenue 3SiNX+4C0SX = 2.
Pemenue.

X —(— arcsin———

Pasznenum o6e 4acTu ypaBHeHHs Ha uncio v3° +4° =5, monyunm
3 . 4 2
—SINX+—COSX =—.
5 5 5
Ha stoT pa3 co3maaum ¢Gpopmyay CHHYcCa CyMMBI IBYX apryMEHTOB, IOJIOXHB
3 . 4 4 4
1t aToro COSQ@ =—, sinp=—. Torga tgp=— u @ =arctg—.
3) 5 3 3
[Tocne 3TOr0 ypaBHEHHE MPUMET BH]T
: i 2
COS@SINX + SiNQCOS X = 5
17001
i 2
sin(p+Xx)==.
3)
3HAYUT,
.2
X+¢=(-1) arcsmg+nk, keZ.
OxoHYaTEeIbHO,

x = (-1) arcsing—arctgﬂﬂrk,k eZ.
5 3

Otser: (-1)arc sin% —arctg g +nk,keZ.

5 cnocod (zeomempuueckoe monkosanue pewienus)
PaccmoTpum emi€ pa3 ypaBHEHHE
asinx+bcosx=c, a®*+b*#0.

[Towick ero pemieHUs CBOAMTCS K OTBICKAHWIO TOYEK MEPECEUCHHs MPSIMON
aX+bY=c c oxkpyxnocThI0 X +Y? =1.

Ipumep 1.10.2. Pemmure ypauenne 4C0S X+ 3sinX =5.

Pemenue.

[ToncranoBkoir X=COSX ¥ Y=SINX IaHHOE YpaBHCHHE MPUBOJUTCS K CHCTEME

anreOpanyecKux ypaBHEHHU I

4X +3Y=5,
X2 +Y?=1.

JI1s1 HaxoKaeHust X UMEeM ypaBHEHHE

2
X2+(5_34Xj =1,
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OTKyJIa
_ 2
w2, 25 40);+16X 1
OX?%+25-40X +16X°=9,
25X 2 —40X +16=0,
(5X —4)*=0. v
3HA4uT,
X =C0S X_ﬂ o
- 5 y 4X +3F=5
HpI/I 9TOM
3 e

Y =sinx=—. X 4¥i=g 0.6

Takoe BO3MOXXHO JIMIIIb B ciiydac,

Kor/ia X MPUHAJIC)KHUT IEPBOM YETBEPTH,
0 0.8/1 XX
T.€. ToTpedyeM -
T
27rk<x<5+27zk,keZ.
[ToaTomy
4
x=arccosg+27rk,kez. Puc. 6

OTBeT:; arccos% +27k . keZ.

Ipumep 1.10.3. Pemure ypauenue SINSX + COS5X = V2 cos13x.
Pewenue.

Pazmennm 00¢ 4acTH JAaHHOTO YPaBHEHHS Ha /2 , TOIYIUM

1 . 1
——SIN5X + ——=Cc0s5x = c0s13x
J2 J2

niim
. TU . T
smzsm5x + COSZCOSSX =C0S13X .
[Tpumenss popMyiry KocHyca pa3HOCTH, OyJIeM HMETh

cos(Sx — %) =Cc0s13x,

Bocrnone3yemcs Tenepb popmMyIioi pa3HOCTH KOCUHYCOB

Bx—_13x  Bx——~+13x
-2sin 4 -sin 4 =0
2 2

501051
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8x- " 18x-"
—23in—4-sin—4:0,
2 2

25in(4x+£)-sin(9x—£)=0.
8 8

ITepexoaum K paBHOCUIIBHOW COBOKYITHOCTHU JIBYX IPOCTEUIINX YPAaBHEHUMN

4X+£=7rk,keZ,

OTKYyJa 1IoJIy4acM

9x—£:7zn,nez.
8

BrinosiHuB npeoOpa3oBaHusi, OKOHYATEIBHO MOTyYaeM

1——£+7z—k,keZ,
32 4
2=£+—n,neZ
i 72 9
Ortser: —£+ﬂ—k,kez, £+ﬂ—n,n€Z.
32 4 72 9

§ 1.11. Ypaenenusn, cooeprcawgue 8olparxceHus
sinXx+cosx m Sin2X (Wam SinXx-Ccos X)

PaccmoTpum ypaBHeHHE
SINX+CoS X +sinxcosx =1.

O6cynuMm  Bo3MokHOCTH ero pemeHusa. C  OZHOM CTOPOHBI, HMEEM
BO3MOKHOCTh BO3BECTH 00€ YaCTH YpaBHEHUS B KBaJpaT, MIPEABAPUTEIHHO MEPEHECS
TPEThE CllaraeMoe B MpaByl 4YacTb. [[py 3TOM HaAO0 MOMHHUTH, YTO BO3BEICHHUE B
KBaJIpaT HE SBISETCA TOXKICCTBEHHBIM TIpeoOpa3oBaHUEM, a, 3HAYHUT, MOTYT
MOSIBUTHCS TIOCTOPOHHKE KOpHU. MeeM:

(sinx+cosx) =(1-sinxcosx)

NI
Sin® X+ 2sin Xcos X + cos® X =1— 2sin Xcos X + Sin” Xcos” X .

VYnupocTtus, Oynem uMeThb
i 1.
25in2x :Zsm2 2X.

Pa3noxxuB Ha MHOXKHUTENH, IPUBEIEM €TO K BUAY
sin 2x(8 —sin 2x) =0.
Tornma
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sin2x=0,
sin2x=S8.
O‘IGBI/II[HO, YTO TOJIBKO HCpBOG ypaBHeHHe COBOKYHHOCTI/I HUMEET pemeHHe
2x=rk,keZ.
Hraxk,
7k
x=—,keZ.
2

HaMHTYSI O BO3MOXHOCTH TIOABJICHUA TTOCTOPOHHUX KOpHeﬁ, caciaacm

. T
IPOBEPKY PEUIEHUI B IMpeJeaax OJHOro Mepuoia, T.e. ucneitaeM yucia 0, Px T U

3

T
— . 13 Hux YPAaBHCHHUIO YAOBJICTBOPAIOT TOJIBKO JIBA KOPHA Ou E
CiienoBaTenbHO, MOJYYaeM JIBE€ CEPUM PEIICHUIN
T
M:szkez,x2=5+2nmnez.

BosHukaeT BOIpOC, HET JH adbTEPHATHBHOTO CIIOCO0a PENICHHS ypaBHEHMIA
rmogo0Horo Buaa?
Oxka3spIBaeTcs, uTo ypaBHeHHUs Buaa P(SINX + COsX; sinxcosXx)=0, 2zde P(X, y) —
MHOTOYICH PEIIAIOTCS ¢ MOMOIIBIO 3aMEHbI HEU3BECTHBIX:
: : u -1
SINX+COSX=U :SIHX'COSXIT,
1-v2

SINX—COSX=V=>SINX-COSX =

VYpaBHeHUE, pacCMOTpPEHHOE paHee, 0€3yCIOBHO, OTHOCUTCS K ’TOMY BUITY.

Bocmonp3yemcs Tenepb 3tuM MetoaoM. [Tonoxum SIiNX +COSX =U, Torjaa
u2—1
SINX-COSX = T ITocne yero ypaBHEHHUE NTPUMET BU]L

2
us-1
u+ =1
2
WJTH
u®*+2u—-3=0.
ITo Teopeme Buera:
u,=1,
UZ:'\?)
SICHO, YTO TOJBKO MEPBOE YpaBHEHHE COBOKYMHOCTH pazpemumo. OHO nMeeT
BH]T

sinx+cosx=1.
C mum Mbl umenu aeino B § 1.10. TlosToMy, BOCIIONIB30BaBIINCH PE3YIbTATOM,
HOJIyquHBIM paHee, MOKEM 3aKJIOYNTh, UTO
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X, =27k, keZ, X=—+2zn,neZ,
2

a 9TO MOJHOCTHIO COBMAIAET C UTOT'OM, TIOJIYYEHHBIM paHee B 3TOM maparpade.

8 1.12. Pewienue ypasnenuii ymHodiceHuem Ha HeKOmMopyio
MPUZOHOMEMPUUECKYIO PYHKUUIO

Memoo OomHodcenuss MCNONB3YETCs, KOTJa BbIpa)KEHUE, CoJepiKalleecs B
TPUTOHOMETPUYECKOM YpaBHEHUH, MPEOOpPa3OBhIBACTCS TyTEM YMHOXEHUS W
JICNIEHUs COOTBETCTBYIOIIMX WJICHOB HA MOAXOJSIIYI0O TPUTOHOMETPUUYECKYIO
¢ynkuuto. Harmpumep:

e IS POM3BEICHUS Bra COSXCOS2X - ...: COS(Zk X) PCKOMEHAYCTCSI YMHOXKXCHHUEC

¥ nenenue Ha 2 sinX;
e CyMMBI COSX+COS2X+...+COSNX U SINX+ SIN2X + ...+ SINNX mpeobpa3yrorcs

. X
YMHOKEHUEM M JCICHUEM Ha ZSInE C TMOCHEAYIOIIUM MpUMEHEeHHeM G(opmyIl

npeoOpa3oBaHusl MPOU3BEACHUS TPUTOHOMETPUYECKUX (YHKIUH B cymMMmy (WIH
Pa3HOCTB).

Ipumep 1.12.1. Pemure ypaBHenue 2tgnx +3ctgnx=7.

Pemenue.

Tak kax tgnX = 0(uHaye ciaraemoe, conepkaiiee CtgmX, JUIIEHO CMBICIA),

TO, YMHOast 00€e 4acTu ypaBHeHUs Ha tg7X, moimyyum
2tg° ix — 7tg mx +3=0.
ITycTe Tenepp tgmx =1, Torma Oynem pemath KBaJipaTHOE ypaBHEHUE

2t -7t +3=0,
KOPHSIMH KOTOPOTO SBJISIOTCS YnCia
1
t1 = 3,t2 = E .
1
SAcHo, uro aubo tgnx =3, mbo tgnX = E .

HNmeem
[ 1
X, =—arctg3+n,ne Z,
T

@=Eamm£+KkeZ
/4 2

Ommxiamm3+mnez;iamw1+kkez.
T T 2

1
Ipumep 1.12.2. Pemute ypaBHeHHE COS XCOS2XCOS4XCOS8X = T

Pemenue.
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3aMeTHM, 4YTO 4uciaa X=mN,N€Z HE SBIAIOTCA PEUICHUSAMU YypPaBHCHUS,

O03TOMY, YMHOKHB 00€ yacTu Ha 16SiN X, moaydnm
16SIN XCOS XCOS 2XCO0S4XC0S8X =SinX.
Bocnonb3yemcs ¢hopmysioi cuHyca JBOMHOTO apryMeHTa HECKOJIBKO pa3:
8sIN2xXc0s2Xc0s4xcos8x =sinX,
4sin4xcos4xcos8x =sinx,
2sin8xcos8x =sinX,
sin16x —sinx =0,
rae X=nh,ne’Z.
Hanee npumeHuM GopMyy pa3HOCTH CUHYCOB, MOJTYyUYUM
Zsinls—xcosﬂ—x =0,
2 2
OTKyJ1a

Sihls—X =0 wm COS:L?—X =0,
2 2

TOr;a

C yuéToMm ycimoBusi X # 1N, MOJIy4aeM OKOHYATEIbHBIN pe3yIbTar.
27N 21k

Omer: 2 neZ, =+ kezZ, n#15m, k#17p+8,n,peZ.
15 17 17

1
Ipumep 1.12.3. Pemure ypaBHenue COS X + COS2X + COS3X = 3
Pemenue.
X
YMHOXHM 00€ dYacTH ypaBHEHHs Ha ZSInE , TIOJYy4YHM IpH YCJIOBHUU

X # 27K, K € Z , paBHOCWIIbHOE YpaBHCHHE

. X . X . X . X
Z(COSX-SII’IE+COSZX-SII’1§+COS3X-Sln§j=—SIn§.

[Ipumensiss popmynsl mpeoOpa3oBaHUsl MPOU3BEJICHHS] CHUHYCa Ha KOCHHYC B
CyMMY, ITOJIYy4YUM
1 X . 3| 1 . 3X . bx| 1 . bx . TX . X
2<=| -sin—+sih— |+=| —=sin—+SIn— |+ —| —SIn—+SINn— | } =—SIn—
2 2 2 2 2 2 2 2 2 2

150051
X .3 .. 3x .b5x .bx . 7Tx . X
-SIN—+SIN— —-SIn— + SIN— —SIN— + SIN— =-—SIN—.
2 2 2 2 2 2 2
Otkyna nmeem
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sin . 0,
2
YTO BJICYET
B =7k, keZ.
2
OKOHYATENBbHO MOJIy4aeM
= Z_nk keZ.
;

OTBerT: @,kez.

IIpumep 1.12.4. Pemute ypaBHEHHE
COS X +C0S 2X + C0S3X +...+cosnx =0.

Pewenue.
Bocnonb3yeMcs U3BECTHON (opMyIIoii?
. nx (n+1)x
SIN— - COS————
COS X + C0S 2X + COS3X + ...+ COSNX = < 2
sin—
2

Torma ucxomgHOE ypaBHEHHE PaBHOCWIBHO JJIs Bcex X, kpome X=27l,leZ

ypaBHEHUIO, KOTOpOE TMOJy4aeTcs NpPUPABHUBAaHUEM K HYIIO  YHCIHUTENSA
COOTBETCTBYIOIIEH IpoOH

n+1)x
sin%-cosuzo.

2 2
Torma nmeem:

1),
?=7zm,meZ,

M=£+ﬂk,kez.
| 2 2
Otkyna
X1=27Z—m,m€Z,
n
2k +1
n+1

[locne wuCKIOUYEHUS W3 TMOJYYEHHOIO MHOXECTBA PELUICHUHA  TOYEK
X=2nl,l€Z (ana xotophIx COSX+COS2X+COS3X+...+CoSNX=N=0), morydaem

OKOHYATEJIbHbIN PE3yJIbTaT.

2 Cwm., nanpumep, kaury A.M. HosuxoBa «TpuroHomerpuyeckue (GyHKIMH, ypaBHEHHS U

HepaseHcTBay M.: DUSMATIIUT, 2010. (ctp. 197)
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27rm
Ortser: L,meZ,m;tnm,mez;M
n n+1

keZ.
8 1.13. Pewenue ypasnenuii, 6 3anucu KOMopwvlx UMeemcss MHO20Mouue
(Heuzeecmmuoe Koauuecmeo Ciazaemolx)

B Ilpumepe 1.12.4. wu3 npeapiaymiero maparpada Mbl CTOJKHYJIUCH C
CUTyalluel, KOrjJa B AHAJUTHUYECKOW 3alMCH TPUTOHOMETPUYECKOTO YpaBHEHHS
NPUCYTCTBYET MHOTOTOYHE, KOTOPOE YKa3blBa€T HAa HEOIPEACICHHOCTh YHcia
cJIaraeMbIX, BXOJIAIIMX B 3TO YpaBHEHHE.

Kak mpaBuno, mansg Takux CIy4aeB MPUXOAUTCS MPUMEHATH TaKoe
npeoOpa3zoBaHue, KOTOpoe ObLIO Obl HANpPaBICHO HA YHUUYTOXKEHHE IMOAABIISIOLIETO
OOJIBIIMHCTBA YJICHOB YPABHEHHUS.

PaccmoTpum, kak 3T0 paboTaeT Ha IpUMEDE.

IIpumep 1.13.1. Pemute ypaBHEeHUE

1 1 1 1
+ +o.+

sin2x  sindx  sin2'x  sinx

Pemenue.
Hauném mnpeoOpazoBaHue J€BOM 4YacCTH YpPaBHEHHUSI C YIPOIICHUS MEPBOTO
cJIaraeMoro:

1 sin’x+cos’x _ 2c0s"X—(cos’x—sin’x) 2cos’x COS2X _

sin2x Sin2x - sin2x Tsin2x sin2x
_2c08° X

- 2sinXcos X

[IpumennB Takoe mpeoOpa3oBaHHE K KaXIOMYy CllaraéMoMmy JIEBOM dYacTu

YPaBHEHUS, OJIYYUM

— ctg2x = ctgx —ctg 2x.

1
(ctgx —ctg2x) +(ctg2x —ctg4x) + ...+ (ctg2" x —ctg2"x) = ——.
sinx
[Tociie packpsITHS BCEX CKOOOK, OUEBHJIHO, TOTYIHM

ctgx —ctg2'x = 1

sinx
Bocnonb3yemcs Tenepb GopMyIioi pa3HOCTH KOTAHTEHCOB
sin(B—a
ctga—-ctigfp=——= (B , ) ,
sina-sinf
[IOJIy4YUM
sin(2n X — x) 1
sinx-sin(2'x)  sinx '
Otkyna

sin(2"x—x)=sin(2x),

C OroBOpKoOif, uro SINX#0.
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Bocnosibs3yemcst ycinoBrueM paBeHcTBa cuHycoB (cM. 8 1.3.):
2”x—x=(—1)k 2"x+1k, keZ.
[pu u€THBIX 3HaYCHUSIX K moydnm:
x=—-1k,keZ,
HO 53TO 3HAYEHHWE HE SBISIETCS KOPHEM JAaHHOTO YpaBHEHUS, TaK Kak Ipu

IIOJICTAHOBKE €0 B UCXOJAHOE YPABHEHUE TEPSIETCS CMBICI.
[Tpu Heu€THBIX 3HAYCHUAX K nMeeM:

2"X—X=mk-2"X,keZ
WITH
(2-2"—1)X:nk,keZ.
3HAYMT,

X:n—k,keZ.
2n+l_1

Oteer: —,keZ.
2n+1_1

8 1.14. Tpuzonomempuueckue ypasHenus, peuiaemle bloe1eHUEM CYMMbl
Keaopamoe

Becpma yacTto mpu pelIeHUH TPUTOHOMETPUYECKUX YPABHEHUH BBIIIOJHEHUE
MHOTOYMCIIEHHBIX TOJIECTBEHHBIX MPEOOpa30BaHMM, MTPUMEHEHHE Pa3TUYHBIX
TPUTOHOMETpUYECKUX (HOpMYNT HE NAET >KeTaeMOro pe3yibTaTa, T.e. ypaBHEHUE HE
CTAHOBUTCS MPONIE U HE CBOJUTCS HU K OJJHOMY M3 YK€ U3BECTHBIX THUIOB. B Takux
ClIydastX cleayeT mornpoOoBaTh emeé OJWMH METON, CYTh KOTOPOrO COCTOUT B
BBIJICJICHUU CYMMBI KBaIpaToOB, KOTOpas IOJ>KHA OKa3aThCsl PAaBHOW HYIIIO.

NubiMu  coBaMM BCce  BBIMOJHSEMBbIE NPEOOpa3oBaHUS JOJKHBI  OBITH
HAIpPAaBJICHBI HAa TO, YTOOBI YpaBHEHUE TIPUHSIIO BU]]

2 2 2
] (x)+ t (X)+...+ fy(x)=0. (1.14.1)
Kak u3BecTHO, 3T0 ypaBHEHME PAaBHOCUIIBHO CUCTEME YPABHEHUH

f,(x)=0,
1
f.(x)=0,
2 (%) (1.14.2)
fr(x)=0.

Takum 00pa3oM, pelIeHHEM HCXOAHOTO YpPaBHEHHUS OYIyT TE€, W TOJNBKO Te
3HAYEHHs X, KOTOPBIE YIOBJICTBOPSIOT OJHOBPEMEHHO BCEM YPABHEHHSM CHCTEMBI
(1.14.2).

Hpumep 1.14.1. Pemmre ypasrerne SIN X+ 2Sin2X =3+ sin3X.

Pewrenne.

[IpeobpasyeM JaHHOE ypaBHEHUE K BHIY
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(sin X — sin3x) +2sin2x =3,
U janee, MpUMEHUB POpPMYITy pa3HOCTH CHHYCOB
—2s8INXC0S2X +2sin2x—-3=0

HNJIn
2SINXCc0S2X —2sin2x+3=0.

JIOTIOTHUM MMEIONITNECs] yIBOCHHBIE MTPOU3BENeHUsT 2SINXCOS2X U 2SiN2X 1o

ITOJIHBIX KBaIIpaTOB:
(sin® X +2sinxcos 2x +cos” 2x) +(sin’ 2x — 2sin2x +1) + 3=
=Sin® X+ Cc0s’ 2x+sin*2x +1, T.e.
(sinx+cos2x)" +(sin2x—1) +3=sin’x+2,
OTKyJa
(sinx+cos2x) +(sin2x—1) +cos’x=0.

Ho cymma KkBagpaToB paBHa HYJIO TOTJa M TOJBKO TOTJA, KOT/Ia KaXKI0e€
CJIaracMocC paBHO HYIIIO.

HO3TOMy AaJIec HepeXOHHM K paBHOCHHBHOﬁ CUCTCMC TpI/IFOHOMeTpI/IquKI/IX

YPABHEHUN:
sinx +cos2x =0,

sin2x =1,
cosx =0.

Pemnm TpeThe (caMoe MpocToe) ypaBHEHUE 3TOM CUCTEMBI, MOJIyUYUM
VA
X = > +7k,keZ.

[ToxcTaBisgst 3TH 3HAYCHHUS IICPEMEHHOW BO BTOPOC YpPaBHCHHEC CHCTEMBI,
OyzIeM UMETh

sin2(§+ nkj =sin(n+2nk)=0=1,

/4
T.€. 3HAYEHUs X = > + 7K, K € Z He ynoBneTBOPAIOT BTOPOMY YPABHEHHIO CHCTEMBI,

YTO O3HAYAET JIUIIb OJIHO, — CHCTEMa HECOBMECTHA.
OTBeT: HET pelIeHHI
IIpumep 1.14.2. Pemute ypaBHEHHE

9 .
cos“x—cos3x+zcoszx+1:\/§sm2x.

Pemenne.

OnpIT pemieHus TPEAbIAYIIETo IMpUMeEpa MOACKA3bIBAET, YTO ATOT METO]
HanboJiee TPUMEHUM B Cllydae, KOrjla B 3alIMCH YPaBHEHHMS MPUCYTCTBYET YBOCHHOE
MPOU3BEACHUE, BOKPYT KOTOPOTO M CTPOUTCS MOJIHBIN KBaaApar.

Y Hac poJb YIBOEHHOTO MPOU3BEICHHUS BHIMIOJIHSAET BHIPAKCHUE
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\/§sin2x =28sin x(\/§cos x).
Torna npeodpa3zyem UCXOIHOE YPaBHEHHE K BUY
9 ) i
cos* X —cos® X +ZCOSZ X+1+ (sm2 X —2sin x(\/§cos x) + 3cos? x) =

=sin° X + 3C0s” X

501041

9 . . 2
cos* x — cos® x+zcos2 X + sin® X + cos? x+(J§cosx—sm x) =

=sin* X +3c0s” X,
OTKyZa

4 3 9 2 2 H 2

COs* X —COS X+ZCOS X —2C0S x+(\/§cosx—smx) =0.
Jlanee nomyvaem
1 . 2

cos“x—cos3x+zcoszx+(\/§cosx—smx) =0,

4TO BJICUET

0

1 ) 2
oS x(cos2 X—Cosx+ |+ (\/§cos X —sin x)
U najiee
: 1Y Y
cos’ x| cosx -~ +(J§cosx—smx) =0,
OKOHYATENLHO BBIIEIAEM CYyMMY KBaJpaToB
1 ’ Rt
(cos2 x—Ecosxj +(J§cosx—sm x) ~0.
Tenepp nepexoauM K paBHOCHJIBHOW CUCTEME YPaBHEHUHN

1
cos’ x—Ecosx =0,

\/§cosx—sinx=0.

Janee nomyuum:
cosx =0,

1
COSX =—,
2

B3

—cosx—%sinx:o,

qTO BJICUET
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T
X=E+nn,neZ,

X:ig+2nk,kez,

cos(x+£j =0.
6

Pemiast BTopoe ypaBHEHHE CUCTEMBI, TOJYYUM

T T
X+—=—+mm,me’Z
6 2
WIH
T T
X=———4+mm,meZ.
2 6
OxoHyaTeNnbHO Oy/1IeM UMETh

T
X:§+Tcm,meZ.

ComnocraBinss CCpuH, IOJIIYUYCHHBIC U3 ypaBHeHI/Iﬁ CHUCTCMBI, 3aKJIFOYacM, 4TO
PCHICHUCM NCXOAHOT'O YPABHCHUA 6y}1€T

X:E+27c|,|eZ.
3

OrtBerT: X=%+2n|,|eZ.

§ 1.15. Memoo ouenku nee6oit u npasoil yacmeil ypaeHeHuil

[IpenBapurenbHas OIEHKA JIEBOM W MPaBOM 4YacTeld YpPAaBHEHUS WHOTIA
MIOMOTAeT PEUIUTh YPABHEHHE WX YOEIUTHCS B TOM, YTO OHO HE UMEET PEIICHHUIA.

Tak, HampuMep, MOXKHO HCIIOIB30BaTh CBOMCTBO OTPaHUYCHHOCTH (DYHKITUN
y=sin x, Y =CO0S X, T.€. CIeAYLE HEPABEHCTBA:

|sin x| <1, (1.15.1)
lcos x| <1, (1.15.2)
|sinx£cosx| <\2. (1.15.3)
Ipumep 1.15.1. Penmre ypaBreHne 25iN° X +3C0S° X =5.

Pemenue.
JloctaTouHO TpyOOi OLIEHKHU JIEBOM 4acTW 3TOr0 ypaBHEHHUs. Tak Kak MMEIOT
Mecto HepaBeHcTBa (1.15.1) u (1.15.2), To
[2sin° x+3cos’ X| < 2[sin® x| + 3c0s® x <5,
npu4éM 3TO HEPABEHCTBO MOIJIO Obl CTaThb PaBEHCTBOM JIMIIb B Ciyyae, KOrjaa
sinx=1wu |COS X| =1, 4TO HEBO3MOXHO, T.K. TOYKH IKCTpeMyMa y TpadUKOB CUHYyCa

M KOCHUHYCAa CTAHAAPTHOI'O apryMeHTa X HHKOIJAa HE COBIIAAAarOT.
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OTBeT: HET pELICHHUI.

Ilycts nano ypaBHeHue Buaa
f(x)=9(x).

Ecnu  ¢dynxums f(X) Bospacraer, a pynkuust g(X) yObBaeT Ha HEKOTOPOM
IIPOMEXYTKE, TO €CIIM Ha STOM HPOMEXKYTKE YpaBHEHHE HMEET KOPEHb, TO JTOT
KOpEHb €IMHCTBEHHBI M B 3aBUCUMOCTH OT BMAa (QYHKLIUHM €ro MOKHO HAaWTH
noaoopoM.

Ecnu dyskimst f(X) Ha HEKOTOPOM HPOMEXyTKE OrpaHHYCHHA CBEPXY,

npu4yem
max T (x)=A,
XxeX

a ®YHKHHH g (X) OrpaHI/IIIeHHa CHI/I3y, HqueM
max 9(x)=A,
xeX

TO YPAaBHCHUC f (X) =0 (X) PAaBHOCHUIIBHO CUCTEMC!

{f(x)zA,

g(x)=A
. 5 S, _ . 4

Ipumep 1.15.2. Pemute ypasHenue SINT X+COS™ X =2—-SIN" X,

Pemrenue.

Tak kak

sinsxssinzx, c055x£c052x,
TO
sin5x+0055x£sin2x+coszx:1,
a
2—sin4x21.

CHGI{OB&TCJ’IBHO, AJaHHOC YPAaBHCHHC HMMCCT PCIICHHC TOrZa M TOJIBKO TOrzaa,
Koraa

sin5 x+cos5 X =1,

4

2—-sin" x=1.

SICHO, YTO IEPBOE YpaBHEHHE CHCTEMBI UMEET PELICHHUS
X,=27n,ne’,

X2:£+27zk,keZ.
2

A BTOpO€ ypaBHEHUE UMEET PEIlICHHE
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T
X=—+7xlleZ.
2
O4eBUAHO, YTO OOIIUM pEIIEHHUEM 00OMX YPaBHEHHUM CHCTEMBI SIBIISIETCSA Cepus

x=§+27zm,mez.

Ortser: %+ 2rm,meZ .

Jameuanue. Kpome TOro, MOXHO HCIONB30BaTh Tpaduku (GYyHKUHANA IS
HaXOXJACHUS TOYKM TIEPECeUeHHUs, a TaKKe TMPOU3BOAHYIO [JIsi HCCIEIOBaHUS
HauOOJBIIET0 M  HAMMEHBIIEr0  3HAYEHWH  BBIPAKEHMH,  BXOASIIUX B
TPUTOHOMETPUUYECKOE YpaBHEHHE.

§ 1.16. Oméop Kopueit mpuzonomempuuecKux ypagHeHu

B mpomecce pelieHHs TPUTOHOMETPUYECKMX YpPaBHGHHWH BeEChbMa YacTo
npuxoauTcs (OCOOCHHO, MPU PEIICHWH METOAOM pPa3IoOKCHHS Ha MHOMXHUTCIIH)
MCCJICIOBATh MOTYYCHHBIC CEPHH 3HAYCHUN HEU3BECTHOM BEJIMUMHBI, CPEIH KOTOPBIX
HAXOAATCS MCKOMBIC peIIeHHs. Takoe HCCleoBaHUE, KaK MPaBHIIO, OOYCIOBIICHO
otbopom kopHel. OTOOp KOpHEH MOKET ObITh CBSI3aH:

1) ¢ TpoOBepKOH  JOMOJHUTEIBHBIX  YCIOBHH,  CONPOBOXKIAOIINX
TPUTOHOMETPUYECKOE ypaBHEHHE (OrpaHMUYEHHUS Ha KOJUYECTBO KOPHEM,
KOHKPETHBIM MPOMEKYTOK PACHOJIOKEHHUS] KOpHEH, 00JIacTh JOMYyCTHUMBIX
3HAYEHUN EPEMEHHOM U T.IL.);

2) C BBISBIICHUEM KOpHEH, He ynosieTBopstomux OJ13 ypaBHeHHS;

3) ¢ HEOOXOAMMOCTBIO 00BEAMHEHNUS MOJYUYCHHBIX CEPUN PEIICHUIA.

PaccmoTpumM HEKOTOpBIE CITOCOOBI 0TOOPA KOPHEH.
1 cnoco6 (c ucnonb30BaHUEM TPUTOHOMETPUYECKON OKPYKHOCTH)

Cnoco6 orbopa KOpHEH C TOMOIIBIO TPUTOHOMETPUUECKOW OKpPYKHOCTU
HPUMEHSETCS JINIIh TOJBKO B CIydae, KOrJa YuCciIo 27 SBISETCS OOIMUM TEPHOIOM
(e o0s3aTeIPHO HAMMEHBIIIUM OOITUM TMOJIOKHUTEIHHBIM MIEPUOJIOM) JIJIST BCEX Cepuit
3HAYEHUW IEPEMEHHOM.

COS3X

Sin 2x

IIpumep 1.16.1. Pemute ypaBHEeHHE 0.

Pemenue.
o mhn
O/13 nepemeHHOM — 3TO0 X#—,Ne”Z.

Takum o0Opa3om, TaHHOE ypaBHEHHE PABHOCUIBLHO CUCTEME
cos3x =0,

tn
Xz—,Nel.

Pemas mepBoe ypaBHEHUE CUCTEMBI, ITOJTYYHUM, YTO
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X:E+n—k,keZ.
6 3

Jist 3aBepIIeHMs] pelIeHUs HEOOXOIUMO U3
CepUU 3HAYCHUW IIEPEMEHHOU X, 3allMCaHHOU
nocieaHen QopMysoi, HCKIIOYUTh 3HAYCHUS

X=—,ne’.

Jls 3TOro HIOCTPOUM x
TPUTOHOMETPUIECKYIO OKPYX)HOCTh (cM. Puc 7),
Ha KOTOPOW <(OKUPHBIMH» TOYKAMH OTMETUM
quclia U3 CepUM pelleHuil ypaBHeHus C0S3X =0

(rakux Touek Oyxer 6). Jlamee, TOukM Ha
OKPYXHOCTH, COOTBETCTBYIOLIME 3HAUCHUSIM

Puec. 7

Tn
X= > ,Ne€Z, OKpyKHM KBaApaTHKaMH (TaKOBBIX TOYEK 4).
Takum 00pazoM, U3 PUCYHKA BUJHO, YTO MCKOMBIMHU 3HAUYCHUSIMH SIBISIOTCA

X1:%+7rk,keZ u XZ:%+nm,meZ.
OrtBeT: {g+nk;5§+nm},k,mez.

2 cnocod (C MCTIOJIL30BAHUEM YHCIIOBOMU HDHMOﬁ)

sin2x
IIpumep 1.16.2. Pemute ypaBHEeHUE sz—x_'_n =0

Penrenue.
2X+T

O[I3 mnepeMeHHOM: #nN,NneZ. UYro NOpUBOAMT K  YCIOBHIO

T 3mn
X#z——+—nel.
2 2

Takum 006pazoM, TaHHOE YpaBHEHUE PABHOCUIBHO CUCTEME
sin2x=0,

T 3mn
X#——+——,Ne’,
2 2

. ntk
peH_IeHI/IﬂMI/I KOTOpOI/I SABJIAOTCA 3HAUEHUSA X = — ,k (S Z

Jlanee HEOOXOAUMO M3 MHOXKECTBA HYJIEH YUCIUTENS JIEBOM YacTH MCXOJTHOTO
YpaBHEHUS WCKJIIOUYUTh HYJHW 3HaMeHartens. [[Jsg 3Toro OTMETHM Ha 4YHCJIOBOM

. mtk
NPSIMON <OKUPHBIMU» TOYKH, KOTOpPHIE COOTBETCTBYIOT 3HaueHWsM X=—,kKeZ, a
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KBaJ[paTUKaMHU  OKPYKHMM TC TOYKH, KOTOPBIC COOTBECTCTBYIOT 3HAUCHUAM

x:—E+3Ln,neZ.
2 2

—A——— 0 x

T T Fom o3 o2m 5z o3m Tno4m 9 Smollm
2 2 2 2 2 2 2 2
Puc. 8
3mn T 3mm

HckoMbIMU 3HaYEHUSIMU X TOT1a OyIyT Xl:T,neZ UX,=—+——mel’.

3nn .t 3mm
OmBeT: s — ;—+—,,Nme”Z.

2 2 2

3 cnocod (anrebpanyeckuii crocod 0Tbopa KOpHEi)
Anrebpanueckuii crmoco0d oTOopa KOpHEW SBISIETCS OJHUM W3 Haubosee
YHUBEPCAJIBHBIX CIIOCOOOB M CBSI3aH HANPSMYIO C PEIICHUEM B IEIbIX YHCIAX
YpPaBHEHUN BUJA

a-n+b-m=c, (1.16.2)
rne a,b,C, — 3amannele nenmsle unchoa, a #0,b #0, koropoe nazwviearom

npocmenuum TUHEUHbIM OUOPAHMOCHIM YPAGHEHUEM.
PaccMOTpuM anropuT™ peleHus TaKuX ypaBHEHUH.
Iycts d = HOJ[ (a;b,). Torna MOXHO 3aMETUTB, YTO €CIU T1apa YHCE

(n;m) sBnsercs pemenuem ypapaenus (1.16.1), To uncno C, nenurcs Ha d. Ecimm ke

C, He nenmutcs Ha d, To ypaBHeHue (1.16.1) HENOYUCTICHHBIX PEIICHUN HE UMEET.

ANTOPUTM HAXOXKIACHUS IIEJOUYMCICHHBIX pelieHud ypaBHeHus (1.16.1)
COCTOUT B CJIETYIOIIEM:

1) maxoaum d = HOJI (a;h));
2)  ecmu uncio C, nenurcs Ha d, To nenuM o6e yactu ypaBHeHus (1.16.1) Ha
d u 3amuceiBaeM ypaBHEHHE

a-n+b-m=c, (1.16.2)
rac
a—i’bzg’
d d

IpHYEM Iejble yncia a u b He uMeroT o0ImuX AenuTenei, OIMYHBIX oT 1 1 -1;
3) maxomum mapy (n,;m,), ABNsIONIyIoCa pemenneM ypasHenus (1.16.2).

Takast mapa Bcerja CylmecTBYeT M IJid €€ HAXOXKACHHUS MOXKHO IMOCTYIHUTb
cieayomuM o0pa3oM: cHavala nepenucath ypaBuenue (1.16.2) B Buze
_c-a-n,
b
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NpHIaBas HEU3BECTHOMY N pa3IMyHbIC [eJI0YrcIeHHbIe 3HaueHus oT 0 10 b—1, MbI
nepebopoM HaleM TaKoe YUCIo N, IPU KOTOPOM YHCIO M =M Takxke OyAeT

LETIBIM;
4)  ecmm mapa (n,;m,) — uenoOYMCIEeHHOe penrenue ypasHenus (1.16.2), To

BCE IIeJIOYUCIICHHbIC pemieHus ypaBHenus (1.16.2), a, 3Hauut, u ypaBHenus (1.16.1),
—oro mapsl (N, +b-k;m —a-k), rae KeZ, u Tonpko oHu.

IIpumep 1.16.3. Pemure ypaBHenue Sin2X +sin8x =0.

Pemennue.

[TpumenuM HopMyiTy CyMMBI CHHYCOB:

. 2X+8x 2X —8X
2-sin - COS > =

0.

TO €CTh HOJIyIH/IM ypaBHeHHe
2sin5x-cos3x =0,
U3 KOTOPOTO CIIEAYET COBOKYITHOCTh ABYX MPOCTEUIIINX YPABHEHUM:
sin5x =0,
cos3x =0.

OTKy/a [morydaeM JIB€ CEPUH PEIICHHIA:
5x=nk,k e Z,

3x:g+nmnez.

Jlanee

Tenepr npumeHuM anreOpanuyeckuii MeTOa OTOOpa KOpHEH, IS 4Yero
COCTaBHM PAaBEHCTBO
nk _m 7N
5 6 3
IIpeobpaszyem ero k 6ojiee MPOCTOMY BUAY
6k —10n=5.
[Monmyunnu mpocTeiiniee TMHEHOE TMOGAHTOBO YpaBHEHUE, KOTOPOE HE MMEET
uenounciieHHbix pemenui, T.k. HOJ (6; 10) = 2, a yucno 5 He AenuTcs Haleno Ha 2.
3HA4UT, JIBE MOJYYEHHbIE CEPUU HE UMEIOT OOIINX KOPHEH.

OtBer: n—k,keZ;E+n—n,neZ,
5 6 3

COS7X
IIpumep 1.16.4. Pemute ypaBHEHHE ————— =

sin5x—1

Penrenue.
DTO ypaBHEHHUE PABHOCHIIBHO CUCTEME
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cos7x=0,
sinbx =1.
Torma
T T 7N
X =—+mn, X=—+—,
2 14 7
1507051 Dk
5X¢E+2n‘k. x4
2 10 5
3nech v nasiee nkeZ.
n
Takum o06pa3oM, KOPHSMH HMCXOJHOTO ypaBHEHHUS OyIyT uucia X = ﬁ + TCT :

rje N — BCe Leble YUCia, I KOTOPHIX:

n mn wm 2nk

—

14 7 10 5

HaiineM Teneph Bce HEMOAXOASIIME HAM 3HaueHus N. J{js dyero OyaeM pearh

m, I = N 27K . .
—+—=—+4——, cBoujlIeecd K MPOCTEHINEMY JIMHEHHOMY
14 7 10 5°

IO aHTOBY YpaBHEHUIO

ypaBHEHUE

5n=1+14k.
HpI/IMeHI/IM K HCMY «MCTO ITOCJICAOBATCIbHOT'O BBIACIICHUA HQHOﬁ qaCcTu»:
1+14k
n=

5

n:2k+1+4k,

n-2keZ = = =a,ae’.

Teneps nepexoanm K pemernto ypasuenus 4k +1=5a,
S5a-1 a-1
k= =—a+——.
4 4

3HAYHUT, YTO aT_l:t,t e/, a=4t+1.

Jlenaem oOpaTHbIE 3aMEHBI:
a-1
k =a+T:a+t=4t+1+t=5t+1.
Tenepb nepexouM K BOCCTAHOBJIEHUIO N:

n:2k+l+4k :2k+a:2(5t+1)+4t+1:14t+3.

Takum 00pazoM, Bce HEMmoAXOAsIIMe HaM NuMeroT Bua: N=14t+3, rne teZ.
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n
OTBeT: Xzﬁ—l-n?, rne NeZ,n#14t+3,VteZ.

B 3akiiodyeHMH OTMETHM, YTO MHOTHE YpPaBHEHHMS MOTYT OBITh pElIeHBI

pasnMYHBEIMM Croco0amM, Hampumep, ypasHenume asin X-+DCOSX=C wmoxHO
PELINTS:

1) mocpeacTBOM YHHBEPCAILHOW MOJCTAHOBKHY;

2) MOCPEICTBOM BBEJCHHUS BCIIOMOTATEIBHOTO yIila (ir va? +b?sin(x+¢)= c)

3) BBIPa3HTh OJHY TPUTOHOMETPHUUECKYIO (PYHKIIMIO Yepe3 APYryo;

4) Bo3BecTH 00C¢ 4YacTH ypaBHEHUS B KBajpar (MOJydaeTcsi ypaBHEHHE,
NPHUBOJIAIIEECS K OJHOPOTHOMY): a”sin® X+ 2abcosxsin x+b?cos® x =c?; ecnu
a=Db, To mocieaylee ypaBHEHUE MPUMET BHI: absin 2x =c® —a’;

5) paccmoTpuM TOXaEeCTBO  (asin x+bcosx)? +(acosx—bsin x) =a’ +b?, B cuiy
JAHHOTO ypaBHCHHUS TEPBYI0 CKOOKY MOXKHO 3aMCHHTh, IOJYYHM:
(acosx—bsin x)? =a? +b? —c?, ciaenoBaTenbHO, 3HaueHue SN X u COSX Moryr

asin x+bcosx =c;
T X

- 1
—bsin x+acosx =+va% +b? —c2.

OIpeAeNsaeTcs 110 HalICHHBIM 3HaUYCHUSAM Sin X U COSX.

[lepBrIii cioco6 He MPUBOJIUT K IMOSIBICHUIO MOCTOPOHHUX perieHui. [loreps
pellleHni UMeeT MECTO ciaydail, korga b=-c. Bropoil u msaTbiil crocod Takxke He
OPUBOAUT HHU K IMOTEPE, HU K MOSBICHHUIO NOCTOPOHHUX pemieHuid. IIpu tperbem u
YEeTBEPTOM CIOCOOE BO3MOKHO TMOSIBIIEHHE MOCTOPOHHHMX PEIIEHUH U Tpedyercs
IpOBEPKA UK OTOOP KOpPHEH.

OBITH HaWJIEHBl U3 CUCTEMbI YpaBHEHMUIA:
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